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II. Diferenciálńı počet funkćı v́ıce proměnných

II.1. Definičńı obor funkce z = f(x, y)

• Určete definičńı obor funkćı a zakreslete jej :

Př́ıklad 42. z =
ln(x2y)√
y − x

Řešeńı : Proměnné x a y muśı splňovat současně tyto podmı́nky :

x

y

0

D2D1

x2y > 0 =⇒ y > 0, x 6= 0
y − x > 0 =⇒ y > x

D1 = {[x, y] ∈ E2 : x < 0, y > 0},
D2 = {[x, y] ∈ E2 : x > 0, y > x}.

Pro definičńı obor dané funkce dostaneme D = D1 ∪D2

Př́ıklad 43. z = arcsin
y − 1

x

Řešeńı :

x

y

1 D2D1

Proměnné x a y muśı splňovat
současně tyto podmı́nky :

−1 ≤ y − 1

x
≤ 1 a x 6= 0 .

Takže plat́ı : x > 0 : −x ≤ y − 1 ≤ x =⇒ −x+ 1 ≤ y ≤ x+ 1
x < 0 : −x ≥ y − 1 ≥ x =⇒ −x+ 1 ≥ y ≥ x+ 1

D1 = {[x, y] ∈ E2 : x < 0, x+ 1 ≤ y ≤ 1− x},
D2 = {[x, y] ∈ E2 : x > 0, 1− x ≤ y ≥ x+ 1}.

Pro definičńı obor dané funkce dostaneme D = D1 ∪D2.

44. z =

√

x− y2

ln(1− x2 − y2)
[D = {[x, y] ∈ E2 : 0 6= x2 + y2 < 1; x ≥ y2} ]

45. z =

√

ln
16

x2 + y2
[D = {[x, y] ∈ E2 : x2 + y2 ≤ 16, [x, y] 6= [0, 0]}]

46. z = 3−7 ln(x+ln y) [D = {[x, y] ∈ E2 : y > e−x}]

47. z =
√

2x+ y − 4+
√

16− x2 − y2 [D = {[x, y] ∈ E2 : x2 + y2 ≤ 16; y ≥ 4− 2x}]
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48. z =
3

√

1− |x| − |y|
[D = {[x, y] ∈ E2 : |x|+ |y| < 1}]

49. z =
√

xy − 4 [D = {[x, y] ∈ E2 : xy ≥ 4}]

• Určete a načrtněte definičńı obor, zapǐste graf funkce a načrtněte v E3 plochu, která je
grafem dané funkce :

Př́ıklad 50. f(x, y) = 4−
√

x2 + y2

Řešeńı :

x2 + y2 ≥ 0 ⇒ D(f) = {[x, y] ∈ E2; x
2 + y2 ≥ 0} ⇒ D(f) = E2

y

z

x

4

Grafem funkce je množina

gr (f) = {[x, y, z] ∈ E3; [x, y] ∈ Df , z = 4−
√

x2 + y2}.

Př́ıklad 51. f(x, y) =
√

x− y2 + 2

Řešeńı :

x

y

-2

x− y2 + 2 ≥ 0 ⇒
D(f) = {[x, y] ∈ E2; x− y2 + 2 ≥ 0}.
Hranićı D(f) je parabola o rovnici x+2 = y2

s osou v ose x a vrcholem [−2, 0].

y

z

x

-2

Grafem funkce je množina
gr (f) =

={[x, y, z] ∈ E3; [x, y] ∈ Df ⊂ E2, z =
√

x− y2 + 2},
což je ”horńı”polovina rotačńıho paraboloidu
o rovnici x+ 2 = y2 + z2 s osou rotace v ose x
a vrcholem [−2, 0, 0].
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Př́ıklad 52. f(x, y) =
√

x2 − 9y2 − 36

Řešeńı :

x

y

-6 6

x2 − 9y2 − 36 ≥ 0 ⇒
D(f) = {[x, y] ∈ E2; x

2 − 9y2 − 36 ≥ 0} ,

hranićı je hyperbola o rovnici
x2

36
− y2

4
= 1

s vrcholy [−6, 0] a [6, 0]

y

z

x

6-6

Grafem funkce je množina
gr (f) =

= {[x, y, z] ∈ E3; [x, y] ∈ D(f) ⊂ E2, z =
√

x2 − 9y2 − 36}
a to je ”horńı”polovina eliptického dvoud́ılného
hyperboloidu s vrcholy [−6, 0, 0] a [6, 0, 0]

II.2. Limita a spojitost funkce

• Vyšetřete limity funkce v bodě :

Př́ıklad 53. lim
[x,y]→[0,0]

sin(x2 + y2)

x2 + y2

Řešeńı : Využijeme skutečnost, že lim
[x,y]→[0,0]

(x2 + y2) = 0 a provedeme substituci

t = x2 + y2. Potom lim
[x,y]→[0,0]

sin(x2 + y2)

x2 + y2
= lim

t→0

sin t

t
= 1

Př́ıklad 54.* lim
[x, y]→ [1, 1]
[x, y] ∈ M

x3 − y3

x4 − y4
, [x, y] ∈ M, kde M = {[x, y] ∈ E2 ; x− y 6= 0}

Řešeńı : Jde o neučitý výraz ”0
0
”, ale nab́ıźı se elementárńı úprava, kterou provedeme

= lim
[x, y]→ [1, 1]
[x, y] ∈ M

x3 − y3

x4 − y4
= lim

[x, y]→ [1, 1]
[x, y] ∈ M

(x− y)(x2 + xy + y2)

(x− y)(x+ y)(x2 + y2)
=

lim
[x, y]→ [1, 1]
[x, y] ∈ M

x2 + xy + y2

(x+ y)(x2 + y2)
=

3

4
.

