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I. Určitý integrál

I.1. Existence určitých integrál̊u

• Zjistěte, zda existuj́ı určité integrály :

Př́ıklad 1.

∫

1

0

x+ 3

x2 + 1
dx

Řešeńı : Ano existuje, protože funkce f(x) =
x+ 3

x2 + 1
je spojitá na intervalu 〈0, 1〉 .

Př́ıklad 2.

∫

10

1

x2 + 3

x3 − 3x2 − 4x
dx

Řešeńı : Neexistuje, protože funkce f(x) =
x2 + 3

x3 − 3x2 − 4x
=

x2 + 3

x(x+ 1)(x− 4)
neńı spojitá

v bodě x = 4
(

x ∈ (1, 10)
)

a lim
x→4±

f(x) = ±∞.

Př́ıklad 3.

∫

1

−1

e2x − 1

x
dx

Řešeńı : Integrál existuje. Funkce f(x) =
e2x − 1

x
sice neńı spojitá v bodě x = 0

(

x ∈ (−1, 1)
)

, avšak lim
x→0

f(x) = lim
x→0

e2x − 1

x
= 2.

4.

∫

1

0

sin x2

x
dx [ano , lim

x→0

sinx2

x
= 0] 5.

∫

2

0

xex
2

dx [ano]

6.

∫ π/2

0

1

1− 2 cosx
dx [ne , lim

x→
π

3
±

1

1− 2 cosx
= ±∞]

I.2. Newtonova-Leibnizova formule

• Pomoćı Newtonovy-Leibnizovy formule vypočtěte integrály :

Př́ıklad 7.

∫ π/4

0

1 + sin2 x

cos2 x
dx

Řešeńı : I =

∫ π/4

0

1 + 1− cos2 x

cos2 x
dx =

∫ π/4

0

(

2

cos2 x
− 1

)

dx =
[

2 tg x− x
]π/4

0

=

= 2 tg
π

4
− π

4
= 2− π

4
.

Př́ıklad 8.

∫

8

3

√
1 + x dx

1
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Řešeńı : I =

∫

8

3

(1 + x)1/2 dx =
2

3

[

(1 + x)3/2
]8

3

=
2

3
· (9

√
9− 4

√
4) =

38

3
.

Př́ıklad 9.

∫

2

0

x− 3

x2 + 4
dx

Řešeńı : I =
1

2

∫

2

0

2x

x2 + 4
dx− 3

∫

2

0

1

x2 + 4
dx =

1

2

[

ln(x2 + 4)
]2

0

− 3

2

[

arctg
x

2

]2

0

=

=
1

2
· (ln 8− ln 4)− 3

2
· arctg 1 =

1

2
· ln 2− 3π

8
.

Př́ıklad 10.

∫

5

2

5x+ 1

x2 + x− 2
dx

Řešeńı : Integrovanou funkci nejdř́ıve rozlož́ıme na parciálńı zlomky a integrál vypočteme :

5x+ 1

x2 + x− 1
=

A

x− 1
+

B

x+ 2
, 5x+ 1 = A(x+ 2) + B(x− 1)

x = 1 : 6 = 3A −→ A = 2 ; x = −2 : −9 = −3B −→ B = 3

I =

∫

5

2

(

2

x− 1
+

3

x+ 2

)

dx =
[

2 ln |x− 1|+ 3 ln |x+ 2|
]5

2

=

= 2 ln 4 + 3 ln 7− 2 ln 1− 3 ln 4 = 3 ln 7− ln 4 = ln
343

4
.

Pozor ! Tentýž integrál na jiném intervalu 〈a, b〉 nemuśı existovat, bude-li 〈a, b〉
obsahovat aspoň jedno z č́ısel x = −2 nebo x = 1.

Př́ıklad 11.

∫ π/2

−π/2

cos2
x

2
dx

Řešeńı : Zde využijeme, že funkce f(x) = cos2
x

2
je sudá, tj.

∫ a

−a

f(x) dx = 2

∫ a

0

f(x) dx.

I = 2

∫ π/2

0

cos2
x

2
dx = 2

∫ π/2

0

1 + cos x

2
dx =

[

x+ sin x
]π/2

0

=
π

2
+ 1.

Př́ıklad 12.

∫ π/2

−π/2

x2 sin x dx

Řešeńı : Nyńı využijeme to, že funkce f(x) = x2 sin x je lichá, tj.

∫ a

−a

f(x) dx = 0.

