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Contents Contents

Contents

I. Linear algebra 5
I.1 Vector spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
I.2 Matrices and determinants . . . . . . . . . . . . . . . . . . . . . . . . . . 10
I.3 Systems of linear algebraic equations . . . . . . . . . . . . . . . . . . . . 19
I.4 ∗ Linear mappings of Rn into Rm . . . . . . . . . . . . . . . . . . . . . . 24
I.5 Eigenvalues and eigenvectors of square matrices . . . . . . . . . . . . . . 29
I.6 Survey of equivalent properties of a square matrix . . . . . . . . . . . . . 32

II. Analytic geometry in E3 33
II.1 Some basic notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
II.2 Straight lines in E3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
II.3 Planes in E3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
II.4 ∗ Quadric surfaces in E3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

III. Differential calculus 50
III.1 Sequences of real numbers . . . . . . . . . . . . . . . . . . . . . . . . . 51
III.2 Functions – basic notions . . . . . . . . . . . . . . . . . . . . . . . . . . 56
III.3 Some concrete functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
III.3 Limit and continuity of a function . . . . . . . . . . . . . . . . . . . . . . 66
III.4 Derivative of a function . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
III.5 Applications of derivatives, behavior of a function . . . . . . . . . . . . . 82
III.6 The osculating circle, Taylor’s theorem . . . . . . . . . . . . . . . . . . . 95
III.7 ∗ Parametric representation of functions . . . . . . . . . . . . . . . . . . . 98
III.8 ∗ Approximate solution of the nonlinear equation f(x) = 0 . . . . . . . . 102
III.9 ∗ Complex and vector–valued functions of a real variable . . . . . . . . . 105

IV. Indefinite integral 108
IV.1 Antiderivative, indefinite integral . . . . . . . . . . . . . . . . . . . . . . 108
IV.2 Integration by parts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
IV.3 Integration by substitution . . . . . . . . . . . . . . . . . . . . . . . . . . 113
IV.4 Integration of simple rational functions . . . . . . . . . . . . . . . . . . . 117
IV.5 Integration of functions of the type sinn x · cosm x . . . . . . . . . . . . 123
IV.6 Integration of some other types of functions . . . . . . . . . . . . . . . . 124
IV.7 ∗ Separable differential equations . . . . . . . . . . . . . . . . . . . . . . 128

V. Definite (Riemann’s) integral 134
V.1 Historical approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
V.2 Definition of the Riemann integral . . . . . . . . . . . . . . . . . . . . . 137
V.3 Important properties of the Riemann integral . . . . . . . . . . . . . . . . 139
V.4 Evaluation of the Riemann integral . . . . . . . . . . . . . . . . . . . . . 143
V.5 ∗ Numerical integration . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
V.6 The improper Riemann integral . . . . . . . . . . . . . . . . . . . . . . . 148
V.7 Some geometric and physical applications of the definite integral . . . . . 150

Index + Vocabulary 153

List of selected symbols 159

Bibliography 160

Index 2 List of selected symbols



Contents Contents

Introduction

This text contains an approximate list of definitions and theorems that students meet in the
Mathematics I course in their first term of studies at the Faculty of Mechanical Engineering at
the Czech Technical University, together with brief remarks, comments and examples. Some
proofs and derivations of formulas are also included. These can be regarded as useful exercises
leading to a better understanding of the sense and properties of notions that we deal with. The
text was not written to be a completely independent textbook, especially due to brief explica-
tions and the limited number of solved and unsolved problems. It is important to emphasize
that, in order to be well prepared for the examination in Mathematics I, it is necessary to solve
problems individually and to think over a large number of examples. Appropriate examples and
exercises can be found e.g. in the textbook [NK].

Numbers of paragraphs or sections, whose contents are not actually required for the exam-
ination and which are addressed to more interested readers, are marked by the symbol ∗ on the
right side above.

We suppose that readers are familiar with the notion of a set and that they know the set
operations union, intersection, complement and difference. Let us remind the reader that an
empty set is denoted by ∅. We can use this notation for describing a set: M = { x; V (x) }. We
read this as: M is the set of all elements x such that V (x) holds. (V (x) is some statement that
can be made about x.)

We also assume knowledge of the following notions:

◦ mapping (of a set A to a set B – we use for instance the denotation F : A 7→ B ),
◦ one–to–one mapping (also called injective mapping ),
◦ mapping of the set A onto the set B (also called surjective mapping ),
◦ bijective mapping of the set A onto the set B (a mapping which is injective and surjective),
◦ inverse mapping (we denote this by F−1),
◦ composite mapping (we denote this by F ◦G),
◦ domain of a mapping (we denote this by D(F ) ),
◦ range of a mapping (we denote this by R(F ) ).

Further topics which are also assumed to be known from secondary school include some
elementary notions of mathematical logic, i.e. a statement and operations with statements:

◦ negation of a statement X (we denote this nonX or ¬X ),
◦ conjunction of statements X and Y (we denote this X ∧ Y and we read it “both X and Y

hold” or briefly “X and Y ”),
◦ alternative of statements X and Y (we denote this X ∨ Y and we read it “X or Y ”),
◦ implication (we denote this X =⇒ Y and we read it “X implies Y ”, “Y follows from
X”, “if X holds then Y also holds”, “X is a sufficient condition for Y ”, “Y is a necessary
condition for X”, “Y holds provided that X holds”, etc.) and

◦ equivalence (we denote this X ⇐⇒ Y and we read it “X holds if and only if Y holds”, “X
is equivalent to Y ”, “X is a necessary and sufficient condition for Y ”, “Y is a necessary and
sufficient condition for X”, etc.).

We shall often use so called quantifiers:

◦ a universal quantifier is denoted by ∀ and it can be used for example in the sentence: ∀ x ∈
I : V (x) – we read it “for each x ∈ I the statement V (x) holds” or “each x ∈ I has the
property V (x)”,
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◦ an existential quantifier is denoted by ∃ and it can be used for example in this way: ∃ x ∈
I : V (x) – we read it “There exists x ∈ I such that the statement V (x) holds.”

Quantifiers can also be used to create more complicated statements and assertions. Do not
underestimate them! Their incorrect usage can entirely change the sense of various statements.
You can compare e.g. these two sentences which differ only in the order of the quantifiers: 1)
“To every married man there exists a woman who is his wife.” 2) “There exists a married man
such that every woman is his wife.”

If n is a natural number (we use the denotation: n ∈ N) then the set of all ordered n–tuples
of real numbers is denoted by Rn. Thus, R2 is the set of all ordered pairs of real numbers, R3

is the set of all ordered 3–tuples of real numbers, etc. An exception is made in the case n = 1
where instead of R1, we write only R. Elements of Rn are written for example in this way:
[ a1; a2 ], [ 1; 3 ] (if n = 2), [x1; x2; x3 ] (if n = 3), [ x1; x2; . . . ;xn ], etc. If the distance of any
two elements X = [ x1; x2; . . . ;xn ] and Y = [ y1; y2; . . . ; yn ] from Rn is defined in such a way
that it is equal to

d(X, Y ) =
√

(x1 − y1)2 + (x2 − y2)2 + . . . + (xn − yn)2

then Rn becomes the so called n–dimensional Euclidean space. This is denoted by En . Ele-
ments of En are often called “points” and the distance of two points X and Y is also denoted
by ∥X − Y ∥. E1 can be imagined as a straight line, E2 as a plane, etc.
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CHAPTER I.

Linear algebra

I.1. Vector spaces
I.1.1. The n–dimensional arithmetic space.

Let us define the sum of any two elements [x1; x2; . . . ;xn ] , [ y1; y2; . . . ; yn ] from Rn by the
formula

[ x1; x2; . . . ;xn ] + [ y1; y2; . . . ; yn ] = [ x1 + y1; x2 + y2; . . . ;xn + yn ]

and the product of any element [ x1; x2; . . . ;xn ] from Rn and any real number λ by the formula
λ · [x1; x2; . . . ;xn ] = [λx1;λx2; . . . ;λxn ] .

The set Rn with these two operations is called the n–dimensional arithmetic space. Its elements
(i.e. n–tuples of real numbers) are called arithmetic vectors.

I.1.2. Vectors in E2 and in E3 .

Oriented segments AB and CD in E2 are called equivalent if they can be identified by parallel
shifting. Each class of all oriented segments in E2 which are equivalent one to another is called
a vector in E2. Any segment from this class is called a representative of the vector. The set of
all vectors in E2 is denoted by V (E2).

Each vector in E2 is uniquely defined by any of its representatives. Vectors are denoted by
small boldface letters (for example u⃗, v⃗, etc.). In a chosen Cartesian coordinate system, every
vector can be given by means of its coordinates. These are an ordered pair of numbers (in round
brackets) which is obtained in such a way that the representative of the vector is chosen to be the
oriented segment coming out of the origin, and the coordinates of the end point of this segment
are the coordinates of the vector.

If u⃗ = (u1;u2) and v⃗ = (v1; v2) are vectors in E2 and λ is a real number, then we can define
the sum of u⃗ and v⃗ and the product of u⃗ and the number λ by the equalities:

u⃗ + v⃗ = (u1 + v1; u2 + v2),

λ · u⃗ = (λu1; λu2).

It can easily be verified that the operations defined above have the properties:
(a) E2 is closed with respect to both operations. That means: if u⃗, v⃗ ∈ V (E2) and λ ∈ R

then the sum u⃗+ v⃗ and the product λ · u⃗ also belong to V (E2).
(b) If u⃗, v⃗, w⃗ ∈ V (E2) and α, β ∈ R then

(b1) u⃗ + v⃗ = v⃗ + u⃗ ,
(b2) (u⃗ + v⃗) + w⃗ = u⃗ + (v⃗ + w⃗) ,
(b3) 1 · u⃗ = u⃗ ,
(b4) α · (β · u⃗) = (α · β) · u⃗ ,
(b5) α · (u⃗ + v⃗) = α · u⃗ + α · v⃗ ,
(b6) (α + β) · u⃗ = α · u⃗ + β · u⃗ .

(c) There exists the so called zero vector o⃗ = (0; 0) in V (E2).
If u⃗ is any vector from V (E2) then u⃗ + o⃗ = u⃗.

(d) To every vector u⃗ ∈ V (E2) there exists a vector −u⃗ (the so called opposite vector to u⃗ )
so that u⃗ + (−u⃗ ) = o⃗.
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Due to property (a), V (E2) is said to be closed with respect to the two operations “addition
of vectors” and “multiplication of vectors by real numbers”.

By analogy, it is possible to define V (E3) (or even V (En)) and operations “addition of
vectors” and “multiplication of vectors by real numbers” in this set. These operations in V (E3)
(or in V (En)) also have properties (a) – (d).

I.1.3. Vector spaces.

It can easily be verified that the operations “addition” and “multiplication by real numbers”
in the n–dimensional arithmetic space Rn have properties (a) – (d), too. Thus, the sets Rn,
V (E2), V (E3) and V (En) are in a certain sense similar. Generally, it can be observed that
various nonempty sets with the operations “addition” and “multiplication by real numbers”
(which satisfy conditions (a) – (d)) appear very often in mathematics and its applications. All
these sets are called vector spaces.

Elements of concrete vector spaces need not always be classical vectors as is the case in
V (E2) and in V (E3). As examples of further vector spaces, we can mention:

◦ the set of all polynomials whose degree is less than or equal to n (i.e. functions that have the
form f(x) = a0 + a1x+ · · ·+ anx

n, where a0, a1, . . . , an are real numbers),
◦ the set of all functions defined by the equation f(x) = a0 + a1 · sin x + a2 · cos x, where
a0, a1, a2 are real numbers,

◦ the set of all sequences of real numbers, etc.

Try to suggest for yourself how it is possible to define the operations “addition” and “multipli-
cation by real numbers” in these spaces so that the operations have properties (a) – (d).

Let us return to the vector space V (E2). Two vectors u⃗ = (u1;u2), v⃗ = (v1; v2) from V (E2)
are equal if and only if the corresponding coordinates are equal, i.e. u1 = v1, u2 = v2 . This
simple assertion follows immediately from properties (a) – (d) from paragraph I.1.2. Analogous
assertions also hold in V (E3) and Rn.

We are going to study a general vector space V in the next part of this chapter. If the
approach seems to be too abstract for you, you can imagine that V coincides for instance with
V (E2), V (E3) or V (En). Elements of V will also be called vectors and they will be denoted
in the same way as elements of V (E2) or V (E3), i.e. by small boldface letters. The zero vector
will be again denoted by o⃗.

I.1.4. Theorem (uniqueness of the zero vector).

There exists only one zero vector in the vector space V .

P r o o f :
Suppose that there are two different zero vectors o⃗1 and o⃗2 in V . Using property (c) from
paragraph I.1.2, we get: o⃗1 = o⃗1 + o⃗2 = o⃗2 + o⃗1 = o⃗2. This is in contradiction with the
assumption that the vectors o⃗1 and o⃗2 are different. Hence two different zero vectors in the
vector space V cannot exist.

I.1.5. Theorem.

The following identities hold for any vector u⃗ ∈ V and any real number α:

1) 0 · u⃗ = o⃗ , 2) (−1) · u⃗ = −u⃗ , 3) α · o⃗ = o⃗ .

(We do not show the proof of this theorem here. Nevertheless, it could easily be done by means
of conditions (a) – (d) from I.1.2.)
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I.1.6. Linear dependence and independence of vectors.

If u⃗1, u⃗2, . . . , u⃗n is a group of vectors in the vector space V and α1, α2, . . . , αn are real
numbers then the vector

α1 u⃗1 + α2 u⃗2 + . . . + αn u⃗n

is called the linear combination of the vectors u⃗1, u⃗2, . . . , u⃗n . (The linear combination
of vectors from V is a vector that also belongs to V . It is an easy consequence of the
statements in item (a) in paragraph I.1.2.)
The group of vectors u⃗1, u⃗2, . . . , u⃗n is called linearly dependent if there exist coeffi-
cients α1, α2, . . . , αn such that at least one of them is different from zero and

α1 u⃗1 + α2 u⃗2 + . . . + αn u⃗n = o⃗ .

A group of vectors which is not linearly dependent is called linearly independent.

I.1.7. Theorem.

If one of the vectors u⃗1, u⃗2, . . . , u⃗n in the vector space V is equal to the zero vector then the
group u⃗1, u⃗2, . . . , u⃗n is linearly dependent.

P r o o f :
Let for instance u⃗1 = o⃗. Then 1 · u⃗1 + 0 · u⃗2 + · · · + 0 · u⃗n = o⃗. So we have the linear
combination of the vectors u⃗1, u⃗2, . . . , u⃗n which is equal to the zero vector o⃗ and not all coeffi-
cients in this linear combination are zeros. Thus, in accordance with definition I.1.6, the group
u⃗1, u⃗2, . . . , u⃗n is linearly dependent.

I.1.8. Theorem.

The group of vectors u⃗1, u⃗2, . . . , u⃗n (where n > 1) from the vector space V is linearly depen-
dent if and only if at least one vector from this group can be expressed as a linear combination
of the other vectors of the group.

P r o o f :
a) Suppose that the group u⃗1, u⃗2, . . . , u⃗n is linearly dependent. Then there exist coefficients
α1, α2, . . . , αn (such that at least one of them is different from zero – let it be for instance α1)
and α1u⃗1+α2u⃗2+ · · ·+αnu⃗n = o⃗. Since α1 ̸= 0, we can divide the equality by α1 and express
u⃗1:

u⃗1 = − α2

α1

u⃗2 − α3

α1

u⃗3 − . . .− αn

α1

u⃗n .

So the vector u⃗1 is a linear combination of the other vectors of the group. Similarly, if α2 ̸= 0
then it is possible to express u⃗2 in the form of a linear combination of the other vectors of the
group, etc.
b) Suppose now that for example the vector u⃗1 is a linear combination of the other vectors,
i.e. there exist coefficients β2, . . . , βn such that u⃗1 = β2u⃗2 + · · · + βnu⃗n. If we put α1 =
−1, α2 = β2, . . . , αn = βn then we can see that at least one of these numbers is nonzero and
α1u⃗1 + α2u⃗2 + · · ·+ αnu⃗n = o⃗. Hence the group u⃗1, u⃗2, . . . , u⃗n is linearly dependent.
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I.1.9. Theorem.

The group of vectors u⃗1, u⃗2, . . . , u⃗n from the vector space V is linearly independent if
and only if the vector equation

(I.1.1) α1u⃗1 + α2u⃗2 + . . . + αnu⃗n = o⃗

(for unknowns α1, α2, . . . , αn) has only the zero solution α1 = 0, . . . , αn = 0.
(This theorem is an immediate consequence of the definition of linear dependence and
linear independence of vectors from paragraph I.1.6.)

I.1.10. Example.

The group of vectors (1; 1; 0), (0; 2; 3) and (3; 5; 3) in E3 is linearly dependent. Equation (I.1.1),
which in our concrete case has the form

α1 · (1; 1; 0) + α2 · (0; 2; 3) + α3 · 5, 3, 5) = (0; 0; 0),

has for instance this nonzero solution: α1 = 3, α2 = 1, α3 = −1. Linear dependence of the
given group of vectors follows now from theorem I.1.9.

I.1.11. Theorem.

Let u⃗1, u⃗2, . . . , u⃗n be a linearly dependent group of vectors from the vector space V . Then
every group of vectors from V which contains the vectors u⃗1, u⃗2, . . . , u⃗n, is also linearly de-
pendent.

P r o o f :
The group u⃗1, u⃗2, . . . , u⃗n is linearly dependent, hence there exist coefficients α1, α2, . . . , αn

such that at least one of them is different from zero and α1u⃗1 + α2u⃗2 + · · · + αnu⃗n = o⃗.
Let v⃗1, v⃗2, . . . , v⃗m be a group of vectors which contains the vectors u⃗1, u⃗2, . . . , u⃗n. Suppose
that the vectors v⃗1, v⃗2, . . . , v⃗m are ordered so that v⃗1 = u⃗1, v⃗2 = u⃗2, . . . , v⃗n = u⃗n. Then
α1v⃗1+α2v⃗2+· · ·+αnv⃗n+0· v⃗n+1+· · ·+0· v⃗m = o⃗. The coefficients α1, α2, . . . , αn, 0, . . . , 0
are surely not all equal to zero. So the group v⃗1, v⃗2, . . . , v⃗m is linearly dependent.

I.1.12. Dimension of a vector space.

Let n be a natural number. We say that the vector space V is n–dimensional (or equiva-
lently: its dimension is equal to n – we write dimV = n) if
a) there exists a group of n vectors in V that is linearly independent,
b) each group of more than n vectors from V is linearly dependent.

I.1.13. Basis of a vector space.

Let V be an n–dimensional vector space. Each linearly independent group of n vectors
from V is called a basis of the space V .

I.1.14. Remark.

The dimension of vector space V equals the maximum number of linearly independent vectors
that can be found in V . It also equals the number of vectors in an arbitrary basis of V .
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I.1.15. Theorem.

Let u⃗1, u⃗2, . . . , u⃗n be a basis of the vector space V . Then every vector from V can be uniquely
expressed as a linear combination of the vectors u⃗1, u⃗2, . . . , u⃗n.

P r o o f :
a) Existence of the expression: Let v⃗ be an arbitrarily chosen vector from V . The group

of vectors u⃗1, u⃗2, . . . , u⃗n, v⃗ is linearly dependent (because it is the group of more than n
vectors). Hence there exist coefficients α1, α2, . . . , αn, β such that not all of them are
equal to zero and

α1u⃗1 + α2u⃗2 + . . . + αnu⃗n + βv⃗ = o⃗.