55. lim
[x,y]→[0,0]

e2(x
2+y2) − 1

x2 + y2
[2] 56. lim

[x,y]→[0,0]

tg (x2 + y4)

3(x2 + y4)

[1

3

]
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Př́ıklad 57. Vyšetřete spojitost funkce f(x, y) =

{ x2y2
√

x2y2 + 1− 1
, [x, y] 6= [0, 0]

2, [x, y] = [0, 0]
v bodě [0, 0].

Řešeńı : Funkce f(x, y) je spojitá v bodě [x0, y0], právě když lim
[x,y]→[x0,y0]

f(x, y) = f(x0, y0).

V našem př́ıpadě lim
[x,y]→[0,0]

x2y2
√

x2y2 + 1− 1
= ”0

0
” =

∣

∣

∣

substituce
x2y2 = t

∣

∣

∣
= lim

t→0

t√
t+ 1− 1

ℓ′H
=

= lim
t→0

1
1

2
√
t+1

= 2 = f(0, 0) =⇒ daná funkce f(x, y) je spojitá v bodě [0, 0].

• Určete množiny, na nichž jsou dané funkce definované :

58. f(x, y) =
x2 + x− 12

x2 + y4 + 1
[E2]

59. f(x, y, z) = ez
2+x · sin(x+ y) [E3]

60. f(x, y) =
1

x2 − 2y
[D(f) = E2 \ {y =

x2

2
}]

61. f(x, y) =
x4 − y4

x2 + y2
[D(f) = E2 \ [0, 0], lze spojitě dodefinovat f(0, 0) = lim

[x,y]→[0,0]

x2y2

x2 + y2
= 0]

62. f(x, y, z) =
1

ln
√

(x2 + y2 + z2)
[D(f) = {[x, y, z] ∈ E3 : x2 + y2 + z2 6= 1} \ {[0, 0, 0]}]

63. f(x, y, z) =
sin (x2 + y2 + z2)

2

x2 + y2 + z2
[D(f) = E3 \ [0, 0, 0], lze spojitě dodefinovat f(0, 0, 0) = 0 ]

64. f(x, y, z) =
1

|xy|+ |z| [D(f) = {[x, y, z] ∈ E3 : xy 6= 0 ∧ z 6= 0]

65. f(x, y, z) =
y + 4

x2y − xy + 4x2 − 4x

[

D(f) = {[x, y, z] ∈ E3 : x 6= 0, x 6= 1, y 6= −4}]

II.3. Parciálńı derivace funkce

Značeńı pro funkci z = f(x, y):

1. parciálńı derivace :
∂f

∂x
(x, y) = fx(x, y) = zx =

∂z

∂x
∂f

∂y
(x, y) = fy(x, y) = zy =

∂z

∂y

1. parciálńı derivace v bodě [a, b]:

∂z

∂x

∣

∣

∣

[a,b]
= fx(a, b);

∂z

∂y

∣

∣

∣

[a,b]
= fy(a, b)

2. parciálńı derivace :
∂

∂x

(∂f

∂x

)

=
∂ 2f

∂x2
= fxx;

∂

∂y

(∂f

∂y

)

=
∂ 2f

∂y2
= fyy

∂

∂y

(∂f

∂x

)

=
∂ 2f

∂y ∂x
= (fx)y;

∂

∂x

(∂f

∂y

)

=
∂ 2f

∂x ∂y
= (fy)x
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• Najděte parciálńı derivace prvńıho řádu daných funkćı podle jejich proměnných .

Př́ıklad 66. f(x, y) = (2x− 3y)4

Řešeńı : fx = 4(2x− 3y)3 · 2 , fy = 4(2x− 3y)3 · (−3)

Př́ıklad 67. f(x, y) = 5x4y2 +
x

y
+ 2x2 − 3y

Řešeńı : fx = 20x3y2 +
1

y
+ 4x , fy = 10x4y − x

y2
− 3

Př́ıklad 68. f(x, y) = yx
2+3, y > 0

Řešeńı : fx = yx
2+3 · ln y · 2x , fy = (x2 + 3) · yx2+2

Př́ıklad 69. f(x, y) =
y

√

x2 − y2
, pro |x| > |y|

Řešeńı : fx = y · −2x
2(x2 − y2)3/2

=
−xy

(x2 − y2)
√

x2 − y2

fy =

√

x2 − y2 − y · −2y
2
√

x2 − y2

x2 − y2
=

x2 − y2 + y2

(x2 − y2)
√

x2 − y2
=

x2

(x2 − y2)
√

x2 − y2
.