Př́ıklad 13.

∫ π

0

∣

∣

∣

1

2
− cos x

∣

∣

∣
dx

Řešeńı : Odstrańıme absolutńı hodnotu:
1

2
− cos x ≥ 0 pro x ∈

〈π

3
, π

〉

a
1

2
− cos x < 0 pro x ∈

〈

0,
π

3

)

, takže pro daný integrál plat́ı :

I =

∫ π/3

0

−
(1

2
−cos x

)

dx+

∫ π

π/3

(1

2
−cos x

)

dx =
[

sin x− 1

2
x
]π/3

0

+
[1

2
x−sin x

]π

π/3
=

=

√
3

2
− π

6
+

π

2
− π

6
+

√
3

2
=

√
3 +

π

6
.

2
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14.*

∫

4

−4

1√
x2 + 9

dx [2 ln 3] 15.

∫ π

0

sin x

2 + cos x
dx [ln 3]

16.

∫

1

0

ex

ex + e
dx

[

ln
2e

1 + e

]

17.

∫ −1

−2

2

x2 − x
dx

[

2 ln
4

3

]

I.3. Metoda per partes

• Vypočtěte integrály pomoćı metody per partes :

Př́ıklad 18.

∫ π/2

−π/2

|x| cos x dx

Řešeńı : Integrovaná funkce je sudá. Tedy I = 2

∫ π/2

0

|x| cos x dx = 2

∫ π/2

0

x cos x dx =

=
∣

∣

∣

u = x, v′ = cosx
u′ = 1, v = sinx

∣

∣

∣
= 2

[

x sin x
]π/2

0

− 2

∫ π/2

0

sin x dx = 2 · π
2
+ 2

[

cos x
]π/2

0

= π − 2.

Př́ıklad 19.

∫ e−1

0

ln(x+ 1) dx

Řešeńı : I =

∣

∣

∣

∣

u = ln(x+ 1), v′ = 1

u′ =
1

x+ 1
, v = x

∣

∣

∣

∣

=
[

x ln(x+ 1)
]e−1

0

−
∫ e−1

0

x

x+ 1
dx = (e− 1) ln e−

−
∫ e−1

0

x+ 1− 1

x+ 1
dx = e− 1−

[

x− ln(x+ 1)
]e−1

0

= e− 1− (e− 1− ln e) = 1.

Př́ıklad 20.

∫ π/2

0

e2x sin x dx

Řešeńı : I =
∣

∣

∣

u = e2x, v′ = sinx
u′ = 2e2x, v = − cosx

∣

∣

∣
= −

[

e2x cosx
]π/2

0

+ 2

∫ π/2

0

e2x cos x dx =

=
∣

∣

∣

u = e2x, v′ = cosx
u′ = 2e2x, v = sinx

∣

∣

∣
= 1 + 2

[

e2x sin x
]π/2

0

− 4

∫ π/2

0

e2x sin x dx.

Dostali jsme rovnici I = 1 + 2eπ − 4I , ze které 5I = 1 + 2eπ.

Výsledek daného př́ıkladu je I =
1

5
(1 + 2eπ).

Př́ıklad 21.* In =

∫ π/2

0

sinn x dx

Řešeńı :

⋆ pro n = 0 je I0 =

∫ π/2

0

dx =
π

2
;

⋆ pro n = 1 je I1 =

∫ π/2

0

sin x dx =
[

− cosx
]π/2

0

= 1;

⋆ pro n = 2 je I2 =

∫ π/2

0

sin2 x dx =

∫ π/2

0

1− cos 2x

2
dx =

1

2

[

x− sin 2x

2

]π/2

0

=
π

4
;

3
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⋆ pro n ≥ 3 je In =

∫ π/2

0

sinn−2 x · sin2 x dx =

∫ π/2

0

sinn−2 x(1− cos2 x) dx =

=

∫ π/2

0

sinn−2 x dx−
∫ π/2

0

sinn−2 x ·cos x ·cos x dx =

∣

∣

∣

∣

u = cosx, v′ = sinn−2 · cosx
u′ = − sinx, v =

1

n− 1
sinn−1 x

∣

∣

∣

∣

=

= In−2 −
[cos x · sinn−1 x

n− 1

]π/2

0

− 1

n− 1

∫ π/2

0

sinn x dx.

Dostaneme rovnici In = In−2 − 0− 1

n− 1
In, ze které vypočteme In =

n− 1

n
In−2.