If β were equal to zero then the above equality would imply the linear dependence of
the vectors u⃗1, u⃗2 . . . , u⃗n, which would be in contradiction with the assumptions of the
theorem. So β is different from zero and it is possible to express v⃗:

v⃗ = − α1

β
u⃗1 − α2

β
u⃗2 − . . . − αn

β
u⃗n .

b) Uniqueness of the expression: Suppose that v⃗ can be also written in another way as the
linear combination of the vectors u⃗1, u⃗2, . . . , u⃗n: v⃗ = c1u⃗1 + c2u⃗2 + · · · + cnu⃗n. If we
subtract the first expression of v⃗ from the second one, we obtain:

o⃗ =

(
c1 +

α1

β

)
u⃗1 +

(
c2 +

α2

β

)
u⃗2 + . . . +

(
cn +

αn

β

)
u⃗n .

The linear independence of the vectors u⃗1, u⃗2, . . . , u⃗n implies: c1+
α1

β
= 0, c2+

α2

β
= 0,

. . . , cn +
αn

β
= 0. So we get equalities c1 = −α1

β
, c2 = −α2

β
, . . . , cn = −αn

β
, which

show that both expressions of the vector v⃗ are same.

I.1.16. Remark.

Theorem I.1.15. can be “reversed”. We mean by this that one can also prove correctness of
the inverse implication: If V is a vector space and u⃗1, u⃗2, . . . , u⃗n is a group of vectors with
the property that each vector from V can be uniquely expressed as a linear combination of the
vectors u⃗1, u⃗2, . . . , u⃗n then these vectors form a basis of the space V .

I.1.17. Example.

The vectors ı̂ = (1; 0; 0), ȷ̂ = (0; 1; 0), k̂ = (0; 0; 1) form the basis of the vector space V (E3)
because each vector a⃗ = (a1; a2; a3) ∈ V (E3) can be uniquely written as a linear combination
of the vectors ı̂, ȷ̂, k̂: a⃗ = a1 · (1; 0; 0) + a2 · (0; 1; 0) + a3 · (0; 0; 1) . Taking also into account
remark I.1.14, we come to the, by no means surprising, assertion that the space V (E3) is three–
dimensional.

By analogy, the arithmetic vectors e⃗1 = [1; 0; ...; 0], e⃗2 = [0; 1; ...; 0], . . . , e⃗n = [0; 0; ...; 1]
form the basis of the space Rn. (So this space was correctly called n–dimensional in paragraph
I.1.1).

I.1.18. Remark.

The basis of a vector space is not unique! For example – you can easily verify that two groups
of vectors ı̂ = (1; 0), ȷ̂ = (0; 1) and u⃗ = (2;−1), v⃗ = (1; 1) are both bases of the vector space
V (E2). Moreover, every vector space (with the exception of the so called trivial vector space,
which contains only one element – the zero vector) has infinitely many various bases.
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If V is an n–dimensional vector space and u⃗1, u⃗2, . . . , u⃗j (where j < n) is a linearly
independent group of vectors in V then this group can always be filled up to the basis of V by
adding appropriate vectors from V .

I.1.19. Subspace of a vector space.

Suppose that W is a subset of vector space V . If W is the vector space (with the same
operations “addition” and “multiplication by real numbers” as in V ) then we call W the
subspace of the vector space V .

I.1.20. How to recognize a subspace.

Let W be a subset of a vector space V . We wish to find out whether W is a subspace of V .
The operations “addition” and “multiplication by real numbers” are defined in W because these
operations are defined in V and W ⊂ V . Thus, W is an individual vector space itself (and
consequently, it is the subspace of V ) if it is closed with respect to these operations. This means
if the sum of two arbitrary vectors from W remains in W and the λ–multiple of an arbitrary
vector from W also remains in W (for any λ ∈ R).

I.1.21. Example.

The set of all arithmetic vectors, that can be written in the form [α; β; 0] (where α, β are real
numbers), is a subspace of R3.

The set of all arithmetic vectors, that have the form [α; β; γ] (where α, β, γ are real num-
bers and α > 0), is not a subspace of R3.

I.1.22.∗ Remark.

Try to prove these simple assertions:

a) If u⃗1, u⃗2, . . . , u⃗k is a family of vectors from vector space V then the set of all linear
combinations of the vectors u⃗1, u⃗2, . . . , u⃗k is a subspace of V . This subspace is called
the linear hull of the vectors u⃗1, . . . , u⃗k.

b) If the family of vectors u⃗1, . . . , u⃗k is linearly independent then it forms a basis of its
linear hull and the dimension of the hull is thus equal to k.

I.2. Matrices and determinants
I.2.1. Matrices.

A rectangular array of m ·n real numbers written in m rows and n columns is called a matrix of
the type m× n (read m by n) or shortly an m× n matrix. The numbers which are contained in
the matrix are called its entries or its elements. Matrices are usually denoted by capital letters
and their entries are denoted by the same small letters with two indices. The indices are related
to the position of the entry. For example, aij denotes the entry in the i–th row and j–th column
in matrix A.

I.2.2. Example.

A =


a11, a12, . . . , a1n
a21, a22, . . . , a2n

...
...

...
am1, am2, . . . , amn

 B =

0, 2, 3, 4, 8, −5
2, 3, 5, −1, 9, 17
3, −8, 7, 6, −4, 23



Index 10 List of selected symbols



I. Linear algebra Contents

A is the m× n matrix, B is the 3× 6 matrix. If the type of matrix A is known, then A can be
written down in a shorter way: A = (aij).

I.2.3. Identity of two matrices.

Two matrices are identical if they are of the same type and if they have the same entries at
corresponding positions.

I.2.4. Main diagonal, upper triangular matrix, zero matrix, transposed matrix.

Suppose that A = (aij) is an m× n matrix.
The entries a11, a22, . . . form the so called main diagonal in matrix A.
If all entries under the main diagonal are equal to zero, then matrix A is called the upper

triangular matrix.
A matrix whose all entries are equal to zero is called a zero matrix.
The n×m matrix B = (bij) whose entries satisfy bij = aji (i = 1, . . . , n; j = 1, . . . , m)

is called a transposed matrix to matrix A. It is denoted by AT . (The 1st column of matrix AT

is identical with the 1st row of matrix A, the 2nd column of AT is equal to the 2nd row of A,
etc. In other words: the transposed matrix to matrix A can be obtained by turning A over the
main diagonal.)

I.2.5. Square matrix, identity matrix.

A matrix with the same number of rows as columns is said to be a square matrix.
A square matrix all of whose entries on the main diagonal equal 1 and all of whose other
entries are zeros is called the identity matrix. It is denoted by E:

E =


1, 0, . . . , 0
0, 1, . . . , 0
...

...
...

0, 0, . . . , 1


I.2.6. Addition of matrices.

If the matrices A = (aij) and B = (bij) are both m × n then their sum is the m × n matrix
C = (cij) with the entries cij = aij + bij (i = 1, . . . , m; j = 1, . . . , n). We use the notation
C = A+B.

I.2.7. Multiplication of matrices by real numbers.

If A = (aij) is an m × n matrix and λ ∈ R, then the product of the number λ and matrix A
(or in other words the λ–multiple of matrix A) is the matrix C = (cij) of the same type m× n
with the entries cij = λ · aij (i = 1, . . . , n; j = 1, . . . , m). We use the notation C = λ ·A
or C = λA.

I.2.8. Example.(
1, −3, 2
4, −1, 3

)
+

(
1, 2, 2
−1, 3, −8

)
=

(
2, −1, 4
3, 2, −5

)
, 2 ·

(
1
4

)
=

(
2
8

)
.

I.2.9. Remark.

Matrices of the same type can also be subtracted: The difference of matrices A and B is the
matrix C = A+ (−1) ·B. We write: C = A−B.
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I.2.10. Multiplication of matrices.

If A = (aij) is an m × n matrix and B = (bij) is an n × p matrix then the product of the
matrices A and B is the m × p matrix C = (cij) whose entries satisfy: cij = ai1 · b1j + ai2 ·
b2j + · · ·+ ain · bmj (i = 1, . . . , m; j = 1, . . . , p). We write: C = A ·B.

I.2.11. Remark.

The definition of the multiplication of matrices seems to be artificial at first sight and so we
shall analyze it once more. It can be explained by means of the following new notion:

If [u1; u2; . . . ; un ] and [ v1; v2; . . . ; vn ] are arithmetic vectors from Rn then the number
u1 · v1 + u2 · v2 + · · ·+ un · vn is called their scalar product.

The rows of matrix A can be identified with arithmetic vectors from Rn (the number of rows
is m, and each of them has n entries). Similarly, we can regard the columns of matrix B as
arithmetic vectors also from Rn (their number is p, and each of them has n entries). If you read
definition I.2.10 carefully, you can observe that the entry cij in matrix C is the scalar product
of the i–th row of matrix A with the j–th column of matrix B.

Matrices A and B can be multiplied (in this order) only if matrix A has the same number of
columns as the number of rows of matrix B. We can easily recognize whether this is fulfilled:
we write down the types of matrices A and B (for example m× n, n× p) and the 2nd and 3rd
number must be the same. Otherwise matrices A and B cannot be multiplied (in this order).

I.2.12. Example.

Verify for yourself by calculation that it holds:3, 2, 5
2, −4, 6
1, 0, 0

 ·

 1, 5
3, −2
−2, 0

 =

 −1, 11
−22, 18
1, 5

 ,

 3, 5
6, −2
−1, 0

 ·
(
3
2

)
=

19
14
−3

 .

I.2.13. Rules for operations with matrices.

Suppose that A, B and C are matrices and α, β are real numbers. Then each of the equalities

a) A+B = B +A, b) (A+B) +C = A+ (B +C),

c) α · (A+B) = α ·A+ α ·B, d) (α+ β) ·A = α ·A+ β ·A,

e) A · (B +C) = A ·B +A ·C, f) (A ·B) ·C = A · (B ·C),

g) A ·E = A, h) E ·B = B,

i) (A+B)T = AT +BT , j) (A ·B)T = BT ·AT

holds if the types of matrices are such that the operations on the left hand sides have a sense.
Try to prove equalities a) – j) for yourself under this assumption.

Multiplication of matrices is not commutative, i.e. it does not generally hold that A ·B =
B ·A ! If, for example, A is a 3× 5 matrix and B is a 5× 7 matrix then the product A ·B is
a 3 × 7 matrix, while the product B ·A has no sense, it cannot be created. Moreover, even if
both products A ·B and B ·A have a sense, there exist examples when A ·B ̸= B ·A.

I.2.14. The rank of a matrix.

The maximum number of linearly independent rows of matrix A (taken as arithmetic
vectors) is called the rank of matrix A. We denote it r(A).
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I.2.15. Example.

Let
(
1, −3, 2
4, −1, 3

)
+

(
1, 2, 2
−1, 3, −8

)
=

(
2, −1, 4
3, 2, −5

)
, 2 ·

(
1
4

)
=

(
2
8

)
.

For instance – it can be verified by means of theorem I.1.9 that the first two rows of the matrix
are linearly independent. The third row is the linear combination of the first two rows (it is equal
to the difference of the 1st row (multiplied by 3) and the 2nd row (multiplied by 2)). Hence all
three rows form the linearly dependent group. The maximum number of linearly independent
rows is two, and for this reason r(A) = 2.

I.2.16. Remark.

It is natural to put the question whether it is possible to define the rank of a matrix by means of
its columns instead of its rows (i.e. as the maximum number of linearly independent columns, if
the columns are identified with arithmetic vectors). The answer is simple: YES. The “row def-
inition” and the “column definition” assign to the matrix the same number as its rank. However,
we should mention that the exact proof of this assertion is not quite simple.

If we deal with more complicated matrices than matrix A from example I.2.15, we are not
able to recognize at first sight which rows form a linearly independent group and conversely,
which ones are linear combinations of other rows. That is why we shall study the problem of
how to specify the rank of a matrix in greater detail in several following paragraphs.

I.2.17. Theorem.

Let A be an m× n upper triangular matrix and let all entries on the main diagonal be different
from zero. Then the rank of A is equal to the minimum of the numbers m, n.

I.2.18. Example.

Instead of showing a general proof of theorem I.2.17, let us study this special case: Suppose
that

A =

3, 3, 5, 0, −3, 8
0, 1, 7, −6, 4, 3
0, 0, 5, 14, 4, 2

 .

Let us verify that the rows of matrix A are linearly independent. We can write the vector
equation

α · (3; 3; 5; 0;−3; 8) + β · (0; 1; 7;−6; 4; 3) + γ · (0; 0; 5; 14; 4; 2) = (0; 0; 0; 0; 0; 0).

If we write down the corresponding equations for all coordinates, we obtain a system of six
linear algebraic equations for three unknowns: α, β and γ. We can easily find that there exists
only one solution: α = β = γ = 0. The linear independence of the rows of matrix A now
follows from theorem I.1.9. Their number is three, hence r(A) = 3. By analogy, the matrices

1, 3, −2
0, 4, 7
0, 0, 5
0, 0, 0

 ,


−2, 3, 0, 5
0, −1, 5, 0
0, 0, 15, 1
0, 0, 0, 7

 ,

(
2, 1
0, 4

)
,


5
0
0
0

 ,

(
1, 2, −5, 8

)

have the ranks 3, 4, 2, 1, 1.
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I.2.19. Elementary row and column operations.

If we have to find the rank of a general matrix A which is not triangular, then we can
transform the matrix to an upper triangular matrix (with non–zero entries on the main
diagonal) using so called elementary row and column operations, which do not change
the rank of the matrix, and afterwards we specify the rank by means of theorem I.2.17.
We shall use the following elementary row operations:

a) change of order of rows,
b) multiplication of some row by a nonzero number,
c) addition to some row of a linear combination of the other rows (specially, addition

of a multiple of another row),
d) omission of a row which is a linear combination of the other rows (specially, omis-

sion of a row all of whose entries are zeros or omission of a row which is a multiple
of another row).

(All the operations can also be performed with columns. We are not going to prove that
these row and column operations do not change the rank of a matrix.)

The procedure of transformation of an arbitrary matrix to an upper triangular matrix (all of
whose entries on the main diagonal are different from zero) by means of the elementary row
and column operations is called the Gauss algorithm. The algorithm is explained in the next
example:

I.2.20. Example.

We find the rank of the matrix

A =


2, −1, 1, 8, 2
4, −3, 5, 1, 7
8, −6, 8, 12, 12
6, −4, 6, 9, 9

 .

Step 1. Since a11 ̸= 0, we rewrite the 1st row. (If a11 = 0 then we interchange the rows or
columns so that there is a nonzero entry on the position 1,1.) Now we want to get only zeros
under the entry a11. That is why we first multiply the 1st row by 2 and subtract it from the 2nd
row, then we multiply the 1st row by 4 and subtract it from the 3rd row and finally, we multiply
the 1st row by 3 and subtract it from the 4th row. We obtain the matrix:

2, −1, 1, 8, 2
0, −1, 3, −15, 3
0, −2, 4, −20, 4
0, −1, 3, −15, 3

.

Step 2. We rewrite the 1st row. Since the entry at position 2,2 is nonzero, we also rewrite the
2nd row. Now we want to get only zeros under the entry at position 2,2. Thus, we multiply the
2nd row by 2 and subtract from the 3rd row. Finally, we subtract the 2nd row from the 4th row.
We get the matrix: 

2, −1, 1, 8, 2
0, −1, 3, −15, 3
0, 0, 2, −36, 0
0, 0, 0, 0, 0

 .

Step 3. The last row contains only zeros, hence we omit it. We obtain the upper triangular
matrix:
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2, −1, 1, 8, 2
0, −1, 3, −15, 3
0, 0, 2, −36, 0

 .

Due to theorem I.2.17, the last matrix has the rank 3. Thus, r(A) = 3.

I.2.21. Determinant.

Let A be a square matrix. The determinant of matrix A is the number which is denoted
by detA and which is assigned to matrix A in accordance with these rules:

a) If A = (a) is a 1× 1 square matrix then detA = a.
b) If A = (aij) is an n× n square matrix (for n > 1) then we choose an arbitrary row

of A (let us denote this row as the i–th one) and we put

(I.2.1) detA = ai1 · Ai1 + ai2 · Ai2 + . . . + ain · Ain,

where Aij is the so called co–factor of the entry aij . The co–factor is equal to
(−1)i+j · A∗

ij where A∗
ij is the determinant of the (n − 1) × (n − 1) square ma-

trix which arises from A by omission the i–th row and the j–th column. (A∗
ij is

called the minor, which is the abbreviation for “minor determinant”.)

I.2.22. Remark.

The sum on the right side of (I.2.1) is called the expansion of the determinant along the i–th row.
It can be proved that the choice of the row along which the determinant is expanded is not im-
portant because the result is always the same. The determinant can even be expanded along an
arbitrary column. The expansion of the determinant along the j–th column is:

detA = a1j · A1j + a2j · A2j + . . . + anj · Anj .

It can be easily verified that the determinant of a 2× 2 square matrix A is:

detA = a11 a22 − a12 a21.

Remember this simple formula !
The expansion of the n× n determinant along some row or column leads to the expression

of this determinant by means of n (n− 1)× (n− 1) determinants. Each of these determinants
can be further expanded along some of its rows or columns and so the problem is transformed
to a question of calculation of (n− 2)× (n− 2) determinants. We can proceed in this way until
we come to 2 × 2 determinants (or even 1 × 1 determinants) which we already know how to
compute.

I.2.23. Remark.

The determinant of matrix A is often written down analogously as matrix A, only instead of
round brackets we use straight vertical lines.

I.2.24. Saruss’ rule.

The determinant of a 3× 3 matrix can also be, apart from the expansion along some row
or column, computed by the so called “Saruss’ rule”:

detA = a11 · a22 · a33 + a12 · a23 · a31 + a13 · a21 · a32
− a13 · a22 · a31 − a11 · a23 · a32 − a12 · a21 · a33.
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The correctness of this formula can be verified by comparison with the result that can be
obtained by expansion along some row or column. You can easily remember the formula by
means of the following scheme: ∣∣∣∣∣∣

a11, a12, a13
a21, a22, a23
a31, a32, a33

∣∣∣∣∣∣
a11, a12, a13
a21, a22, a23

I.2.25. Problems.

Verify that

a)
∣∣∣∣2, 5
3, 7

∣∣∣∣ = −1, b)
∣∣∣∣∣∣
4, 8, 3
5, −1, 0
3, 2, −4

∣∣∣∣∣∣ = 215,
c)

∣∣∣∣∣∣∣∣
4, 2, 5, 0
2, −1, 0, 2
3, 6, −8, 2
7, 1, 0, 1

∣∣∣∣∣∣∣∣ = −501.

To compute the last determinant, it is advantageous to use the expansion along the 3rd column.
(Why?)

I.2.26. Geometrical meaning of the determinant.

a) Suppose at first that A is a 2× 2 square matrix. We can consider its rows to be the vectors
a⃗1 and a⃗2. Let us fill in these two vectors to the parallelogram in plane E2. You can verify
by an easy calculation that the area of the parallelogram is equal to | detA|.

b) Assume now that A is a 3 × 3 square matrix whose rows are the vectors a⃗1, a⃗2 and a⃗3.
Let us fill in these vectors to the parallelogram in space E3. Then the volume of the
parallelogram is equal to | detA|.

c) Generally, let A be an n × n square matrix whose rows are the vectors a⃗1, . . . , a⃗n. Let
us fill in these vectors to the n–dimensional parallelogram in En. Then the n–dimensional
volume of the parallelogram is | detA|.