Př́ıklad 70. f(x, y, z) = (xy)z

Řešeńı : f(x, y, z) = xyz, fx = yzxyz−1, fy = xyz · ln x · z, fz = xyz · ln x · y .

• Vypoč́ıtejte parciálńı derivace dané funkce podle všech proměnných:

71. f(x, y) = ln (3x− y + 2) [fx =
3

3x− y + 2
, fy =

−1
3x− y + 2

]

72. f(x, y) =
3x− 2y

y
[fx =

3

y
, fy = −3x

y2
]

73. f(x, y) = ln (xy2) [fx =
1

x
, fy =

2

y
]

74. f(x, y) = cos x+
1

2
sin y − 3 [fx = − sinx, fy =

1

2
cos y]

75. f(x, y) =
y√
x
− x

√
y [fx =

−y
2 ·
√
x3
−√y, fy =

1√
x
− x

2 · √y ]

76. f(x, y) = (x2 + y) e−2x [fx = 2x e−2x − 2(x2 + y) e−2x, fy = e−2x]

77. f(x, y) =
xy2

2
+ arctg

(y

x

)

[fx =
y2

2
− y

x2 + y2
, fy = xy +

x

x2 + y2
]

78. f(x, y) = ln(xy)−
√

x2 + y2 − 20 [fx =
1

x
− x

√

x2 + y2 − 20
, fy =

1

y
− y

√

x2 + y2 − 20
]

79. f(x, y) = x3 +
y3

3
− 1

6
x2y4 − 15x [fx = 3x2 − 1

3
xy4 − 15, fy = y2 − 2

3
x2y3]

80. f(x, y) =
y2

x2 + y2
[fx =

−2xy2
(x2 + y2)2

, fy =
2x2y

(x2 + y2)2
]
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81. f(ϕ, ψ) = sinϕ · cosψ [fϕ = cosϕ cosψ, fψ = − sinϕ sinψ]

82. g(u, v) = v · tg (u2v3) [gu =
2u v4

cos2(u2v3)
, gv = tg (u2 v3) +

3u2 v3

cos2(u2v3)
]

83. f(t, u, v) = ln(tu)− euv + cos(tv) [ft =
1

t
− v sin(tv), fu =

1

u
− v euv, fv = −u euv − t sin(tv)]

Př́ıklad 84. Určete obor diferencovatelnosti funkce f(x, y) = x
√

x2 − y2.

Řešeńı : fx =
√

x2 − y2 +
x2

√

x2 − y2
, fy =

−xy
√

x2 − y2
.

Z teorie v́ıme, že spojitost parciálńıch derivaćı je postačuj́ıćı pro diferencovatelnost
funkćı. V tomto př́ıkladě je to podmı́nka:

x2 − y2 > 0 =⇒ |y| < |x|.

x

y

D2D1

D1 = {[x, y] ∈ E2 : x < 0, y ∈ (x,−x)},
D2 = {[x, y] ∈ E2 : x > 0, y ∈ (−x, x)} .

Př́ıklad 85. Je dána funkce f(x, y) = ln(|x|+ y) +
1

√

9− x2 − y2
. Určete

a) podmı́nky pro definičńı obor a defičńı obor graficky znázorněte,

b) hodnotu f(A) , kde A = [−1, 2], c)
∂f

∂x
(A).

Řešeńı :

a) podmı́nky pro definičńı obor:

|x|+ y > 0 =⇒ y > −|x|
9− x2 − y2 > 0 =⇒ x2 + y2 < 9

x

y

3

y = −x, x > 0y = x, x < 0

b) f(−1, 2) = ln(| − 1|+ 2) +
1√

9− 1− 4
= ln 3 +

1

2

c)
∂f

∂x
(A) =

( (−x)′
|x|+ y

− 1

2
· −2x
√

(9− x2 − y2)3

)
∣

∣

∣

A
= −11

24
.

86. Dokažte, že funkce z = f(x, y) = y2 sin(x2 − y2) vyhovuje diferenciálńı rovnici
y2zx + xyzy = 2xz pro všechna [x, y] ∈ E2.

[Návod : Stač́ı spoč́ıtat zx, zy a do rovnice dosadit]
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• Vypočtěte parciálńı derivace dané funkce v bodě A :

87. z =
√

x2 − y2, A = [2, 0] [zx(A) = 1, zy(A) = 0]

88. z =
y

x
, A = [3, 2] [zx(A) = −2/9, zy(A) = 1/3]

89. f = x2ey sin z, A = [1, 0, π/6] [fx(A) = 1, fy(A) = 1/2, fz(A) =
√
3/2]

90. f = ln(x2 − y + 3z), A = [2, 1, 1] [fx(A) = 2/3, fy(A) = −1/6, fz(A) = 1/2]
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