Provedeme diskuzi :

Pro

{ n = 2k je In =
n− 1

n
In−2 =

2k − 1

2k
· 2k − 3

2k − 2
· ... · 1

2
I0 =

(2k − 1)!!

(2k)!!
· π
2
;

n = 2k + 1 je In =
n− 1

n
In−2 =

2k

2k + 1
· 2k − 2

2k − 1
· ... · 2

3
I1 =

(2k)!!

(2k + 1)!!
· 1.

T́ım jsme odvodili tzv. Wallisovy formule.

Tentýž výsledek plat́ı i pro

∫ π/2

0

cosn x dx, jelikož

∫ π/2

0

sinn x dx =

∫ π/2

0

cosn x dx.

22.*

∫ π/2

0

sin7 x dx
[16

35

]

23.*

∫ π/2

−π/2

sin8 x dx
[35π

128

]

24.*

∫ π

0

cos6 x dx
[5π

16

]

25.*

∫ π/2

−π/2

sin9 x dx [0]

26.

∫

√
3

0

x · arctg x dx
[2π

3
−

√
3

2

]

27.

∫ e

1/e

| ln x| dx
[

2− 2

e

]

28.

∫

1

0

y · ln(x+ y) dx, (y > 0) [y(y + 1) ln(y + 1)− y2 ln y − y]

I.4. Substitučńı metoda

• Vypočtěte integrály substitučńı metodou :

Př́ıklad 29.

∫

e
3

1

1

x
√
1 + ln x

dx

Řešeńı : Použijeme substituci

[

1 + lnx = t
dx

x
= dt

| x1 = 1 −→ t1 = 1
x2 = e3 −→ t2 = 4

]

a dostaneme

I =

∫

4

1

dt√
t
dt = 2

[√
t
]4

1

= 2 · (2− 1) = 2.

Př́ıklad 30.

∫

2/π

1/π

1

x2
· sin 1

x
dx

4
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Řešeńı : Po substituci

[ 1

x
= t

−dx

x2
= dt

∣

∣

x1 =
1

π
−→ t1 = π

x2 =
2

π
−→ t2 =

π

2

]

obdrž́ıme

I = −
∫ π/2

π

sin t dt =

∫ π

π/2

sin t dt =
[

− cos t
]π

π/2
= 1 .

Př́ıklad 31.

∫

1

0

x

1 + x4
dx

Řešeńı : Po substituci

[

x2 = t
2x dx = dt

| x1 = 0 −→ t1 = 0
x2 = 1 −→ t2 = 1

]

źıskáme

I =
1

2

∫

1

0

d t

1 + t2
=

1

2

[

arctg t
]1

0

=
1

2
· π
4
=

π

8
.

Př́ıklad 32.

∫

2

0

√
4− x2 dx

Řešeńı : Použijeme substituci

[

x = 2 sin t
dx = 2 cos t dt

| x1 = 0 −→ t1 = 0
x2 = 2 −→ t2 = π/2

]

a dostaneme

I =

∫ π/2

0

√

4− 4 sin2 t · 2 cos t dt = 4

∫ π/2

0

cos2 t dt = 4

∫ π/2

0

1 + cos 2t

2
dt =

= 2
[

t+
sin 2t

2

]π/2

0

= 2 · π
2
= π .

Př́ıklad 33.

∫

2

1

x

(x2 + 4)2
dx

Řešeńı : Zvoĺıme substituci

[

x2 + 4 = t
2x dx = dt

| x1 = 1 −→ t1 = 5
x2 = 2 −→ t2 = 8

]

a potom

I =
1

2

∫

8

5

dt

t2
= −1

2
·
[1

t

]8

5

= −1

2
·
(1

8
− 1

5

)

=
3

80
.

34.

∫ π/2

0

cos x√
sin2 x+ 3

dx [ln
√
3 ] 35.

∫ −1

−2

dx

x2 + 4x+ 5

[π

4

]

36.

∫

1/2

0

arcsin x√
1− x2

dx
[π2

72

]

37.

∫ π/4

0

sin5 x · cos x dx
[ 1

48

]

38.

∫ π/3

0

sin3 x dx
[ 5

24

]

39.

∫

1/2

0

r
√
1− 4r2 dr

[ 1

12

]

40.

∫

4

0

1√
2x+ 1 + 1

dx [2(2− ln 2)] 41.

∫ π/2

0

dx

2 + cos x

[

√
3π

9

]

5