Assertions a), b) and c) remain valid if we work with the columns of matrix A instead of its
rows.
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I.2.27. Important properties of determinants.

Knowledge of the following assertions is very useful for computing determinants. As-
sume that A is an n× n square matrix (where n > 1).

a) If all entries in some row (or column) of A are zero then detA = 0. (This is seen
if we expand the determinant along the zero row or column.)

b) detA = detAT

c) Interchanging two rows (or columns) changes the sign of the determinant.
d) If two rows (or columns) are identical, the determinant is zero. (This is the con-

sequence of item c): Interchanging two same columns changes the sign of the
determinant. However, the new matrix is identical with A, so its determinant is
equal to detA. The equality − detA = detA implies that detA = 0.)

e) If we multiply some row (or column) of matrix A by a number λ then the de-
terminant of the new matrix is equal to λ · detA. (This can be easily proved by
expanding the determinant along the multiplied row or column.)

f) If any row (respectively column) of A is a multiple of another row (respectively
column) of A, the determinant of A is zero. (This is an easy consequence of items
d) and e).)

g) If any row (respectively column) of A is a linear combination of the other rows
(respectively columns) of A, the determinant is zero. (We can prove this if we
expand the determinant along the row (respectively column) that is the linear com-
bination of the other rows (respectively columns) and apply the assertions from the
items d) and e).)

h) If A and B are n× n square matrices then det(A ·B) = detA · detB.

I.2.28. Remark.

The determinant of the n× n identity matrix (for arbitrary n ∈ N) is equal to 1.
More generally: The determinant of a square upper triangular matrix is equal to the product

of all entries on the main diagonal. Try to verify for yourself that this simple assertion is true.
(The expression “square upper triangular matrix” sounds rather strange, however when you

read carefully the definition of a square and of an upper triangular matrix, you can see that the
adjectives “square” and “upper triangular” are not in contradiction.)

The determinant of an n×n matrix was defined in paragraph I.2.21 by means of the expan-
sion along some row (or column). Determinants of “smaller” matrices can really be calculated
by means of these expansions. However, the calculation of determinants of “larger” matrices
by means of the expansions along rows or columns would require an extremely large number
of operations. (For instance, in the case of a 100 × 100 matrix, no modern computer would be
able to do it in the epoch of existence of our universe.) Such determinants can be calculated
by other (so called numerical) methods. For example: Applying the operations from item h) of
paragraph I.2.27, the determinant can be transformed to the determinant of an upper triangular
matrix. Then the assertion from the first part of this paragraph can be applied.
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I.2.29. Regular and singular matrices.

An n × n square matrix which has the maximum possible rank (i.e. n) is called a
regular matrix.
A square matrix which is not regular is called singular.

I.2.30. Inverse matrix.

Suppose that A is an n× n square matrix and E is the n× n identity matrix. An n× n
matrix A−1 is called the inverse matrix to matrix A if

A ·A−1 = E.

You will see in the following paragraphs that the inverse matrix A−1 need not exist to
each square matrix A !

I.2.31. Theorem – Equivalent characterization of regular matrices

Let A be a square matrix. Then the following statements are equivalent:
a) A is regular.
b) detA ̸= 0.
c) The inverse matrix A−1 exists.

(We omit the proof of this theorem. The theorem states, among other things, when the
inverse matrix does exist.)

I.2.32. Theorem.

If A and B are n × n regular matrices then matrix A · B is also regular. Moreover, it holds:
(A ·B)−1 = B−1 ·A−1.

P r o o f :
Matrices A and B are regular, hence their determinants are different from zero. (See theorem
I.2.31.) Assertion I.2.27 h) implies: det(A ·B) = detA ·detB, which is different from zero.
Using theorem I.2.31, we can see that matrix A·B is regular. The formula for (A·B)−1 follows
from the equalities (A ·B) ·(B−1 ·A−1) = A ·(B ·B−1) ·A−1 = A ·E ·A−1 = A ·A−1 = E.

I.2.33. Theorem.

If matrix A is regular then matrix A−1 is also regular. Moreover, it holds:
a) (A−1)−1 = A, b) A ·A−1 = A−1 ·A = E.

P r o o f :
a) If matrix A−1 were singular, it would be 1 = detE = det(A ·A−1) = detA ·detA−1 =

detA · 0 = 0, which is impossible. Hence A−1 is regular. Further, one has: (A−1)−1 =
(A ·A−1) · (A−1)−1 = A · (A−1 · (A−1)−1 ) = A ·E = A.

b) The formula A·A−1 = E is already known. It remains to show that it also holds A−1·A =
E. Denote B = A−1. Obviously, one has: A−1 ·A = B · (A−1)−1 = B ·B−1 = E.

I.2.34. Theorem (uniqueness of the inverse matrix).

If a square matrix A has an inverse matrix then the inverse matrix is unique.
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P r o o f :
Suppose that both A−1

I and A−1
II are inverse matrices to matrix A. Then we have:

a) A−1
I ·A ·A−1

II = (A−1
I ·A) ·A−1

II = E ·A−1
II = A−1

II ,
b) A−1

I ·A ·A−1
II = A−1

I · (A ·A−1
II ) = A−1

I ·E = A−1
I .

This means that A−1
I = A−1

II . Thus, the inverse matrix (if it exists) is unique.

I.2.35. Remark.

A practical question is how to compute the inverse matrix A−1 to a given regular square matrix
A. For instance, it can be proved that

A−1 =
1

detA

A11, . . . , A1n
...

...
An1, . . . , Ann


T

where Aij are co–factors of the entries aij in matrix A (see paragraph I.2.21, item c). However,
the practical application of this formula for larger n is not advantageous, due to the necessity
to compute the co–factors Aij , which can be very laborious. There exists a less laborious
procedure, based on the same idea as the Gauss algorithm described in I.2.20. It is explained in
example 159, pp. 9–10, in the textbook [NK].

I.3. Systems of linear algebraic equations
I.3.1. Basic notions.

The system of equations

(I.3.1)

a11 · x1 + a12 · x2 + . . . + a1n · xn = b1
a21 · x1 + a22 · x2 + . . . + a2n · xn = b2

...
am1 · x1 + am2 · x2 + . . . + amn · xn = bm

(where a11, a12, . . . , amn, b1, b2, . . . , bm are given real numbers and x1, x2, . . . , xn are un-
knowns) is called the system of linear algebraic equations. The matrices

A =


a11, a12, . . . , a1n
a21, a22, . . . , a2n

...
am1, am2, . . . , amn

 , (A |B) =


a11, a12, . . . , a1n
a21, a22, . . . , a2n

...
am1, am2, . . . , amn

∣∣∣∣∣∣∣∣∣
b1
b2
...
bm


are called the matrix of the system (I.3.1) and the augmented matrix of the system (I.3.1). If we
further denote

X =


x1
x2
...
xn

 , B =


b1
b2
...
bm

,

we can write the system (I.3.1) in the much shorter way:

(I.3.1) A ·X = B.
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A solution of the system (I.3.1) is every ordered n–tuple of real numbers x1, x2, . . . , xn which
satisfies the system. Solutions of the system can also be regarded as arithmetic vectors, i.e.
as elements of Rn. We believe that no misunderstanding can arise if the solution taken as an
arithmetic vector is denoted in the same way as the solution taken as an n × 1 matrix (i.e. for
example by X in both cases).
If all the numbers b1, b2, . . . , bm are equal to zero, then the system (I.3.1) is called homogeneous.
In the opposite case, system (I.3.1) is called non–homogeneous. The homogeneous system can
be shortly written as the matrix equation

(I.3.2) A ·X = O.

where O is the m× 1 zero matrix.
A non–homogeneous system need not always have a solution. (Example: x1 + x2 =

1, x1 + x2 = 2) On the other hand, an homogeneous system always has at least one (zero)
solution x1 = · · · = xn = 0. (This solution is called the trivial solution.) Of course, in some
cases it also has other, non–zero (= non–trivial) solutions.

Two systems of equations are called equivalent if they have identical sets of solutions.
Our next task is to learn to find all solutions of the system (I.3.1) and to study the structure

of the set of all solutions of the system (I.3.1) (or (I.3.2)).
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I.3.2. Gaussian elimination.

This method can be used to solve the system (I.3.1). You will study it in detail in the
exercises. However, here are the basic steps:

Step 1. Write down the augmented matrix of the system. The matrix can be transformed
to an upper triangular one by means of elementary operations described in items a) – d) in
paragraph I.2.19 and in example I.2.20. If possible, avoid interchanges of columns – they
correspond to interchanges in the order of unknowns and they are often sources of mis-
takes for beginners. If you cannot avoid interchanges of columns, then you should write
the unknowns above the column which contains coefficients standing at this unknown.
The (n + 1)–th column cannot be interchanged with any other one because it contains
right hand sides of the equations in the system (I.3.1). Nevertheless, in what follows we
suppose that interchanges of columns were not necessary.

Step 2. Write down the system of equations which corresponds to the last matrix. (It
is equivalent to the original system we have to solve.) This system can be successively
solved from the last to the first equation. Each of the equations can be regarded as the
equation for one unknown only – that unknown with the lowest index.

2a) If the last equation has the form cnxn = γ (where cn ̸= 0) then one can use it to
express xn, and substituting its value to the preceding equation, one can get xn−1, etc.

2b) If the last equation has the form 0 = γ (where γ ̸= 0) then the system has no
solution.

2c) If the last equation has the form ckxk+ck+1xk+1+· · ·+cnxn = γ (where ck ̸= 0) then
xk+1, xk+2, . . . , xn can be put equal to parameters which can be denoted for example
by p1, p2, . . . , pn−k. We can express xk from this equation. Substituting for xk, xk+1,
. . . , xn to the preceding equation, we can use it to get xk−1, etc. The system has now
infinitely many solutions. Concrete solutions can be obtained by a concrete choice of
values of parameters p1, p2, . . . , pn−k.

I.3.3. Remark.

Let us first study the homogeneous system (I.3.2). It is obvious that if we solve it by Gaussian
elimination, case 2b) cannot appear. (The last column of the augmented matrix contains only
zeros, and row operations a) – d) from paragraph I.2.19 cannot affect it. That is also why it is
sufficient to work only with the matrix of the system. The augmented matrix is not necessary.)
Thus, the homogeneous system is always solvable – it has the unique, trivial, solution in case
2a) or infinitely many solutions in case 2c). The following theorem gives important information
on the structure of the set of all solutions of the system (I.3.2).

I.3.4. Theorem.

The set of all solutions of the homogeneous system (I.3.2) is a subspace of the n–dimensional
arithmetic space Rn whose dimension is equal to (n− r(A)).

P r o o f :
Let us first show that the set of all solutions of the system (I.3.2) is a vector space which is a
subspace of Rn. If X and Y are solutions of (I.3.2) then it holds: A·(X+Y ) = A·X+A·Y =
O +O = O, i.e. X + Y also is a solution of the system (I.3.2). Similarly, if X is a solution
of (I.3.2) and λ is a real number then A · (λ ·X) = λ · (A ·X) = λ ·O = O, i.e. λ ·X also
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is a solution of (I.3.2). The set of all solutions of the homogeneous system (I.3.2) is a subset
of Rn because its every element belongs to Rn and it is closed with respect to the operations
“addition” and “multiplication by real numbers”. Therefore it is a subspace of Rn.

The assertion on the dimension of the subspace follows from theorem I.2.17 and from the
procedure described in paragraph I.3.2. (The dimension is equal to the number of parameters
p1, p2, . . . , pn−k in paragraph I.3.2 – think over this fact for yourself.)

I.3.5. Example.

Let us solve the system x1 + x2 − 3x3 = 0,
5x1 − 2x2 − 8x3 = 0,
3x1 − 4x2 − 2x3 = 0.

The matrix of the system is transformed in accordance with instructions from paragraphs I.3.2
and I.2.19:1, 1, −3

5, −2, −8
3, −4, −2

 ∼

1, 1, −3
0, −7, 7
0, −7, 7

 ∼

1, 1, −3
0, −7, 7
0, 0, 0

 ∼
(
1, 1, −3
0, −7, 7

)
.

The system of equations corresponding to the last matrix is
x1 + x2 − 3x3 = 0,

− 7x2 + 7x3 = 0.

We put x3 = p (where p is a parameter). Then the second equation yields: x2 = p. Substituting
for x3 and x2 to the first equation, we obtain: x1 = 2p. The solution can be generally expressed:
[ x1; x2; x3 ] = [ 2p; p; p ] = [ 2; 1; 1 ] p. Now it is obvious that there exist infinitely many
solutions and the set of all solutions forms a 1–dimensional subspace of R3, whose basis is the
arithmetic vector [ 2; 1; 1 ]. This corresponds to the equality 1 = 3 − 2 (3 is the number of
unknowns, 2 is the rank of the matrix of the system) – see theorem I.3.4.

I.3.6. Remark.

If the rank of matrix A is equal to the number of unknowns (i.e. k = n) then the set of all
solutions of the homogeneous system (I.3.2) is the subspace of Rn of the dimension n − n,
i.e. zero. This subspace contains only one element – the zero element – that is the n–tuple of
nothing but zeros. This is exactly the case when the homogeneous system (I.3.2) has only the
trivial solution.

Let us deal with the general (possibly non–homogeneous) system (I.3.1) again. The next
theorem gives information about how to recognize which of the cases 2a) – 2c) (see paragraph
I.3.2) occurs.

I.3.7. Frobenius’ theorem.

I. The system of linear algebraic equations A · X = B (for n unknowns) has a
solution if and only if r(A) = r(A |B).

II. If r(A) = r(A |B) = n then the solution is unique.
If r(A) = r(A |B) < n then the system has infinitely many solutions.
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I.3.8.∗ Remark.

Let us analyze in greater detail the last case, i.e. the situation when the ranks of the matrix
and the augmented matrix of the system (I.3.1) are both equal to k, where k < n. There is
a natural question which is the structure of the set of all solutions of (I.3.1). Theorem I.3.4
states that the set of all solutions of the corresponding homogeneous system (I.3.2) forms a
vector space (a subspace of Rn) of the dimension n − k. If X1, . . . , Xn−k is a basis of this
subspace then solutions of the homogeneous system (I.3.2) can generally be expressed in the
form c1X1+ · · ·+ cn−kXn−k. If some concrete, particular solution Y of the general (possibly
non–homogeneous) system (I.3.1) is known, then all solutions of the system (I.3.1) can be
expressed in the form:

(I.3.3) X = c1X1 + . . . + cn−kXn−k + Y .

This means that if c1, . . . , cn−k can each run independently each of the others over the set of
all real numbers, then X runs over the set of all solutions of the system (I.3.1). This is why X
is often called the general solution of the system (I.3.1).

I.3.9. Cramer’s rule.

Let us now deal with the special case when system (I.3.1) A · X = B is a system
of n equations for n unknowns. The matrix of the system is a square matrix. Applying
Frobenius’ theorem, one can easily obtain this important assertion:
If matrix A of the system of equations (I.3.1) is regular then the system has a unique
solution.
(Think over this fact and find for yourself reasons why this is true.) In this case, apart
from by Gaussian elimination, the solution can also be obtained by means of the formulas

xi =
detAi

detA
(i = 1, . . . , n)

where Ai is the square matrix which arises from matrix A interchanging the i–th column
with the column B of the right hand sides of the equations in (I.3.1).

(To derive this formula, it is possible to use the matrix form of the system: A ·X = B, the
consequent form of the solution: X = A−1 · B and the expression of A−1 by means of the
formula from paragraph I.2.35.)

Index 23 List of selected symbols



Contents I. Linear algebra

I.4.∗ Linear mappings of Rn into Rm

I.4.1. Motivation.

Suppose that A is the 2× 3 matrix: A =

(
2, 1, −3
−1, 5, −1

)
.

The equations

(I.4.1)
y1 = 2x1 + x2 − 3x3
y2 = −x1 + 5x2 − x3

define a mapping L : R3 −→ R2. This mapping assigns to given X = [x1; x2; x3] ∈ R3 the
image Y = L(X) = [y1; y2] ∈ R2.

I.4.2. Linear mapping of Rn into Rm.

A mapping L of the n–dimensional arithmetic space Rn into the m–dimensional arithmetic
space Rm is said to be linear if

a) L is homogeneous, i.e. L(α · X) = α · L(X) for all α ∈ R and for all points X ∈ Rn

and
b) L is additive, i.e. L(X1 +X2) = L(X1) + L(X2) for all points X1, X2 ∈ Rn.

The linear mapping is also called the linear transformation or the linear operator.

I.4.3. Linear mapping defined by a matrix.

Similarly as in example I.4.1, one can define a mapping L : Rn −→ Rm by means of a general
m× n matrix A:

(I.4.2)
y1 = a11 x1 + a12 x2 + . . . + a1n xn

...
ym = am1 x1 + am2 x2 + . . . + amn xn .

It will be advantageous to write the coordinates of points in Rn in the form of an n × 1 matrix
in this section. Then

X =

x1...
xn

 ∈ Rn, Y = L(X) =

y1
...
ym

 ∈ Rm.

Equations (I.4.2) can be, in accordance with the rules on multiplication of matrices, written in
much simpler form as one matrix equation:

(I.4.3) Y = A ·X .

Since the mapping which is defined by this equation is named L, we can also write: Y =
L(X) = A ·X . It is obvious that

L(α ·X) = A · (α ·X) = α · (A ·X) = α · L(X)

and L(X1 +X2) = A · (X1 +X2) = A ·X1 +A ·X2 = L(X1) + L(X2)

for all α ∈ R and for all points X, X1, X2 ∈ Rn. This means that the mapping L, defined by
equations (I.4.2) (or by the equivalent matrix equation (I.4.3)), is a linear mapping of Rn into
Rm. We say that this mapping is defined by matrix A. On the other hand, matrix A is said to
be the matrix of linear mapping L.
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I.4.4. One–to–one correspondence between linear mappings and matrices.

We have seen that each m× n matrix A defines a unique linear mapping L : Rn −→ Rm. It
is natural to ask whether on the other hand every linear mapping of Rn to Rm defines a unique
m× n matrix. The next theorem says that the answer is positive:

Theorem (on representation of a linear mapping by a matrix). If L is a linear mapping
of Rn into Rm then there exists a unique m × n matrix A such that L(X) = A · X for all
X ∈ Rn.

I.4.5. Remark.

There exists the following discord in mathematical terminology: The function y = kx + q
(where k, q are coefficients and x is variable) is called “linear” in the mathematical discipline
called mathematical analysis. However, looking at this function from the point of view of linear
algebra and regarding it as a mapping of R1 to R1 we can see that it is linear only if q = 0.
Otherwise it is neither homogeneous nor additive (see paragraph I.4.1).

I.4.6. Example.

Linear mapping L of the space Rn to the space Rm is given by the matrix

A =

(
2, 3, 1
2, −1, 2

)
.

Specify numbers n and m. Choose X in Rn and find its image Y = L(X) in Rm.

Solution: m is equal to the number of rows of matrix A, i.e. m = 2. n is equal to the number
of columns of matrix A, i.e. n = 3. L is thus a linear mapping of R3 into R2.

Let us choose X ∈ R3, for instance

X =

5
2
1

 .

Then it holds:

Y = L(X) = A ·X =

(
2, 3, 1
2, −1, 2

)
·

5
2
1

 =

(
17
10

)
.

I.4.7. Example.

Does there exist a linear mapping L of the space R2 into itself such that L(X1) = Y1 and
L(X2) = Y2 ? Points X1, Y1, X2 and Y2 are:

X1 =

(
2
1

)
, Y1 =

(
0
1

)
, X2 =

(
−1
−1

)
, Y2 =

(
1
−2

)
.

If such mapping exists, find its matrix.

Solution: A linear mapping L with required properties exists if and only if there exists a 2×2
matrix A = (aij) such that Y1 = A ·X1 and Y2 = A ·X2. Substituting here the coordinates
of the points X1, Y1, X2 and Y2, we obtain:

0 = 2a11 + a12
1 = 2a21 + a22

1 = −a11 − a12
−2 = −a21 − a22

This system for the unknowns a11, a12, a21, a22 has a unique solution a11 = 1, a12 = −2,
a21 = −1, a22 = 3. Hence the linear mapping L exists, it is unique and its matrix is
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A =

(
1, −2
−1, 3

)
.

I.4.8. Example – change of the basis in V (E3), change of the coordinate system in E3.

Let e⃗1, e⃗2, e⃗3 be a basis in the vector space V (E3). Then, in accordance with theorem I.1.15,
each vector x⃗ ∈ V (E3) can be uniquely expressed in the form

(I.4.4) x⃗ = x1 e⃗1 + x2 e⃗2 + x3 e⃗3 =
3∑

j=1

xj e⃗j .

Numbers x1, x2, x3 are said to be the coordinates of vector x⃗ with respect to the basis e⃗1, e⃗2, e⃗3.
If e⃗ ′

1 , e⃗ ′
2 , e⃗ ′

3 is another basis in V (E3) then

(I.4.5) e⃗j = a1j e⃗
′

1 + a2j e⃗
′

2 + a3j e⃗
′

3 =
3∑

i=1

aij e⃗
′

i (j = 1, 2, 3),

where a1j , a2j , a3j are the coordinates of the vector e⃗j with respect to the basis e⃗ ′
1 , e⃗ ′

2 , e⃗ ′
3 . If we

substitute the expression (I.4.5) of e⃗j to (I.4.4), we obtain:

x⃗ = x1

3∑
i=1

ai1 e⃗
′

i + x2

3∑
i=1

ai2 e⃗
′

i + x3

3∑
i=1

ai3 e⃗
′

i =
3∑

j=1

3∑
i=1

xj aij e⃗
′

i

=
3∑

i=1

(
3∑

j=1

aij xj

)
e⃗

′

i =
3∑

i=1

x′i e⃗
′

i ,

where x′i =
3∑

j=1

aij xj .

Numbers x′1, x′2, x
′
3 are the coordinates of vector x⃗ relative to the basis e⃗ ′

1 , e⃗ ′
2 , e⃗ ′

3 . We can see
that the mapping which to each given [x1; x2; x3] ∈ R3 assigns [x′1; x

′
2; x

′
3] ∈ R3 is a linear

mapping of R3 into itself, whose matrix is A = (aij). A is said to be the transition matrix from
the basis e⃗1, e⃗2, e⃗3 to the basis e⃗ ′

1 , e⃗ ′
2 , e⃗ ′

3 .
The result can also be interpreted in this way: The change of coordinates, corresponding to

the transition from an affine coordinate system x1, x2, x3 in E3 (which can be Cartesian, but it is
not a condition), whose coordinate axes are oriented by vectors e⃗1, e⃗2, e⃗3, to a coordinate system
x′1, x

′
2, x

′
3 (which has the same origin, however the coordinate axes are oriented by vectors e⃗ ′

1 ,
e⃗

′
2 , e⃗ ′

3 ) is a linear mapping. Its matrix is matrix A.
In the special case when both the coordinate systems x1, x2, x3 and x′1, x

′
2, x

′
3 are cartesian

and they have the same origin, the element aij in matrix A has this geometrical meaning: aij =
cos α where α is the angle between the nonnegative part of the x′i–axis and the nonnegative part
of the xj–axis. (I.e. α is the angle between the vectors e⃗ ′

i and e⃗j .) This is why we often refer to
numbers aij as direction cosines in this case.

I.4.9. The null space (the kernel) of a linear mapping.

Let L be a linear mapping of Rn to Rm. The set of all points X ∈ Rn such that L(X) = O is
called the null space (or the kernel) of mapping L. We denote it N(L) (or Ker(L)).

We deal only with linear mappings L : Rn −→ Rm whose domain is the whole space Rn

in this textbook. However, the range R(L) (= the image of Rn) need not generally cover the
whole space Rm.

The following theorem gives the information about the structure of the null space N(L) and
the range R(L) of the linear mapping L.
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I.4.10. Theorem.

Let L be a linear mapping of Rn to Rm. ThenN(L) is a subspace of Rn andR(L) is a subspace
of Rm.

The proof is simple. Think over it for yourself. (You can use paragraph I.1.20.)

I.4.11. A composite mapping.

If L1 is a linear mapping of Rn to Rm (given by an m × n matrix A1) and L2 is a linear
mapping of Rm to Rk (given by a k ×m matrix A2) then one can create a composite mapping
L = L2 ◦ L1 of Rn to Rk. The following theorem tells us more about this mapping.

Theorem (on a composite mapping). Under the mentioned assumptions L is a linear mapping
of Rn to Rk whose matrix is A = A2 ·A1.

I.4.12. Example.

Linear mappings LA and LB have the matrices

A =

−1, 0
5, 3
−2, 6

 and B =

(
0, 8
2, 2

)
.

Which of the two composite mappings LA ◦ LB, LB ◦ LA can be created? Determine the
matrix of this composite mapping.

Solution: A is a 3 × 2 matrix, hence LA is a mapping of R2 into R3. B is a 2 × 2 matrix,
therefore LB is a mapping of R2 to R2. This shows that the composite mapping LA ◦LB (from
R2 to R3) has a sense, while the composite mapping LB ◦ LA cannot be created. This is also
seen from the fact that the matrix product A ·B is defined (the result is a 3× 2 matrix), while
the matrix product B ·A has no sense.

Matrix C of the composite mapping LA ◦ LB can be computed in this way:

C = A ·B =

−1, 0
5, 3
−2, 6

 ·
(
0, 8
2, 2

)
=

 0, −8
6, 46
12, −4

.

I.4.13. The inverse mapping.

It generally holds that the inverse mapping L−1 to mapping L exists if and only if L is one–
to–one.

Let us now deal with the question when a linear mapping L is one–to–one and what form
has the inverse mapping L−1 in the special case when the matrix of mapping L is a square
n × n matrix. L is thus a linear mapping of Rn to Rn. The next theorem gives the important
information.

Theorem (on the inverse mapping). Suppose that L is a linear mapping of Rn to Rn which
is defined by an n × n matrix A. Then L is one–to–one if and only if matrix A is regular. In
this case, the inverse mapping L−1 is also a linear mapping of Rn into itself. Its matrix is A−1.

I.4.14. Example.

L is a linear mapping of R2 to R2, defined by the matrix A =

(
3, 1
0, 2

)
.
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Does there exist an inverse mapping to L ?
If the inverse mapping exists, find its matrix.

Solution: detA = 3 · 2 − 0 · 1 = 6 ̸= 0, hence matrix A is regular and the inverse matrix
A−1 exists (see theorem I.2.31). Thus, the inverse mapping L−1, also exists and it is a linear
mapping of R2 to R2. Its matrix is matrix A−1. The inverse matrix can be obtained either
by means of the formula from paragraph I.2.35 or it can be calculated by the method which is
explained in the textbook [NK], pp. 9–10. We show only the result:

A−1 =

1

3
, −1

6

0,
1

2

.

I.4.15.∗ Remark.

The inverse mapping can also exist to the linear mapping L : Rn −→ Rm in the case when
m > n and the matrix of the mapping is therefore nor a square matrix. Then the domain of the
inverse mapping is not the whole space Rm. However, we do not deal with such mappings in
this text.

I.4.16.∗ Remark.

Assume again that L is a linear mapping of Rn to Rm defined by an m× n matrix A. It can be
proved that the dimensions of the null space N(L) and the range R(L) of mapping L satisfy
the formulas

(I.4.6) dimN(L) = n− r(A), dimR(L) = r(A).

Try to prove the following simple assertions for yourself.

a) The range R(L) of the linear mapping L covers the whole space Rm if and only if its
dimension is the same as the dimension of Rm, i.e. if r(A) = m.

b) Linear mapping L is one–to–one if and only if dimN(L) = 0. (It is, due to the first
formula in (I.4.6), satisfied if and only if r(A) = n.)

I.4.17. Remark.

We have in remind that V (En) is the vector space of all (free) vectors from En. If we make an
agreement that the coordinates of vectors in V (En) and in V (Em) will be written as columns
(i.e. as n × 1 or m × 1 matrices) then we can define and treat linear mappings of V (En) to
V (Em) in exactly same way as the linear mappings of Rn do Rm.

The contents of this section could naturally be extended to the case when L is a linear
mapping of a general vector space V to a general vector space W . The theory of such mappings
has many applications. However, we do not study the linear mappings on such a general level
in this text.
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I.5. Eigenvalues and eigenvectors of square matrices
I.5.1. Motivation.

In order to keep a simple notation, it will be again advantageous to identify vectors with n–
tuples of numbers, written in a column. Such vectors can be regarded as n× 1 matrices. Thus,
we shall denote vectors in the same way as matrices (i.e. by capital letters) in this chapter.

Suppose that A is an n × n square matrix. In mathematics and its applications, one often
solves the question whether there exists a nonzero vector X ∈ V (En). such that the product
A · X is a vector, laying on the same straight line as X . The fact that A · X and X lay on
the same straight line means that A ·X = λX for an appropriate number λ. The important
problem is not only to find such vectors X , but also the corresponding numbers λ. Solution of
this problem plays a big role for instance in the theory of stability of mechanical systems.

The equation A · X = λX (for the unknown λ) can generally have complex solutions.
That is why we admit the possibility that λ is a complex number and the entries (coordinates)
of vector X are also complex and not only real numbers. On the other hand, the square matrix
A, we work with in this section is always supposed to have only real entries.

I.5.2. Eigenvalues, eigenvectors.

A complex number λ is called an eigenvalue of a square matrix A if there exists a
nonzero vector X such that A ·X = λX . Such a vector X is called an eigenvector
of matrix A corresponding to the eigenvalue λ.

I.5.3. Remark.

The eigenvector is not determined uniquely, the number of eigenvectors corresponding to the
eigenvalue λ is always infinite. Clearly, if A·X = λX (i.e. X is the eigenvector of matrix A
corresponding to the eigenvalue λ ) and k ∈ C, k ̸= 0, then it also holds: A · (kX) = λ(kX).
This means that kX is also the eigenvector of A corresponding to the eigenvalue λ.

I.5.4. How to find the eigenvalues.

The equation A ·X = λX can be written in the equivalent form A ·X−λE ·X = O
or (A− λE) ·X = O. (E is the n× n identity matrix and O is the zero vector, i.e. it is
the n× 1 zero matrix). The vector equation (A− λE) ·X = O can be regarded as the
homogeneous system of linear algebraic equations for the unknown components of the
vector X . This system has a nonzero solution if and only if the rank of the matrix of the
system, i.e. the matrix A−λE, is less than n. (See theorem I.3.4 and remark I.3.6.) The
inequality r(A − λE) < n means that the matrix (A − λE) is singular (see paragraph
I.2.29), which is true if and only if

(I.5.1) det(A− λE) = 0.

(See theorem I.2.31.) Hence a nonzero vector X satisfying the equation A ·X = λX
exists if and only if (I.5.1) holds. Equation (I.5.1) (for the unknown λ) is called the
characteristic equation of matrix A. Solving the characteristic equation, we obtain all
eigenvalues of matrix A.

I.5.5. Example.

Find eigenvalues of the matrix A =

(
3, 4
5, 5

)
.
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Solution: The characteristic equation of matrix A is

det(A− λE) =

∣∣∣∣ 3− λ, 4
5, 5− λ

∣∣∣∣ = (3− λ) · (5− λ)− 4 · 5 = λ2 − 8λ− 5 = 0.

Its solution is λ1 = 4 +
√
21 a λ2 = 4−

√
21.

I.5.6. How to find the eigenvectors.

Eigenvectors corresponding to the eigenvalue λ can be obtained by solving the homoge-
neous system of linear algebraic equations (A−λE)·X = O (for unknown components
x1, . . . , xn of the vector X).

I.5.7. Example.

Find eigenvectors of the matrix A from example I.5.5 which correspond to the eigenvalue
λ1 = 4 +

√
21.

Solution: Substituting the value 4 +
√
21 for λ in the vector equation (A− λE) ·X = O

and expressing this equation in coordinates, we obtain the system of linear algebraic equations

(−1−
√
21) x1 + 4 x2 = 0,

5 x1 + (1−
√
21) x2 = 0.

This system has infinitely many solutions: x1 = (1 −
√
21)p, x2 = −5p (where p ∈ C).

Every vector X with these coordinates x1, x2 (where p ̸= 0 because X cannot be the zero
vector) is the eigenvector.

I.5.8. Remark.

If λ is a real eigenvalue of the matrix A then the system of equations (A − λE) · X = O
(for unknown components of vector X) has a matrix all of whose entries are real numbers.
Therefore it is possible to find a nonzero solution X of this system with all components also
being real numbers. This means that to real eigenvalues there exist real eigenvectors.

I.5.9. Remark.

The eigenvalues and the eigenvectors of square matrices have a series of interesting properties.
Their detailed explication, proofs and examples of some applications would go beyond the
scope of this text. Nevertheless, we still present several simple assertions in this remark.

a) The eigenvectors, corresponding to different eigenvalues, are linearly independent.
(Let us show that this statement is true, for simplicity, only for the family of two
eigenvectors X1 and X2, corresponding to the eigenvalues λ1 and λ2: if the vectors
X1 and X2 are linearly dependent then there exists k ∈ R, k ̸= 0, such that X2 =
kX1. Then A ·X2 = A · kX1 = kA ·X1 = kλ1X1 = λ1X2. We observe that
X2 is an eigenvector, corresponding to the eigenvalue λ1. This means that λ2 = λ1.
Thus, on the other hand, if λ1 ̸= λ2 then the eigenvectors X1 and X2 cannot be
linearly dependent.)

b) 0 is the eigenvalue of matrix A if and only if A is singular.
(A has the eigenvalue 0 if and only if there existrs a nonzero vector X , such that
A · X = 0 · X = O. This vectorial equation can be regarded as a system of n
linear algebraic equations with the square matrix A. Such a system has a nonzero
solution if and only if matrix A is singular – see remark I.3.6.)
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Next simple statements are listed without proofs:
c) If λ is an eigenvalue of matrix A and X is the corresponding eigenvector then λ is

also an eigenvalue of A and X is the corresponding eigenvector.
d) If λ is an eigenvalue of matrix A and X is the corresponding eigenvector then λ2 is

the eigenvalue of matrix A2 and X is the corresponding eigenvector.
e) If the inverse matrix A−1 exists then λ is an eigenvalue of matrix A if and only if

1

λ
is the eigenvalue of matrix A−1. The corresponding eigenvectors are the same.

f)∗ If A is a symmetric square matrix then all its eigenvalues are real. The eigenvectors,
corresponding to different eigenvalues, are perpendicular.

I.5.10. Example.

A is a 3× 3 square matrix. Decide whether A can have the given eigenvalues, eventually also
the given eigenvectors:

a) 2, 3 b) 3, 2 + i, −3− 2i c) 5 + i, 5− i, 7

d) 4, 3− i, 3 + i, 5 e) 7, 5, 1,

−1
2
3

,

2
3
1

,

4
6
2


Solution:

a) Matrix A can have the eigenvalues 2 and 3. However, these need not be all eigenvalues.
The characteristic equation of A is a cubic equation and it can have three different roots.

b) If 2 + i is an eigenvalue of matrix A then 2 − i must also be an eigenvalue of A. (See
remark I.5.10, item c).) By analogy, since −3−2i is an eigenvalue, the complex conjugate
−3 + 2i is an eigenvalue, too. However, matrix A cannot have five eigenvalues 3, 2 ± i
and −3 ± 2i because it is a 3 × 3 matrix and as such, it can have at most three different
eigenvalues.

c) 5 + i, 5− i 7 can be eigenvalues of matrix A.
d) The given numbers are four, hence the answer is negative.
e) The given numbers can be the eigenvalues of matrix A. The numbers are all different and

so the eigenvectors should be linearly independent. (See remark I.5.10, item a).) This is
not fulfilled because the third vector is a multiple of the second one. Thus, the answer is
negative.

I.5.11. Problems.

Find eigenvalues and eigenvectors of the following matrices.

a)

(
2, 1
1, 2

)
; b)

(
3, 4
5, 2

)
; c)

(
0, a
−a, 0

)
(a ̸= 0); d)

 5, 6, −3
−1, 0, 1
1, 2, −1

.
R e s u l t s :

λ1 = 3, X1 =

(
p
p

)
, λ2 = 1, X2 =

(
p
−p

)
a)

λ1 = 7, X1 =

(
p
p

)
, λ2 = −2, X2 =

(
−4p
5p

)
b)
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λ1,2 = ±a i, X1,2 =

(
p

±p i

)
c)

λ = 2, X =

−2p+ q
p
q

.d)

(The parameters p, q can be any complex numbers such that the corresponding eigenvector is
non–zero.)

I.6. Survey of equivalent properties of a square matrix

We do not explain any new notion or a new method in this chapter. On the other hand, you
already know everything which follows. Nevertheless, if you are studying linear algebra for the
first time, it is possible that your knowledge is still not enough classified and various assertions
and theorems are not mutually interconnected. In order to show clearly the connections, we
give a survey of equivalent statements one can make about a square matrix A in this chapter.
(This means that for a given square matrix A either all statements are true or all statements are
false.)

We assume that A is an n× n square matrix.
Then the following statements are equivalent:

1. Matrix A is regular.

2. detA ̸= 0.
(See theorem I.2.31.)

3. An inverse matrix A−1 exists.
(See theorem I.2.31.)

4. The rank of matrix A is n.
(See the definition of a regular matrix in paragraph I.2.29.)

5. The rows of matrix A are linearly independent.
(See the definition of the rank of a matrix in paragraph I.2.14 and statement 4.)

6. The columns of matrix A are linearly independent.
(See remark I.2.16 and statement 4.)

7. The homogeneous system of linear algebraic equations A · X = O has a unique
(i.e. zero) solution.
(See remark I.3.6.)

8. The general (i.e. homogeneous or non–homogeneous) system of linear algebraic
equations A ·X = B has a unique solution.
(See the Frobenius theorem I.3.7.)

9. 0 is not an eigenvalue of matrix A.
(See remark I.5.9, item b).)

Naturally, the negations of all these statements are also equivalent. Formulate and write all the
negations for yourself.
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CHAPTER II.

Analytic geometry in E3

II.1. Some basic notions
II.1.1. Cartesian coordinates in E3 .

To locate points and other objects in space E3, we use three mutually perpendicular coordinate
axes, intersecting at one point. We denote them x, y, z or x1, x2, x3. Their orientation is chosen
so that they make a right handed system. This means that when you hold your right hand so
that the fingers curl from the positive part of the x –axis toward the positive part of the y –axis,
your thumb points along the positive part of the z –axis. The intersection of all three axes is
called the origin of the coordinate system.

To each point in E3, we can uniquely assign its Cartesian coordinates – they are successively
the distances of orthogonal projections of the considered point onto the axes x, y, z from the
origin, taken with the “+” sign if the projection lays on the positive part of the axis and with
the “−” sign in the opposite case.

By analogy, we can uniquely assign the Cartesian coordinates to each free vector in E3 – we
choose the concrete position of the vector so that its initial point is at the origin of the coordinate
system and we regard the cartesian coordinates of its end point as the cartesian coordinates of
the vector. (See also paragraph I.1.2.)

To distinguish between points and free vectors in E3, we write the Cartesian coordinates of
points in E3 in brackets (for example [ 1; 2; 3 ]) and the Cartesian coordinates of vectors in E3

in parentheses (for instance (−1; 2; 5)).

II.1.2. The length (the magnitude) of a vector in E3.

If u⃗ = (u1;u2;u3) is a vector in E3 then the number

∥u⃗∥ =
√
u21 + u22 + u23

is called its length (or its magnitude).

II.1.3. The scalar product of vectors in E3.

If u⃗ = (u1;u2;u3) and v⃗ = (v1; v2; v3) are vectors in E3 then the number

u⃗ · v⃗ = u1 · v1 + u2 · v2 + u3 · v3.

is said to be their scalar product (or their dot product). (Compare with the scalar product
of arithmetic vectors, defined in paragraph I.2.11.)

II.1.4. Theorem.

If u⃗ and v⃗ are non–zero vectors in E3 and φ is the angle between the vectors u⃗ and v⃗ then
u⃗ · v⃗ = ∥u⃗∥ · ∥v⃗∥ · cos φ.

P r o o f :
Let us choose an arbitrary point A in E3 and put B = A + u⃗ and C = A + v⃗. Obviously,
the vector B − C can also be written as u⃗ − v⃗. Applying the cosine theorem to the triangle
ABC, we obtain: ∥B − C∥2 = ∥B − A∥2 + ∥C − A∥2 − 2 ∥B − A∥ ∥C − A∥ · cos φ, or
∥u⃗− v⃗∥2 = ∥u⃗∥2+∥v⃗∥2−2 ∥u⃗∥ ∥v⃗∥·cos φ. This yields: (u1−v1)2+(u2−v2)2+(u3−v3)2 =
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u21 + u22 + u23 + v21 + v22 + v23 − 2 ∥u⃗∥ ∥v⃗∥ cos φ. The desired formula is an easy consequence
of this equality.

II.1.5. Remark.

Thus, the non–zero vectors u⃗, v⃗ are perpendicular if and only if u⃗ · v⃗ = 0.

II.1.6. Another form of vectors in E3.

Denote by ı̂ = (1; 0; 0), ȷ̂ = (0; 1; 0), k̂ = (0; 0; 1). If u⃗ = (u1;u2;u3) is a vector in E3 then it
can also be written down in this form: u⃗ = u1 · ı̂+ u2 · ȷ̂+ u3 · k̂.

II.1.7. The vector product of vectors in E3.

Let u⃗ = (u1;u2;u3) and v⃗ = (v1; v2; v3) be vectors in E3. The vector

u⃗× v⃗ =

∣∣∣∣∣∣
ı̂, ȷ̂, k̂
u1, u2, u3
v1, v2, v3

∣∣∣∣∣∣ = (u2v3 − u3v2) · ı̂ + (u3v1 − u1v3) · ȷ̂ + (u1v2 − u2v1) · k̂

is called the vector product (or the cross product) of u⃗ and v⃗ (in this order).

II.1.8. Theorem.

If u⃗ and v⃗ are non–zero vectors in E3 and φ is the angle between them then
a) the vector u⃗× v⃗ is perpendicular to both the vectors u⃗ and v⃗;
b) ∥u⃗× v⃗∥ = ∥u⃗∥ ∥v⃗∥ · sin φ;

We omit the proof of this theorem. However, the assertion a) can easily be verified computing
the scalar products (u⃗ × v⃗) · u⃗, (u⃗ × v⃗) · v⃗. All of them are equal to zero. The vector product
u⃗× v⃗ is oriented in accordance with the so called right–hand rule: u⃗× v⃗ points the way your
right thumb points when your fingers curl through the angle between u⃗ and v⃗ from u⃗ to v⃗ .

II.1.9. The sum of a point and a vector.

IfA = [ a1; a2; a3 ] is a point in E3 and u⃗ = (u1;u2;u3) is a vector in E3, then the sum of point A
and vector u⃗ is equal to the point B = [a1+u1; a2+u2; a3+u3 ] in E3. We write: B = A+ u⃗.

On the other hand, the difference of two points B = [ b1; b2; b3 ] and A = [ a1; a2; a3 ] in E3

(in this order) is defined to be equal to the vector u⃗ = (b1 − a1; b2 − a2; b3 − a3). We write:
u⃗ = B − A.

II.1.10. The distance between two points.

Remember that if A = [ a1; a2; a3 ] and B = [ b1; b2; b3 ] are two points from E3 then their
distance ∥B − A∥ is

∥B − A∥ =
√
(a1 − b1)2 + (a2 − b2)2 + (a3 − b3)2.

(It is the length of the vector B − A.)

II.1.11. The distance between a point and a set; the distance between two sets.

If A = [ a1; a2; a3 ] is a point in E3 and M ⊂ E3, then the distance between point A and set M
is defined as follows:

d(A,M) = inf { ∥A−X∥; X ∈M }.
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(See p. 50 for the definition of “inf”.) By analogy, the distance between sets M and N in E3 is
defined by the formula

d(M,N) = inf { ∥X − Y ∥; X ∈M, Y ∈ N }.

II.2. Straight lines in E3

II.2.1. A straight line in E3.

If A = [ a1; a2; a3 ] is a point in E3 and u⃗ = (u1;u2;u3) is a non–zero vector in E3, then the set
p = {X ∈ E3; ∃ t ∈ R : X = A+ t · u⃗ } is called a straight line in E3. The equation

(II.2.1) X = A + t · u⃗; t ∈ R

is called the parametric equation for straight line p . This equation is also often written down
in a coordinate form:

(II.2.2) x1 = a1 + t · u1, x2 = a2 + t · u2, x3 = a3 + t · u3; t ∈ R.

The straight line p is said to be parallel to u⃗ and on the other hand, u⃗ is called the directional
vector of p.

If parameter t in (II.2.1) is taken not from the whole set R, but for example only from
the interval ⟨−1; 5⟩ , then (II.2.1) is the parametrization of a line segment. Its end points are
A− u⃗ and A+5u⃗. Similarly, if t is taken for instance from the interval ⟨1;+∞) then (II.2.1)
parametrizes a half–line, etc.

II.2.2. The distance from a point to a straight line.

Let p : X = A+ t · u⃗; t ∈ R be a straight line in E3 and M be a point in E3 which does not
lie on straight line p . We show two methods for evaluating the distance d(M, p).

1st method: Denote by P the nearest point to M on straight line p . (It can be proved that such
a point exists and the vector M − P is perpendicular to p .) Thus, for some (still unknown)
value of parameter t, it holds: P = A+ t · u⃗. The value of t can be evaluated from the equation
(M −P ) · u⃗ = 0, i.e. (M −P ) · u⃗− (u⃗ · u⃗) t = 0. Substituting now for t back to the formula
P = A+ t · u⃗ , we obtain the concrete position of P . The distance d(M, p) is equal to |P −M |.

2nd method: AMP is the right triangle.
Hence

d(M, p) = ∥M−P∥ = ∥M−A∥ sinφ.

It follows from theorem II.1.8 that

∥(M −A)× u⃗∥ = ∥M −A∥ ∥u⃗∥ sinφ.

Expressing sin φ from this equality
and substituting it to the preceding
equality, we obtain:

(II.2.3) d(M, p) =
∥(M − A)× u⃗∥

∥u⃗∥
.

A P

M

pφ u⃗

Fig. 1
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II.2.3. Two straight lines in space.

Let p and q be two straight lines in E3 whose parametric equations are

p : X = A+ t · u⃗; t ∈ R, q : Y = B + s · v⃗; s ∈ R.

We say that p and q are
a) identical (if they have infinitely many common points),
b) intersecting (if they have just one common point),
c) parallel, (if they have no common points and vectors u⃗, v⃗ are linearly dependent),
d) skew, (if they have no common points and vectors u⃗, v⃗ are linearly independent).

Let us now deal with the question how to distinguish between these cases in a particular
situation. We look for common points of straight lines p and q . This task can be reformulated:
We seek for such values of parameters t, s that using them in the parametric equations for p
and q, we get the same point, i.e. X = Y. This yields: A+ t · u⃗ = B + s · v⃗. Rewriting this
into coordinates, we obtain the system of three linear equations for two unknowns t, s:

a1 + t · u1 = b1 + s · v1 , a2 + t · u2 = b2 + s · v2 , a3 + t · u3 = b3 + s · v3 .

This is equivalent to u1 · t − v1 · s = b1 − a1 ,
u2 · t − v2 · s = b2 − a2 ,
u3 · t − v3 · s = b3 − a3 .

If the number of solutions is infinite then the number of common points of straight lines p ,
q is also infinite and so the straight lines are identical.

If the above system has a unique solution, straight lines p , q have only one common point
and so they are intersecting.

If the above system of equations has no solution then straight lines p , q have no common
point. Thus, they are either parallel or skew. This depends on directional vectors u⃗, v⃗. If they
are linearly dependent, straight lines p , q are parallel, otherwise they are skew.

II.2.4. A straight line given by two points.

If A and B are two different points in E3, then the straight line passing through these points can
be described for example by the following parametric equation:

(II.2.4) X = A + t · (B − A); t ∈ R.

II.2.5. Remark.

Suppose that points A, B, C, D, E are different points, all lying on the same straight line p .
Put for example u⃗ = B − A, v⃗ = 2 · (B −D). Then the equations

X = A+ t · (B − A); t ∈ R,
Y = B + s · (C − A); s ∈ R,
Z = D + r · u⃗; r ∈ R,
X = E + α · v⃗; α ∈ R

are all parametric equations for line p . (Why?)

II.2.6. A secant of two lines.

A straight line which is intersecting the two lines p and q is called the secant line of p and q.
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II.2.7. Example.

Lines p , q are given by their parametric equations

p : X = A+ t · u⃗; t ∈ R, q : X = B + s · v⃗; t ∈ R,

where A = [ 3; 0;−1 ], u⃗ = (2; 1; 1), B = [ 1; 1; 1 ], v⃗ = (1; 3;−2). Find a straight line r which
intersects both lines p and q and which passes through the point M = [−7;−6; 5 ].

Solution: Denote by P (respectively by Q) the point of intersection of line r with line p
(respectively with line q ). Then there exist such values of parameters t and s that

(II.2.5) P = A+ t · u⃗, Q = A+ s · v⃗.

All of points P , Q, M lie on line r and M ̸= Q, because point M does not lie on the line
q . (This can easily be verified: If M ∈ p then the vectors M − B and v⃗ would be linearly
dependent. However, this is not true, because (M − B) = (−8;−7; 4), v⃗ = (1; 3;−2) and it
is seen that none of these vectors is equal to a multiple of the second vector.) Thus, there exists
a number α ∈ R such that

P −M = α · (Q−M).

Substituting here the above expression of points P and Q, we obtain the equation:

A+ t · u⃗−M = α · (B + s · v⃗ −M).

Writing this in coordinates and using here known coordinates of points A, B, M and vectors u⃗,
v⃗, we obtain a system of three linear algebraic equations for the unknowns t, αs, α :

2 t− αs− 8α = −10, t− 3αs− 7α = −6, t+ 2αs+ 4α = 6.

This system has the unique solution t = 2, αs = −2, α = 2. Hence, we also get: s = −1.
When used in (II.2.5), this gives: P = [ 7; 2; 1 ], Q = [ 0;−2; 3 ]. A parametric equation for line
r can now be written down for example by means of (II.2.4), i.e. as the equation of a straight
line passing through two known points P , Q :

X = P + τ · (Q− P ); τ ∈ R,
X = [ 7; 2; 1 ] + τ · (−7;−4; 2); τ ∈ R.

The above equation can also be written in coordinates:

x1 = 7− 7τ, x2 = 2− 4τ, x3 = 1 + 2τ ; τ ∈ R.

II.2.8. The distance between two straight lines.

Suppose that the straight lines p : X = A + t · u⃗; t ∈ R and q : Y = B + s · v⃗; s ∈ R are
parallel or skew.

To find the distance d(p, q), we first find a straight line r which intersects lines p , q and
is perpendicular to both of them. Denote by P , Q points of intersection of r with lines p , q .
Then P = A+ t · u⃗, Q = B + s · v⃗. for some values of parameters t, s. Line r is parallel to
the vector Q− P . The vector Q− P is orthogonal to vectors u⃗ and v⃗. So (Q− P ) · u⃗ = 0,
(Q−P ) · v⃗ = 0. Substituting here from the equations for points P and Q, we obtain (after an
easy rearrangement):

(v⃗ · u⃗) s − (u⃗ · u⃗) t = −(B − A) · u⃗, (v⃗ · v⃗) s − (u⃗ · v⃗) t = −(B − A) · v⃗.

We solve this system of two linear algebraic equations for unknowns t, s and use the values
of t, s in the formulas for P and Q. Finally, the distance between lines p and q can be
calculated as the distance between points P and Q : d(p, q) = ∥P −Q∥.
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II.2.9. The angle between two straight lines.

Suppose that p , q are straight lines in E3 whose parametrizations are: p : X = A+t·u⃗; t ∈ R
and q : X = B + s · v⃗; s ∈ R. Denote by φ the angle between vectors u⃗ and v⃗ . Its cosine
is given by formula (II.1.4). The angle φ can take on the values from 0 to π (sketch a picture).
The angle between straight lines p , q is called the angle ϑ ∈

〈
0;
π

2

〉
, which is equal to φ if

φ ∈
〈
0;
π

2

〉
and it is equal to π − φ if φ ∈

(π
2
; π
〉

. (In other words, the angle between two
lines is defined to be the acute or right angle between their directional vectors.) Using (II.1.4),
we obtain the formula:

(II.2.6) cos ϑ =
|u⃗ · v⃗|

∥u⃗∥ · ∥v⃗∥
.

II.2.10. Problems.

a) Find the angle between the straight lines AB and CD if A = [−1; 2; 0 ] , B = [−2; 0; 2 ] ,
C = [ 4;−4; 5 ] , D = [ 2; 4; 3 ] .

b) Find the distance from the point M = [ 1;−6; 8 ] to the straight line AB, if A = [ 2; 1; 3 ] ,
B = [ 3;−1; 6 ] .

c) Find the distance between the straight lines p : X = [ 6; 4; 3 ] + t · (1; 1; 1); t ∈ R and
q : X = [ 7; 0;−18 ] + s · (2;−1; 4); s ∈ R.

R e s u l t s :

cos ϑ =

√
2

2
, ϑ =

π

4
a) 4.36b) 11.83c)

II.3. Planes in E3

II.3.1. A plane in E3.

If A = [ a1; a2; a3 ] is a point in E3 and u⃗ = (u1;u2;u3), v⃗ = (v1; v2; v3) are two linearly
independent vectors in E3, then the set σ = {X ∈ E3; ∃α ∈ R, ∃ β ∈ R : X = A+ α · u⃗+
β · v⃗ } is called the plane in E3. The equation

(II.3.1) X = A+ α · u⃗+ β · v⃗; α, β ∈ R

is called the parametric equation for plane σ . This equation is often used in the coordinate
form:

x1 = a1 + α · u1 + β · v1
x2 = a2 + α · u2 + β · v2
x3 = a3 + α · u3 + β · v3 ; α, β ∈ R.

II.3.2. A plane given by three points.

Let A, B, C be points in E3 which do not lie on a line. A plane passing through all these points
(it will also be called plane ABC) can be described by the parametric equation

(II.3.2) X = A+ α · (B − A) + β · (C − A); α, β ∈ R.

II.3.3. Remark.

Each plane has infinitely many parametric equations. (Compare with lines – see remark II.2.5).
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II.3.4. A normal vector.

Let σ be a plane, given by the parametric equation (II.3.1). Every non–zero vector which is
perpendicular to plane σ (i.e. perpendicular to vectors u⃗, v⃗) is called the normal vector to plane
σ .

It follows from theorem II.1.11 that for example the vector n⃗ = u⃗× v⃗ is the normal vector
to plane σ. All other normal vectors to plane σ are non–zero multiples of n⃗, i.e. they have the
form c · n⃗, where c ∈ R, c ̸= 0.

II.3.5. Another analytic description of a plane.

If σ is a plane whose parametric equation is equation (II.3.1) and if its normal vector is n⃗ =
(n1;n2;n3), then any point X = [ x1; x2; x3 ] in E3 belongs to plane σ if and only if (X−A) ·
n⃗ = 0. Expressing the scalar product on the left hand side, we get:

(x1 − a1) · n1 + (x2 − a2) · n2 + (x3 − a3) · n3 = 0,
(II.3.3) n1 x1 + n2 x2 + n3 + q = 0,

where q = −a1n1 − a2n2 − a3n3. Equation (II.3.3) is called the equation for plane σ.
Equation (II.3.3) can be obtained from the parametric equation for plane σ (written in

coordinates) by excluding parameters α and β. Conversely, if plane σ is given by equation
(II.3.3) then its parametrization can be obtained for example in such a way that we find three
different points A, B, C of σ (i.e. points whose coordinates satisfy equation (II.3.3)) which
do not lie on a line, and we then use (II.3.2).

II.3.6. Example.

Let plane σ have the equation 5 x1 − 3x2 + 7x3 − 12 = 0. Then the vector n⃗ = (5;−3; 7)
is the normal vector to this plane.

II.3.7. The distance from a point to a plane.

Assume that plane σ is given by the parametric equation (II.3.1) and M is a point in E3. We
derive a formula for the distance d(M,σ).

From the right–angled triangle APM ,
we obtain: d(M,σ) = ∥M − P∥ =
∥M − A∥ · cos φ. cos φ can be ex-
pressed by means of the scalar product
of the vectors n⃗ and (M − A):

cos φ =
∥n⃗ · (M − A)∥
∥n⃗∥ · ∥M − A∥

(n⃗ is an arbitrary normal vector to pla-
ne σ .) Using this in the formula for
d(M,σ), we get

(II.3.4) d(M,σ) =
|n⃗ · (M − A)|

∥n⃗∥
.

A P

M

φ

n⃗

σ

Fig. 2
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Suppose now that M = [m1;m2;m3 ] . Then n⃗ · (M − A) = n1m1 + n2m2 + n3m3 +
q (where q = −n1 a1 − n2 a2 − n3 a3). Substituting this to (II.3.4) and expressing |n⃗| as√
n2
1 + n2

2 + n2
3 , we obtain:

(II.3.5) d(M,σ) =
|n1m1 + n2m2 + n3m3 + q|√

n2
1 + n2

2 + n2
3

.

This formula is useful especially if plane σ is given by equation (II.3.3).

II.3.8. Remark.

Assume that p is a straight line, given by parametric equations (II.2.2). Excluding parameter t
from the three equations (II.2.2), we obtain a system of two equations which can be written in
the form

(II.3.6) n′
1x1 + n′

2x2 + n′
3x3 + q′ = 0, n′′

1x1 + n′′
2x2 + n′′

3x3 + q′′ = 0.

Straight lines are often described by such systems of two equations. Each of them is an equation
for a plane, and the straight line is the intersection of the two planes.

Conversely, if a straight line is given by two equations of type (II.3.6) then its parametriza-
tion can be obtained for example as follows: We solve equations (II.3.6) as two equations for
unknowns x1, x2, x3. If the planes described by the equations in (II.3.6) are not parallel (or
even identical) then the general solution contains one arbitrary parameter (see remark I.3.8).
Writing down the general solution of (II.3.6), we get the parametric equation for the line.

II.3.9. Example.

Find a parametrization of the line given by two equations

5x1 + 7x2 − 4x3 + 1 = 0, 2x1 + 4x2 − 4x3 − 2 = 0.

Applying for example Gauss’ method of elimination, we express the solution of this system:
x1 = −2t − 3, x2 = 2t + 2, x3 = t (t ∈ R). These three equations represent parametric
equations for the line. Obviously, the parametric representation can also be written in a vector
form, as one equation: X = A+ t · u⃗, where A = [−3; 2; 0 ] and u⃗ = (−2; 2; 1).

II.3.10. A position of a straight line according to a plane.

Let us deal with a straight line p and a plane σ in space E3. p and σ can find themselves in
three different positions:

a) Line p is a subset of plane σ .
b) Line p intersects plane σ at one point.
c) Line p and plane σ are disjoint, they have no common points. In this case, we say that

line p is parallel to plane σ.
How to distinguish between the possibilities a), b), c) in a particular case? Let us analyze for
example the situation when line p is given by two equations (II.3.6) and plane σ is described
by one equation (II.3.3). Equations (II.3.6) and (II.3.3) together form a system of three linear
equations for three unknowns x1, x2, x3. We solve this system. There are three possibilities
(see Frobenius’ theorem): 1) The system has infinitely many solutions. 2) The system has a
unique solution. 3) The system has no solution. These possibilities successively correspond to
the cases a), b) and c) mentioned above. In case 2) the solution of the system gives coordinates
of the point of intersection of line p with plane σ .

We will examine the position of a line according to a plane once again in example II.3.12,
the line will be given parametrically this time.
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II.3.11. The angle between a straight line and a plane.

Let p be a straight line and σ be a plane in space E3 . If line p is not perpendicular to σ
then the angle between line p and plane σ is defined to be equal to the angle between line p
and its orthogonal projection to plane σ . If line p is perpendicular to plane σ then the angle
between them is defined to be equal to

π

2
.

How can the angle between line p
and plane σ be evaluated in a partic-
ular case? First we determine a nor-
mal vector n⃗ to plane σ (see para-
graph II.3.4 or possibly also II.3.5,
II.3.6). Let q be an arbitrary line
parallel to vector n⃗ (see Fig. 3). De-
note by ϑ the angle between lines p
and q . cos ϑ can be calculated from
(II.2.6). The angle between line p

and plane σ is equal to
π

2
− ϑ.

q

n⃗

p

ϑ ψ

P

σ

Fig. 3

II.3.12. Example.

Line p is given parametrically: x1 = 1 + t, x2 = 2 + t, x3 = 3. Plane σ is given by the
equation 2x1 + 4x2 + 4x3 + 2 = 0. What is the position of p according to σ and what is the
angle between p and σ ?

We substitute for x1, x2, x3 from the parametric equations for p to the equation for sigma.
We obtain the equation for the unknown t: 2 + 2t + 8 + 4t + 12 + 2 = 0. This equation has
a unique solution t = −4. As the solution exists and is unique, line p and plane σ have
a unique common point. The coordinates of this point can be obtained by the substitution of
t = −4 to the parametric equations for line p : x1 = −3, x2 = −1, x3 = 3.

For example, the vector n⃗ = (2; 4; 4) is the normal vector to plane σ. A directional vector
of line p can be chosen for example to be equal to the vector a⃗ = (1; 1; 0). The angle between
line p and a line with the directional vector n⃗ is the angle ϑ whose cosine can be calculated

by formula (II.2.6). It is equal to
√
2

2
. Since ϑ is the acute angle, the information on its cosine

implies: ϑ =
π

4
. Hence the angle between line p and plane σ is the angle ψ =

π

2
− ϑ =

π

2
− π

4
=
π

4
.

II.3.13. A position of two planes in space.

Two planes in space E3 can either be identical or intersecting in a line or parallel. If two
particular planes are given and one wishes to recognize which of these cases obtains, then the
approach one can use depends on the way the planes are given. We show two possible methods
in examples II.3.15 and II.3.16.
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II.3.14. The angle between two planes.

The angle between two planes σ and η is defined to be equal to the angle between two arbitrary
lines, the first of which is perpendicular to plane σ, and the second being perpendicular to plane
η .

II.3.15. Example.

Analyze the position of plane σ according to plane η and evaluate the angle between them. σ:
x1 − x2 + x3 − 1 = 0 and η: 2x1 + x2 − x3 − 1 = 0.

Coordinates of common points of the two planes must satisfy both equations. The equations
represent the system of two linear equations for the unknowns x1, x2, x3. We can easily check

that the system has the solution x1 =
2

3
, x2 = −1

3
+ t , x3 = t ; t ∈ R. These equations

for x1, x2, x3 can be regarded as parametric equations of the line which is the intersection of
planes σ and η .

The vector n⃗′ = (1;−1; 1) is the normal vector to plane σ and n⃗′′ = (2; 1;−1) is the
normal vector to plane η. Applying formula (II.2.6), we can now find out that the angle between
planes σ and η is equal to

π

2
.

II.3.16. Problems.

1) Find the distance from point M to plane σ , if
a) M = [ 7; 0;−1 ], σ: 3x1 + x2 − 2x3 + 5 = 0,
b) M = [ 2; 3;−1 ], σ: X = [ 1; 0;−1 ] + α · (2; 0; 1) + β · (0; 2; 1); α, β ∈ R.

2) What is the position of plane σ in relation to plane η and what is the angle between σ
and η if

a) σ: 3x1 − 6x2 + 6x3 + 9 = 0 and η: x1 − 2x2 + 2x3 − 3 = 0,
b) σ: 2x1 − x2 + x3 − 1 = 0 and η: x1 + x2 + 2x3 + 1 = 0 ?

3) Find the angle between the line AB (where A = [ 2;−1; 2 ] and B = [ 1;−1; 1 ] ) and
the plane σ: x1 − x2 − 5 = 0.

4) Find coordinates of an orthogonal projection of the point A = [ 7; 0;−1 ] onto the plane
σ : 3x1 + x2 − 2x3 + 5 = 0.

5) In which position is line p in relation to plane σ , if p : 5x1 + 7x2 − 4x3 + 15 = 0,
12x1 − 2x2 + 8x3 + 3 = 0 and σ : 5x1 + 7x2 − 4x3 − 8 = 0 ?

6) In which position is the plane ABC in relation to the plane DEF , if A = [ 1; 1; 2 ],
B = [ 1; 1; 4 ], C = [ 1; 2; 1 ], D = [ 2; 0;−1 ], E = [ 2; 1; 1 ], F = [ 4;−1; 3 ] ? Also find
the angle between the planes ABC and DEF .

R e s u l t s : 1a) 2
√
14 1b)

4√
30

2a) The planes are parallel and their distance is 2. 2b) The

planes intersect in the straight line X = [0;−1; 0] + t (−1;−1; 1), the angle between them is
π

3
= 60◦. 3)

π

6
= 30◦ 4) [1;−2; 3] 5) Straight line p and plane σ are parallel, their distance

is
23√
90

. 6) The planes intersect in the straight line X = [1; 2; 0] + t(0; 1; 2), the angle between

them is 36.67◦.
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II.4.∗ Quadric surfaces in E3

II.4.1. Quadric surfaces in E3.

From secondary school, you are familiar with conic sections in E2 and with their equations.
These equations are quadratic. By analogy, quadratic equations describe so called quadric
surfaces in E3 . A general equation for a quadric surface is

(II.4.1) a11 x
2
1 + a12 x1 x2 + a13 x1 x3 + a22 x

2
2 + a23 x2 x3 + a33 x

2
3+

+ b1 x1 + b2 x2 + b3 x3 + c = 0.

(The statement “quadric surface σ is described by equation (II.4.1)” or “(II.4.1) is the equation
for quadric surface σ ” means that quadric surface σ is the set of all points in E3 whose
coordinates satisfy equation (II.4.1).)

It can be shown that there exists a Cartesian coordinate system x′1, x′2, x
′
3 in E3 which is

only turned on in relation to the coordinate system x1, x2, x3 and the quadric surface given by
(II.4.1) can be described in the new system by an equation which does not contain the mixed
products x′1 x

′
2, x′1 x

′
3, x

′
2 x

′
3 .

To avoid complications, we shall further deal only with quadric surfaces whose equations
even in the coordinate system x1, x2, x3 do not contain the mixed products x1 x2, x1 x3, x2 x3.
This approach corresponds to situations you have been used to from analytic geometry in plane
from secondary school. For example, you have mostly described an ellipse in the x, y –plane
by an equation which contained the terms x2 and y2 , but it did not contain the mixed product
xy. This means that you have (mostly) restricted yourself to ellipses whose axes are parallel to
the x and y axes.

We present only a survey of the names of quadric surfaces which correspond to the most
important special cases of equation (II.4.1) in the following. Instead of x1, x2, x3 , we use the
denotation x, y, z in the rest of this chapter.

II.4.2. Circular quadric surfaces (quadric surfaces of revolution).

A surface which arises by the rotation of a conic section about its axis is called a circular quadric
surface or a quadric surface of revolution. Particularly, the rotation of

– an ellipse about its axis yields . . . . . . . . . . . . . . a circular ellipsoid,

– a parabola about its axis yields . . . . . . . . . . . . . a circular paraboloid,

– a hyperbola about its non–focal axis yields a one sheet–circular hyperboloid,

– a hyperbola about its focal axis yields . . . . . . . a two sheet–circular hyperboloid,

– two skew lines about the axis of symmetry
(lying in their plane) yields . . . . . . . . . . . . . . . . a circular conic surface,

– two parallel lines about the axis
(lying in the middle between them) yields . . . a circular cylindrical surface.

The first four surfaces are the so called regular quadric surfaces , the last two are the so called
singular quadric surfaces .

II.4.3. How to recognize a circular quadric surface.

If the equation of a quadric surface depends on x and y only through x2+y2 (i.e. x and y appear
in the equation only as a part of the expression x2 + y2) then the quadric surface is circular and
its axis of revolution is the z–axis.
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This holds due to the following reason: x2 + y2 is the second power of the distance of
the point [x; y; z] from the z–axis. Thus, x and y appear in the equation only through the
distance of [x; y; z] from the z–axis. The distance is the same on each circle which lies in a
plane perpendicular to the z–axis and such that the z–axis passes through its center. This means
that either all points of the circle satisfy the equation (and all points of the circle belong to the
quadric surface) or no point of the circle satisfy the equation (and therefore no point of the circle
belongs to the quadric surface).

Analogous assertions can also be formulated in the cases when the equation of some quadric
surface depends on x, z only through x2 + z2 or if it depends on y, z only through y2 + z2.

II.4.4. Quadric surfaces in the basic and in a shifted position.

Conic sections in a plane can be in a basic position (for example the ellipse
x2

a2
+
y2

b2
= 1 ), or

in a shifted position (as the ellipse
(x− α)2

a2
+

(y − β)2

b2
= 1 ). By analogy, quadric surfaces

in E3 can also be in a basic or in a shifted position. We restrict ourselves to quadric surfaces
in the basic position in this text. Equations for the same surfaces in the shifted position (shifted
by the vector (α; β; γ) ) can be obtained from the equations for surfaces in the basic position by
replacing x2 by (x− α)2, y2 by (y − β)2 and z2 by (z − γ)2.
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II.4.5. Ellipsoid.

Let a, b, c be positive numbers. The equation

(II.4.2)
x2

a2
+
y2

b2
+
z2

c2
= 1

defines the so called ellipsoid with semi–axes a, b, c. The center of the ellipsoid is the point
[0; 0; 0]. (See Fig. 4.)
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If any two of the semi–axes are equal, the ellipsoid is circular (= the ellipsoid of revolution).
(See Fig. 5.) If all three semi–axes are equal, the ellipsoid coincides with a sphere.

II.4.6. One sheet – hyperboloid.

Let a, b, c be positive numbers. The equation

(II.4.3)
x2

a2
+
y2

b2
− z2

c2
= 1

is the equation for the so called one sheet – hyperboloid (= a hyperboloid of one sheet). (See
Fig. 6.)

If a = b then it is a circular one sheet – hyperboloid (= a one sheet – hyperboloid of revo-

lution) which arises e.g. by revolution of the hyperbola
x2

a2
− z2

c2
= 1 in the x, z –plane about

the z –axis.
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II.4.7. Two sheet – hyperboloid.

Let a, b, c be positive numbers. The equation

(II.4.4)
x2

a2
− y2

b2
− z2

c2
= 1

defines the so called two sheet – hyperboloid (= a hyperboloid of two sheets). (See Fig. 7.)
If b = c then the hyperboloid is circular and its axis of revolution is the x –axis. It arises

e.g. by revolution of the hyperbola
x2

a2
− z2

c2
= 1 in the x, z –plane about the z –axis.
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II.4.8. Paraboloid.

Let a, b be positive numbers. The equation

(II.4.5) z =
x2

a2
+
y2

b2

is the equation for the so called elliptic paraboloid. Its axis is the z –axis. (See Fig. 8.)
If a = b then the paraboloid is circular (in other words: it is a paraboloid of revolution). It

arises e.g. by revolution of the parabola z =
x2

a2
in the x, z –plane about the z –axis.

The equation

(II.4.6) z =
x2

a2
− y2

b2

defines the so called hyperbolic paraboloid. (See Fig. 9.) This paraboloid intersects every plane
of the type z = c (where c > 0) in a hyperbola.
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II.4.9. Cylindrical surface, cylinder.

Let a, b be positive numbers. The equation

(II.4.7)
x2

a2
+
y2

b2
= 1

defines the so called elliptic cylindrical surface (= an elliptic cylinder). (See Fig. 10.)
If a = b then it is a circular cylindrical surface (= a cylindrical surface of revolution). This

arises e.g. by rotation of the parallel lines x = a, y = 0 and x = −a, y = 0 about the z –axis.
The equation

(II.4.8)
x2

a2
− y2

b2
= 1

defines the so called hyperbolic cylindrical surface (= a hyperbolic cylinder). (See Fig. 11.)
The equation

(II.4.9) y = k x2

defines a parabolic cylindrical surface (= a parabolic cylinder). (See Fig. 12.)

II.4.10. Conic surface, cone.

Let a, b, c be positive numbers. The equation

(II.4.8)
x2

a2
+
y2

b2
− z2

c2
= 0

describes the so called elliptic conic surface (= an elliptic cone).
If b = c then the cone is circular. This arises for example by rotation of the straight lines

x

a
=
z

c
, y = 0 and

x

a
=
z

c
, y = 0 about the z –axis.
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You will again meet with quadric surfaces in the Mathematics II course, especially in the
chapter on surface integrals.

II.4.11. Problems.

The given equations define various quadric surfaces. Recognize their types, give them appro-
priate names and specify their axes, possibly also semi–axes.

a) x2 +
y2

4
+ 9z2 = 1 b) 25 (x− 1)2 + y2 + z2 = 25

c)
x2

4
+
y2

4
− z2

9
= 1 d) x2 − (y − 2)2

4
− (z − 4)2

4
= 1

e) z = x2 + 4y2 f) y = 1− 5x2 − 5(z − 2)2

g) y2 − x2 = z h) (x+ 2)2 − 5z2 = y

i) x2 + z2 = 4 j)
x2

4
+ (y + 4)2 = 1

k) 4x2 + 9z2 = 9y2 l) (y − 1)2 + z2 = x2

m) x2 − 4z2 = 1 n)
(y + 2)2

4
− x2

16
= 1

o) 4x2 − 9z2 = 9y2 p) y = x2 + 2

q) x2 + 4y2 = 1 r)
(x− 4)2

4
+
y2

16
+ z2 = 1

R e s u l t s :

a) Ellipsoid with center [0; 0] and semi–axes 1, 2,
1

3
.

b) Circular ellipsoid with center at the point [1; 0; 0] and semi–axes 1, 5, 5. Axis of revolution
is the x–axis.
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c) Circular one–sheet hyperboloid with center at the origin. Axis of revolution is the z–axis.
d) Circular two–sheet hyperboloid with center [0; 2; 4]. Axis of revolution is the straight line
y = 2, z = 4, parallel with the x–axis.

e) Elliptic paraboloid with center at the origin and axis z, open in the positive direction of
the z–axis.

f) Circular paraboloid with vertex [0; 1; 2], open in the negative direction of the y–axis. Axis
of revolution is the straight line x = 0, z = 2, parallel with the y–axis.

g) Hyperbolic paraboloid with vertex at the origin and axis z.
h) Hyperbolic paraboloid with vertex [−2; 0; 0] and axis y.
i) Circular cylindrical surface. Axis of revolution is the y–axis and radius equals 2.
j) Elliptic cylindrical surface. Its axis is the straight line x = 0, y = 4, parallel with the
z–axis.

k) Elliptic conic surface with vertex at the origin and axis y.
l) Circular conic surface with vertex [0; 1; 0]. Axis of revolution is the straight line y = 1,
z = 0, parallel with the x–axis.

m) Hyperbolic cylindrical surface, parallel with the y–axis, symmetric according to this axis.
n) Hyperbolic cylindrical surface, parallel with the z–axis, symmetric according to the straight

line x = 0, y = −2.
o) Circular conic surface with vertex at the origin. Axis of revolution is the x–axis.
p) Parabolic cylindrical surface, parallel with the z–axis. It meets the x, y–plane in the

parabola with vertex [0; 2] and axis y. (Its equation in the x, , y–plane is identical with
the equation of the whole cylindrical surface: y = x2 + 2.)

q) Elliptic cylindrical surface. Its axis is the z–axis.
r) Ellipsoid with center at the point [4; 0; 0] and semi–axes 2, 4, 1.
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CHAPTER III.

Differential calculus

The extended set of real numbers. The extended set of real numbers is the union of R
with the two point set that contains the elements called plus infinity, minus infinity and
denoted +∞ and −∞. The extended set of real numbers will be denoted by R∗. Its ele-
ments −∞ and +∞ will be called the improper points, other elements (i.e. numbers from
R) will be called the proper points. The operations addition, subtraction, multiplication,
division and raising to a power, which are well known in R, can be extended in a natural
way to R∗:

a) if x ∈ R then we put
x+ (+∞) = +∞, x+ (−∞) = −∞, x− (+∞) = −∞,
x− (−∞) = +∞,

x

+∞
=

x

−∞
= 0;

b) (+∞) + (+∞) = +∞, (−∞) + (−∞) = −∞, (+∞)− (−∞) = +∞,
(−∞)− (+∞) = −∞,
(+∞) · (+∞) = +∞, (+∞) · (−∞) = −∞, (−∞) · (−∞) = +∞;

c) if x ∈ R\{0} then we define
x · (+∞) = +∞ (if x > 0) or x · (+∞) = −∞ (if x < 0),
x · (−∞) = −∞ (if x > 0) or x · (−∞) = +∞ (if (x < 0),
+∞
x

= sgnx · (+∞),
−∞
x

= sgnx · (−∞).

The operations division by zero, (+∞)− (+∞), (−∞)− (−∞), (+∞)+(−∞),
±∞
±∞

and 0 · (±∞) remain undefined. (We say that they have no sense.)

The set R is ordered by the relation “<” (“less than”). This relation can naturally be ex-
tended to R∗: For any x ∈ R we define: −∞ < x and x < +∞.

Extreme values of sets in R. If M is a subset of R then the maximum of M is a number
y ∈M such that ∀ x ∈M : x ≤ y. The maximum of the set M is denoted by max M .

By analogy, the minimum of set M is a number z ∈ M such that ∀ x ∈ M : x ≥ z. The
minimum of the set M is denoted by min M .

It can easily be observed that not every set M in R must have a maximum and a minimum.
(See for example M = (0; 1).)

A generalization of the notion of maximum of set M is a so called supremum of set M .
Number K ∈ R∗ is said to be the supremum of set M if

a) ∀ x ∈M : x ≤ K,
b) K is the least of all numbers with property a).

Supremum of set M is denoted by sup M . Each number K which satisfies condition a) is a so
called “upper bound” of set M . This is the reason for another often used name and denotation
of the supremum: the least upper bound, l.u.b.M .

By analogy, we can define the infimum of set M . It is denoted by inf M and it is the
greatest of all numbers L ∈ R∗ such that ∀ x ∈M : x ≥ L. The infimum is also often called
the greatest lower bound and denoted by g.l.b.M .
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On the contrary to the maximum and minimum which need not exist, it can be proved (not
very simply) that every set in R has a supremum and an infimum. Verify for yourselves that if
maxM exists then sup M = max M . Similarly, if min M exists then inf M = min M .

Neighborhoods of points in R∗. If x ∈ R, then a neighborhood of point x is any inter-
val (x−ε; x+ε) where ε > 0. This neighborhood is denoted by Uε(x) or simply U(x).
(The notation is derived from the German name for the neighborhood: die Umgebung.)
A punctured neighborhood of the point x ∈ R, also called the deleted neighborhood or
reduced neighborhood, is every set of the type U(x) \{x}. This neighborhood will be
denoted by P(x).

A neighborhood of +∞ (≡ the reduced neighborhood of +∞) is any interval (a; +∞)
(where a ∈ R ). A neighborhood of −∞ (≡ the reduced neighborhood of −∞) is any interval
(−∞; a) (where a ∈ R ). As we do not distinguish between the neighborhood and the reduced
neighborhood of +∞, we can denote it either U(+∞) or P(+∞). Similarly, the neighborhood
of −∞ can be denoted by U(−∞) or by P(−∞).

A left neighborhood of point x ∈ R is any interval of the type (x − ε; x), where ε > 0.
Similarly, we can define a right neighborhood of point x ∈ R to be any interval of the type
(x; x+ε) where ε > 0. The left (respectively the right) neighborhood of the point x is denoted
by P−(x) (respectively P+(x) ).

III.1. Sequences of real numbers

III.1.1. A sequence of real numbers.

A sequence of real numbers (shortly a sequence) is a mapping of the set of natural
numbers N to the set of real numbers R. A sequence which to every n ∈ N assigns the
number an, is denoted by {a1; a2; a3; . . . } or shortly {an}. The number an is called
the n–th term of the sequence {an}. If M ⊂ R and an ∈ M for all n ∈ N then {an}
is called the sequence in M .

III.1.2. Bounded, monotonic and strictly monotonic sequences.

The sequence {an} is called
a) bounded above if there exists K ∈ R so that ∀ n ∈ N : an ≤ K ;
b) bounded below if there exists K ∈ R so that ∀ n ∈ N : an ≥ K ;
c) bounded if it is bounded above and bounded below;
d) increasing if ∀ n ∈ N : an < an+1 ;
e) decreasing if ∀ n ∈ N : an > an+1 ;
f) non–decreasing if ∀ n ∈ N : an ≤ an+1 ;
g) non–increasing if ∀ n ∈ N : an ≥ an+1 ;
h) monotonic if it is non–increasing or non–decreasing;
i) strictly monotonic if it is increasing or decreasing.

III.1.3. Remark.

Notice that: An increasing sequence is a special case of a non–decreasing sequence. A decreas-
ing sequence is a special case of a non–increasing sequence. A strictly monotonic sequence is
a special case of a monotonic sequence.
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Instead of “monotonic”, you can also say “monotone”.

III.1.4. Limit of a sequence.

The number a ∈ R∗ is called the limit of the sequence {an} if

(III.1.1) [∀ U(a) ] [ ∃ n0 ∈ N ] [ ∀ n ∈ N ] : (n ≥ n0) =⇒ (an ∈ U(a) ).

(We read it: For every neighborhood U(a) of the point a there exists n0 ∈ N so that
for all n ∈ N it holds: If n ≥ n0, then an ∈ U(a). ) The fact that a is the limit of the
sequence {an} is written down in this way: lim

n→+∞
an = a or shortly an → a.

III.1.5. Remark.

A limit of the sequence {an} is a number a such that the elements an tend to a (approach
a) if the indices n tend to infinity (n approaches infinity). You may have an impression that
the statement (III.1.1) is an unnecessarily complicated description of this situation which intu-
itively seems to be quite clear. However, the reason is that mathematics does not have another,
simpler, but also precise expression of the notions “to tend”, “to approach”. In case you do not
understand the statement (III.1.1) immediately after reading it for the first time, don’t worry. It
may take some time and some thought to understand it well. An attentive study of the proof
of Theorem III.1.8 may help. The notion of the limit of a sequence (or of a function – which
will be introduced later) is one of the basic notions of mathematical analysis. Its importance is
given mainly by the fact that it describes a certain infinite process (of approaching a number).
It first appeared in the 16th–17th century. It brought dynamics to mathematical thinking, which
had remained strongly under the influence of ancient mathematics, and it also led to ways of
dealing with a “mysterious” infinity.

Not every sequence must have a limit! You can see an example of a sequence which has no
limit in paragraph III.1.12.

If a sequence has a limit then the limit (its existence as well as its value) is not dependent
on the behavior of any initial part of the sequence (containing for example the first one million
terms). On the contrary – if the sequence {an} has the limit a and we modify the sequence so
that we change arbitrarily the values of its first one million terms, then the modified sequence
will also have a limit equal to a.

III.1.6. A convergent and a divergent sequence.

If a sequence {an} has a limit from R (i.e. is not equal to −∞ or +∞ ), then we say
that this sequence is convergent. A sequence which either has no limit or has an infinite
limit is called divergent.

III.1.7. Remark.

If lim
n→+∞

an = a and a ∈ R then we also say that the sequence {an} converges to the number a .

III.1.8. Theorem.

Every sequence has at most one limit.

P r o o f :
We show a so called “proof by contradiction”. We assume that the assertion of the theorem does
not hold and by means of further considerations, we derive a contradiction with this assumption.
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Thus, the assumption will be shown to be false and so the theorem will be proved.
If the assertion of the theorem does not hold then there exists at least one sequence which

has more that one limit. Let us denote this sequence by {an} and let a′ and a′′ be its different
limits. There exist neighborhoods U(a′) and U(a′′) which are disjoint (i.e. their intersection
is an empty set). According to (III.1.1), to U(a′) there exists n1 ∈ N so that the following
implication holds for all n ∈ N : n ≥ n1 =⇒ an ∈ U(a′). (III.1.1) also implies that to the
neighborhood U(a′′) there exists n2 ∈ N such that the implication n ≥ n2 =⇒ an ∈ U(a′′)
holds for all n ∈ N. This means that if n is so large that it is ≥ n1 and ≥ n2 then an must
belong to U(a′) and also to U(a′′). However, this is impossible since U(a′) and U(a′′) have
no common points. This is the desired contradiction.

III.1.9. A subsequence.

Let {kn} be an increasing sequence of real numbers. Then the sequence
{ak1 ; ak2 ; ak3 ; . . . ; akn ; . . . }

is called the subsequence of the sequence {an}. The subsequence is shortly denoted by {akn}.

III.1.10. Example.

The sequence
{

1

2n

}
(i.e. the sequence

{
1

2
;
1

4
;
1

6
;
1

8
; . . .

}
) is the subsequence of the se-

quence
{
1

n

}
(i.e. of the sequence

{
1;

1

2
;
1

3
;
1

4
;
1

5
; . . .

}
).

III.1.11. Theorem.

If the sequence {an} has a limit equal to a then its every subsequence also has the same
limit with the same value a.

P r o o f :
Suppose that lim

n→+∞
an = a, i.e. that (III.1.1) holds. We want to show that lim

n→+∞
akn = a, i.e.

that the following statement holds:

[ ∀ U(a) ] [∃ n1 ∈ N ] [ ∀m ∈ N ] : (n ≥ n1) =⇒ (akm ∈ U(a) ).

(III.1.1) implies that to any U(a) there exists n0 ∈ N such that an ∈ U(a) for all n ≥ n0. If
we now choose n1 to be such a natural number that km ≥ n0 for m ≥ n1 then apparently the
required implication (m ≥ n1) =⇒ (akm ∈ U(a)) is satisfied for ∀m ∈ N .

III.1.12. Example.

The sequence {(−1)n·n} has no limit. The subsequence, consisting only of the terms with even
indices n (i.e. the sequence { 2; 4; 6; 8; . . . } ) has the limit +∞. The “complementary” sub-
sequence, containing only the terms with odd indices n (i.e. the subsequence {−1; −3; −5; −7;
. . . } ), has the limit −∞. If the sequence {(−1)n ·n} had a limit a then according to Theorem
III.1.11, both subsequences would have the same limit a. However, as we see, this is not true.

The rules given by the following theorem play an important role in evaluation of concrete
limits. Their proofs are omitted.
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III.1.13. Theorem.

Let lim
n→+∞

an = a and lim
n→+∞

bn = b. Then the following equalities hold:

a) lim
n→+∞

(an + bn) = a+ b, b) lim
n→+∞

(an − bn) = a− b,

c) lim
n→+∞

(an · bn) = a · b, d) lim
n→+∞

(
an
bn

)
=

a

b
,

(provided that the expressions on the right– hand sides have a sense and in the case d) the
quotient

an
bn

has a sense for all n ∈ N).

III.1.14. Remark.

Thus, the right– side cannot contain for example the expressions (+∞) + (−∞), (+∞) −
(+∞),

±∞
±∞

, 0 · (±∞) and
a

0
. Moreover, when computing the limit of the quotient

an
bn
, we

need this quotient to be defined. Since the limit does not depend on the behavior of initial m0

terms of the sequence (for an arbitrary, but fixed number m0 ∈ N – see Remark III.1.5), from
the point of view of the evaluation of the limit the quotient

an
bn

need not necessarily be defined

for all n ∈ N. It is sufficient when it is defined only for n ≥ m0.

III.1.15. Example.

lim
n→+∞

3n2 + 2n− 1

2n2 + 1000
= lim

n→+∞

3 + ( 2
n
)− ( 1

n2 )

2 + (1000
n2 )

=

= lim
n→+∞

3 + 2
+∞ − 1

(+∞)2

2 + 1000
(+∞)2

=
3 + 0− 0

2 + 0
=

3

2
.

III.1.16. Example.

lim
n→+∞

(
√
n−

√
2n) = lim

n→+∞

(
√
n−

√
2n) (

√
n+

√
2n)

√
n+

√
2n

=

= lim
n→+∞

n− 2n
√
n+

√
2n

= lim
n→+∞

−
√
n

1 +
√
2

= −∞.

III.1.17. Theorem.

Let {an}, {bn}, {cn} be such sequences that lim
n→+∞

an = lim
n→+∞

cn = c and ∀ n ∈ N :

an ≤ bn ≤ cn. Then lim
n→+∞

bn = c.

The last theorem is often called “the sandwich theorem” – try to guess why.

III.1.18. Example.

We show that lim
n→+∞

n
√
n = 1. Put n

√
n = 1+ δn. Raising this equality to the n–th power, we

obtain:

n = 1 +

(
n
1

)
δn +

(
n
2

)
δ2n +

(
n
3

)
δ3n + . . . + δnn .
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Since δn ≥ 0, we have for n > 1 :

n ≥
(
n
2

)
δ2n =

n (n− 1)

2
δ2n =⇒ 0 ≤ δn ≤

√
2

n− 1
.

Obviously, lim
n→+∞

√
2

n− 1
= 0. Hence due to Theorem III.1.17, it also holds that lim

n→+∞
δn =

0. The desired result – lim
n→+∞

n
√
n = 1 – now follows from the equality n

√
n = 1 + δn .

III.1.19. Problems.

Evaluate the following limits (or prove that they do not exist):

a) lim
n→+∞

(n3 − 3n2 − 521n) b) lim
n→+∞

n
√
3n c) lim

n→+∞

3n3 − n+ 1

2n2 + 7n

d) lim
n→+∞

(−1)n
2n

n− 3
e) lim

n→+∞
(
√
n+ 2−

√
n+ 1) f) lim

n→+∞
(
√
n− 3

√
3n)

g) lim
n→+∞

sin nπ

n
h) lim

n→+∞

2
√
n

4
√
n− 3

√
n

i) lim
n→+∞

2n + (−1)n

3n

R e s u l t s :

+∞a) 1b) +∞c) does not existd) 0e)

+∞f) 0g)
1

2
h) 0.i)

III.1.20. Problems.

Try to prove that the following assertions hold:

a) A sequence of non–negative numbers cannot have a negative limit.
b) A sequence of non–positive numbers cannot have a positive limit.
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III.2. Functions – basic notions
III.2.1. The notion of a function.

If M ⊂ R, then each mapping of M to R is called a real function of one real variable
(shortly: a function).

Functions will be denoted by letters, as for example f , g, h, φ, ψ, F , G, etc.

III.2.2. Domain, range and graph of a function.

A function is a special case of a mapping and the notions “domain of definition of a
mapping” (shortly: “domain of a mapping”) and “range of a mapping” are known from
secondary school. Hence, the notions “domain of a function”) and “range of a function”
can also be regarded to be known. In accordance with the denotation which is used in
connection with general mappings, D(f) will be the domain of definition and R(f) will
be the range of function f.

A graph of function f is the set G(f) = { [x; f(x) ] ∈ R2; x ∈ D(f) }.

III.2.3. Remark.

For example, the fact that f is the function defined in the interval (0; 2⟩ which assigns to each
x from this interval the value x2 − 1, can be written down in the following ways:

a) f : y = x2 − 1 for x ∈ (0; 2⟩ ;
b) f(x) = x2 − 1 for x ∈ (0; 2⟩ .
x is called the dependent variable or the argument of the function f. If we use notation a),

we can call y the independent variable.
Functions are often defined only by formulas, without an exact specification of their domain

of definition. In these cases, the domain is the set of all x ∈ R such that the formula (used in
the definition of a function) has a sense. For example, the function f(x) =

√
x− 2 (with no

more specifications) has the domain ⟨2;+∞).
On an exact level, there is the following difference between f and f(x) : f is the deno-

tation of a function, while f(x) is the value of function f at the point x (i.e. f(x) is the
number that is assigned by the function f to the number x ). By analogy, f(a) is the value of
the function f at the point a, f(2) is the value of the function f at the point 2, etc.

However, the reader should be informed that this notation of functions and their values is
not used consistently in scientific literature. For example, if one wishes to point out that f is a
function of the variable x, then one often speaks about a “function f(x)” or about a “function
y = f(x)” instead of a “function f” only.

Moreover, instead of “the function f defined by the equation f(x) = x2 ”, one often speaks
about “the function x2 ” only. If there is no danger of confusion, we shall also use this abridged
and labor–saving notation.

As you can see, functions can be denoted and written down in various ways and some nota-
tions can even have more than one sense. (For instance, as we have already mentioned, f(x)
means exactly the value of function f at the point x. However, f(x) can also sometimes de-
note function f itself.) We believe that this will not cause any problems or misunderstandings.
What we have in mind will always be clear from a concrete situation, and from the circum-
stances in which the notations will be used.
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III.2.4. Operations with functions.

A sum of functions f and g is a function h such that h(x) = f(x) + g(x) for x ∈ D(f) ∩
D(g). We use the notation: h = f + g.

By analogy, we define a difference and a product of functions f and g. A quotient of functions
f and g can also be defined similarly – however, its domain is the set {D(f) ∩D(g) }\{x ∈
D(g); g(x) = 0}.

The absolute value (or the modulus ) of a function f is the function h defined by the equa-
tion h(x) = |f(x)| for x ∈ D(f). We use the notation: h = |f |.

III.2.5. Restriction of a function.

Suppose that f is a function and M ⊂
D(f). A function which is defined only on
M and which assigns to each x ∈ M the
same value as the function f (i.e. f(x)) is
called the restriction of the function f to the
set M and it is denoted by f |M . The set of
all values of the function f on the set M
can be denoted by two symbols: R(f |M) or
f(M).

The graph of function f and a chosen
subset M ⊂ D(f) are seen on Fig. 14. The
graph of the restriction of function f to the
set M is drawn more strongly..

x

y

M

f |M

f

Fig. 14

III.2.6. Inverse function.

A function is a special type of a mapping. Just as there are inverse mappings to one–to–one
mappings, there are also so called inverse functions to one–to–one functions. (Bear in mind that
function f is said to be one–to–one if ∀ x1, x2 ∈ D(f) : x1 ̸= x2 =⇒ f(x1) ̸= f(x2).) The
inverse function to function f will be denoted by f−1. Its domain is R(f), the range is D(f)
and ∀ x ∈ D(f) : y = f(x) ⇐⇒ x = f−1(y).

One can obtain the form of the inverse function from the equation y = f(x) so that one
calculates x from this equation (if the calculation is possible). Thus, one obtains the form of
the dependence of x on y. For example: if y = (x − 1)3 then we calculate x = 1 + 3

√
y.

Interchanging x and y (just because the independent variable is usually denoted by x and the
dependent variable by y), we derive that the inverse function to y = f(x) = (x− 1)3 (defined
for x ∈ R) is the function y = f−1(x) = 1 + 3

√
x (also defined for x ∈ R). The graphs of both

functions f and f−1 are sketched on Fig. 15.
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The graphs of the functions f and
f−1 are symmetric with respect to the axis
of the 1st and 3rd quadrant. (This fol-
lows from the fact that the coordinates of
points [x; y] ∈ G(f) satisfy the equation
y = f(x), which is equivalent to x =
f−1(y). On the other hand, the coordinates
of points [x; y] ∈ G(f−1) satisfy the equa-
tion y = f−1(x), which differs from the
equation x = f−1(y) only by the inter-
change of x and y. The interchange of x
and y corresponds to the rotation about the
straight line y = x in the x, y–plane.)

x

y

1

−1

1
−1

y = f(x)

= (x− 1)3

y = f−1(x)

= 1 + 3
√
x

Fig. 15

III.2.7. Composite function.

If f and g are such functions that R(g) ⊂ D(f), we can define a function h by the equation
h(x) = f(g(x)) for x ∈ D(g). The function h is called the composite function (of functions
f and g ). We use the notation h = f ◦ g. f is called the outside (external) function and g the
inside (internal) function.

III.2.8. Bounded functions.

Function f is called bounded above (or upper bounded ) if there exists a number K ∈ R such
that ∀ x ∈ D(f) : f(x) ≤ K. We can define analogously a function bounded below (or
lower bounded). Function f is called bounded if it is bounded above and bounded below.

Assume further that M ⊂ D(f). Function f is called bounded above on the set M if there
exists a number K ∈ R such that ∀ x ∈ M : f(x) ≤ K (i.e. if the restriction f |M
is the function which is bounded above). We can similarly define the notion of a function
bounded below on the set M and the notion of a function bounded on the set M.
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III.2.9. Extreme values of a function.

We say that function f has its maximum at the point x0 ∈ D(f) if ∀ x ∈ D(f) :
f(x) ≤ f(x0). We write: f(x0) = max f .
Analogously, function f has its minimum at the point x0 ∈ D(f) if ∀ x ∈ D(f) :
f(x) ≥ f(x0). We write: f(x0) = min f .
The maximum and minimum of function f are both called extreme values of f .
Suppose that M ⊂ D(f). We say that function f has its maximum on the set M at the
point x0 ∈M if ∀ x ∈M : f(x) ≤ f(x0). We write: f(x0) = maxM f . Other often
used denotations of maximum of function f on the set M are: max

M
f , max

x∈M
f(x).

x

y
max f

min f

D(f)

f

Fig. 16a

x

y
max
M

f

min
M

f

M

f

Fig. 16b

By analogy, we can also define the minimum of function f on the set M . We denote it:
minM f, min

M
f or min

x∈M
f(x).

Using these definitions, one can see that the following inequalities hold:
maxM f = max f |M and minM f = min f |M .
The graph of function f with marked maximum and minimum of this function is sketched
on Fig. 16a. The graph of f with a strongly drawn restriction to set M and marked
maximum and minimum of f on M are sketched on Fig. 16b.

III.2.10. Supremum and infimum of a function.

The supremum, respectively infimum, of the set of values of function f (i.e. of the set
R(f) ) is called the supremum, respectively infimum, of function f . We use the denotation
sup f (or l.u.b. f , which means the least upper bound of f ), respectively inf f (or
g.l.b. f , which means the greatest lower bound of f ).
If M ⊂ D(f), then the supremum, respectively infimum, of the set f(M) is called the
supremum, respectively infimum, of function f on set M . We denote it supM f , sup

M
f

or sup
x∈M

f(x), respectively infM f , inf
M

f or inf
x∈M

f(x) .

Index 59 List of selected symbols



Contents III. Differential calculus

III.2.11. Remark.

While the supremum and infimum of function f (in the whole domain of f or only on a set
M ⊂ D(f) ) always exist, the maximum and minimum of function f (in D(f) or only on
M ⊂ D(f) ) need not exist. This can be illustrated on the example: f(x) = x for x ∈ (0; 1).

If max f exists then sup f = max f. Similarly, if min f exists then inf f = min f .
(The same assertions also hold for maxM f , supM f , minM f and infM f .)

III.2.12. Monotonic and strictly monotonic functions.

Let f be a function and let M ⊂ D(f). The function f is called
a) increasing on M if ∀ x1, x2 ∈M : x1 < x2 =⇒ f(x1) < f(x2) ;
b) decreasing on M if ∀ x1, x2 ∈M : x1 < x2 =⇒ f(x1) > f(x2) ;
c) non–increasing on M if ∀ x1, x2 ∈M : x1 < x2 =⇒ f(x1) ≥ f(x2) ;
d) non–decreasing on M if ∀ x1, x2 ∈M : x1 < x2 =⇒ f(x1) ≤ f(x2) ;
e) monotonic on M if f is non–increasing or non–decreasing on M ;
f) strictly monotonic on M if f is increasing or decreasing on M .

A function that is increasing on its whole domain of definition is called shortly increasing
(without a specification where). Similarly, one can introduce the notions of a decreasing,
non–increasing, non–decreasing, monotonic and strictly monotonic function.

Note that instead of “monotonic”, many authors also use the adjective “monotone”.
The graph of a function, increasing (respectively decreasing) on set M , is sketched on

Fig. 17a (respectively Fig. 17b). Fig. 18a (respectively Fig. 18b) shows the graph of a function
non-decreasing (respectively non-increasing) on set M .

Notice that every increasing function is also non-decreasing, every decreasing function is
also non-increasing and every strictly monotonic function is also monotonic. A function that is
both non-increasing and non-decreasing is constant and a function that is both increasing and
decreasing does not exist.

x

y

M

f

Fig. 17a

x

y

M

f

Fig. 17b
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f

Fig. 18a

x
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M
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Fig. 18b

A strictly monotonic function is one–to–one, hence the inverse function exists.

III.2.13. Theorem.

If f is an increasing function then the inverse function f−1 is also increasing.

An analogous theorem also holds for decreasing functions. Try to prove both theorems (i.e. for
functions increasing and decreasing) for yourself .

III.2.14. Even, odd and periodic functions.

Function f is called even (respectively odd) if ∀ x ∈ D(f) : −x ∈ D(f) and f(−x) =
f(x) (respectively f(−x) = −f(x)).

Function f is called periodic with period ω if ∀ x ∈ D(f) : x ± ω ∈ D(f) and
f(x± ω) = f(x).

The graph of an even function is symmetric with respect to the y–axis and the graph of an
odd function is symmetric with respect to the origin. For example, the function f(x) = x2 is
even and the function g(x) = x3 is odd.

III.3. Some concrete functions
III.3.1. Basic elementary functions.

The following functions are known from the high school:

a) The constant function: f(x) = c (where c ∈ R ),
b) The linear function: f(x) = kx+ q (where k, q ∈ R and k ̸= 0 ),
c) The power function: f(x) = xα (where α ∈ R ),
d) The function sine: f(x) = sin x,
e) The function cosine: f(x) = cos x,
f) The function tangent: f(x) = tan x,
g) The function cotangent: f(x) = cotan x,
h) The exponential function with base a (where a > 0 ): f(x) = ax,
i) The logarithmic function with base a (where a > 0, and ̸= 1 ): f(x) = loga x.

The functions sine, cosine, tangent and cotangent are called trigonometric functions. Re-
view for yourself the properties of these functions (i.e. their domains, ranges, graphs, important
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formulas, where they are increasing, decreasing, etc., what are their suprema, infima, possibly
also maxima and minima, etc.).

The following paragraphs are devoted to some other important functions: the polynomial
function (paragraph III.3.2), exponential and logarithmic functions with base e (where e is the
so called Euler number – paragraph III.3.3) ans with the inverse trigonometric functions (para-
graphs III.3.5 – III.3.6). In paragraph III.3.4, we return to the power function.

III.3.2. Polynomial.

The constant and linear functions are special cases of the so called polynomial function. This
function is usually shortly called a polynomial. The polynomial of degree n is a function of the
form

P (x) = an x
n + an−1 x

n−1 + an−2 x
n−2 + . . . + a1 x + a0

(where an, an−1, . . . , a0 are real numbers and an ̸= 0. ) Particularly, if n = 1 then P is the
linear polynomial (= linear function), if n = 2 then P is the so called quadratic polynomial
(= quadratic function) and if n = 3 then P is said to be the cubic polynomial (= the cubic
function). The graph of the linear function is a straight line, the graph of the quadratic function
is a parabola and the graph of the cubic function is the so called cubic parabola. You can see the
graph of the quadratic polynomial x2−2x−3 on Fig. 19a and the graph of the cubic polynomial
x3 − 2x2 − 5x+ 6 on Fig. 19b. The graphs intersect the x–axis at points, whose x–coordinates
are called the roots of the considered polynomials. (The roots can be evaluated by solution of
the quadratic equation x2−2x−3 = 0, respectively the cubic equation x3−2x2−5x+6 = 0.)

x

y

−1 0 1 3

−3

−4

y = x2 − 2x− 3

Fig. 19a

x

y

−2

−0.79

0 1

2.12

3

8.21

−4.06

2
3

2.07

y = x3 − 2x2

−5x+ 6

Fig. 19b

III.3.3. The Euler number e. The exponential and logarithmic function with base e.

Due to the reasons, which are explained in paragraph III.4.13, the “most important” of all expo-
nential functions is the function ex, where e is the so called Euler number. This number has
the property that the angle between the tangent line to the graph of ex at the point x = 0 and
the x–axis is 45◦. The number e is irational and its approximate value is 2.718. It is, similarly
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as Ludolf’s number π, one of the most frequently used numbers in today’s mathematics. In the
past many formulas were found by which one can express e. For example:

e = lim
n→+∞

(
1 +

1

n

)n

or e =
1

0!
+

1

1!
+

1

2!
+

1

3!
+ . . . .

Instead of ex we often also write exp x.
The logarithmic function with the general base a (a > 0, a ̸= 1), i.e. the function loga x,

is defined to be the inverse function to ax. Particularly, the logarithmic function with base e is
the inverse function to ex. This logarithmic function is called the natural logarithm and instead
of loge x, it is usually denoted by ln x.

The graphs of both the functions ex and ln x are sketched on Fig. 20.

x

y

0

45◦

y = ln x

1

y = ex

1

ee

e

Fig. 20

It follows from the definition of the natural logarithm (i.e. from the fact that it is the inverse
function to the exponential function y = ex) that ln ex = x for all x ∈ R, and elnx = x for
all x > 0. (This corresponds to the definition, which is mostly used in the high schools: lnx is
such a number that e, raised to power lnx, equals x.)

III.3.4. Power function.

Let us study in greater detail the function f(x) = xα. Its domain as well as its behavior depend
essentially on the number α.

◦ If α is a nonnegative integer then D(f) = R. (The example is the function x3.)

◦ If α is a negative integer then D(f) = (−∞; +∞)\{0}. (The example is x−2.)

◦ If α is not an integer then it is usual in scientific literature to put D(f) = (0;+∞). The rea-
son is that for α not being an integer, one can define xa by the formula xα = exp (ln xα) =
exp (α · ln x) and ln x has a sense only for x > 0.
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◦ However, for some non–integer numbers α, the definition of the function xα can be ex-
tended in a reasonable way: For α > 0, we put 0α = 0 and the domain of xα thus
becomes the interval ⟨0;+∞).

◦ For those α that are rational and can be therefore expressed as
p

q
, where p, q are indivisible

and q is odd, one can also define xα for x < 0 – we can show it for example for α =
1

3
and x = −8 : (−8)

1
3 = 3

√
−8 = − 3

√
8 = −2.

You can see the graphs of two concrete power functions x
1
2 (the square root) and x−1 (the

inverse proportionality) on Fig. 21a and Fig. 21b.

x

y

0 1 4

1
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y =
√
x

Fig. 21a

x

y

0 1

1

−1

−1

y =
1

x

Fig. 21b

In connection with the function “square root” (Fig. 21a), we draw the reader’s attention to the
difference between the square root of a2 and solution of the quadratic equation x2 = a2 (for
given a ̸= 0): While

√
a2 = |a|, the equation x2 = a2 has two solutions x1, 2 = ±

√
a2 =

±|a| = ±a. Think for yourself about this simple fact and substitute some concrete values of a,
e.g. a = 2 and a = −2 to the square root and the quadratic equation.

III.3.5. Inverse trigonometric functions arcsinx (arcussine) and arccos x (arcuscosine).

The function sine is not one–to–one. Hence the inverse function to sine does not exist. However,
the restriction of the function sine to the interval

〈
−π
2
;
π

2

〉
is one–to–one. The inverse function

to this restriction is called arcussine and denoted by arcsin . The domain of arcussine is the
interval ⟨−1; 1⟩ and the range is the interval

〈
−π
2
;
π

2

〉
. Thus, for x ∈

〈
−π
2
;
π

2

〉
and y ∈

⟨−1; 1⟩ we have: y = sinx ⇐⇒ x = arcsin y.
You can see a part of the graph of the function sine (the so called sinusoid) on Fig. 22a,

with the restriction to the interval
〈
−π
2
;
π

2

〉
drawn thickly. The graph of the restriction and the

graph of the function arccussine are drawn in greater detail on Fig. 22b.
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Fig. 22a
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Fig. 22b

Similarly, the inverse function to the restriction of the function cosine to the interval ⟨0; π⟩
is called arcuscosine and denoted by arccos . Its domain is the interval ⟨−1; 1⟩ and the range
is the interval ⟨0;π⟩. Thus, for x ∈ ⟨0; π⟩ and y ∈ ⟨−1; 1⟩ we have:
y = cos x ⇐⇒ x = arccos y.

A part of the graph of the function cosine with the thickly marked restriction to the interval
⟨0; π⟩ is drawn on Fig. 23a. The graph of the restriction and the graph of the inverse function
arcuscosine are drawn in greater detail on Fig. 23b.
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Fig. 23a
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∣∣
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Fig. 23b

III.3.6. Inverse trigonometric functions arctan x (arcustangent) and arccotan x (arcus-
cotangent).

The inverse function to the restriction of the function tangent to the interval
(
−π
2
;
π

2

)
is called

arcustangent and denoted by arctan. Its domain is the interval (−∞; +∞) and the range is the
interval

(
−π
2
;
π

2

)
. Thus, for y ∈ (−∞; +∞) and x ∈

(
−π
2
;+

π

2

)
we have: y = tan x ⇐⇒
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x = arctan y.
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Fig. 24a
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A part of the graph of the function tangent with the marked restriction to the interval
(
−π
2
;+

π

2

)
is drawn on Fig. 24a. The graph of this restriction and the graph of the inverse function arcus-
tangent are drawn on Fig. 24b.

The inverse function to the restriction of the function cotangent to the interval (0;π) is
called arcuscotangent and denoted by arccotan . Its domain is the interval (−∞; +∞) and
the range is the interval (0; π). Sketch the graph of the considered restriction of the function
cotangent and the graph of the inverse function arcuscotangent yourself!

Note that instead of arcsin, arccos, arctan and arccotan, one can often also find the notation
sin−1, cos−1, tan−1 and cotan−1 in literature, which might be confused with reciprocate value
and therefore we will not use such notation.

III.3. Limit and continuity of a function
III.3.1. Example.

The domain of the function f(x) =
ex − 1

x
is the set R \ {0}. The following table shows

function values of f at some points x :

x −1 −0.2 −0.05 −0.001 0.001 0.05 0.2 1

f(x) 0.6320 0.9060 0.9754 0.9995 1.0005 1.0254 1.1070 1.7182

It is seen from the table that f(x) “approaches” one as x “approaches” zero. This fact, which
we have expressed only on an intuitive level so far, can be precisely described by means of the
notion of the “limit of a function”.
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III.3.2. The limit of a function.

Assume that c ∈ R∗ and the domain of function f contains some reduced neighborhood
P(x0). If for each sequence {xn} in P(x0) the implication

xn → x0 =⇒ f(xn) → a,

is true, then we say that function f has the limit equal to a at point x0.
We write: lim

x→x0

f(x) = a.

You will see later that the limit from example III.3.1 is indeed: lim
x→x0

ex − 1

x
= 1.

III.3.3. Remark.

Neither the existence nor the value of the limit of function f at the point x0 depends on whether
the point x0 belongs to D(f). If x0 belongs to D(f) then the function value f(x0) does not
affect the existence and the value of the limit of f at point x0. The existence and the value of
this limit are exclusively given by the behavior of function f in the reduced neighborhood of
point x0 and not at point x0 itself!

The limit, whose value is a finite real number, is called a proper limit. The limit, whose
value is +∞ or a = ∞, is called an improper limit.

The following theorem is an easy consequence of Theorem III.1.8.

III.3.4. Theorem.

Function f can have at any point x0 ∈ R∗ at most one limit.

III.3.5. Example.

Function f(x) = sin x has no limit at +∞. Actually, if it had a limit (equal a ), then for
each sequence {xn} in R the implication xn → ∞ =⇒ sin xn → a would have to be
true. However, for example the sequence {xn}, where xn =

π

2
+ nπ, does not satisfy this

implication. This sequence has the limit +∞, but the sequence {sin xn} (i.e. the sequence
{(−1)n} ) has no limit.

It would be very clumsy and inefficient always to evaluate limits from their definition (i.e. by
means of limits of sequences). For this reason we will show more effective procedures in this
chapter. The following theorem is very important. It concerns the limit of a sum, a difference,
a product and a quotient of two functions and it can easily be proved by means of Theorem
III.2.13. To save space (and to avoid writing almost the same thing four times), we use the
symbol “⊛” which has the meaning of any of the symbols “+”, “−”, “ · ” and “/” here. (This
means that you can replace “⊛” by any of the symbols “+”, “−”, “ · ”, “/” and you obtain a
valid theorem.)

III.3.6. Theorem.

Let lim
x→x0

f(x) = a and lim
x→x0

g(x) = b. Then

lim
x→x0

(
f(x) ⊛ g(x)

)
= a ⊛ b

(if the expression a ⊛ b has a sense).
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III.3.7. Example.

lim
x→2

(3x2 + 2x− 1) = lim
x→2

(3x2) + lim
x→2

(2x) − 1 = 12 + 4− 1 = 15

III.3.8. Remark.

If for example lim
x→x0

f(x) = lim
x→x0

g(x) = +∞ then the limit lim
x→x0

f(x)

g(x)
cannot be computed

by Theorem III.3.6 because the expression
+∞
+∞

has no sense.

III.3.9. Remark.

It can be shown that if lim
x→x0

f(x) = a > 0, lim
x→x0

g(x) = 0 and g(x) > 0 for all x from some

reduced neighborhood P(x0), then lim
x→x0

f(x)

g(x)
= +∞. The limit of the quotient

f(x)

g(x)
cannot

be evaluated by means of Theorem III.3.7 (because the fraction
a

0
has no sense); nevertheless

since f(x) approaches the positive number a as x → x0 and g(x) approaches 0 from the

right side, i.e. from the domain of positive numbers, the quotient
f(x)

g(x)
approaches +∞. A

similar reasoning can also be used in the case when a < 0 or g(x) < 0 for all x ∈ P(x0).

III.3.10. Example.

lim
x→0

1

x2
= +∞ – this is the consequence of Remark III.3.9.

Some other methods and examples will be discussed in this chapter after the notion “con-
tinuity of a function”. Moreover, the so called l’Hospital rule will be explained in paragraph
III.5.36; you will appreciate it as a useful aid for evaluations of limits of a quotient of two
functions.

III.3.11. One–sided limits.

Suppose that x0 ∈ R and the domain of function f contains some right neighborhood
P+(x0). If for every sequence {xn} in P+(x0) the implication

xn → x0 =⇒ f(xn) → a,

holds, then we say that function f has the right–hand limit equal to a at point x0. We
write: lim

x→x0+
f(x) = a.

One can analogously define for x0 ∈ R the notion of the left–hand limit of function f
at point x0. We write: lim

x→x0−
f(x) = a.

Comparing these definitions with the definition of the “both–sided” limit of a function
(paragraph III.3.2), we obtain the following theorem:

III.3.12. Theorem.

Function f has a limit equal to a at the point x0 ∈ R if and only if it has a right–hand
limit and the left–hand limit at point x0 and they are both equal to a.

Theorems analogous to Theorems III.3.4 and III.3.7 also hold for one sided limits.
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III.3.13. Remark.

We can also formulate a theorem analogous to Theorem III.1.17 for the limit of a function. (It
can also be called “the sandwich theorem”.) Roughly speaking, the theorem says the following:
If the graph of function f is closed between the graphs of functions g and h on some reduced
neighborhood P(x0) and if both functions g, h have for x → x0 the same limit equal to a,
then function f also has for x → x0 the limit equal to a. Try to formulate and to provide a
precise proof of this theorem and the version of it that concerns one sided limits!

III.3.14.∗ Remark.

To conclude the part about the limits of functions, let us return to the definition of the limit once
again. There exist more equivalent definitions which have been formulated in the process of
development of the differential calculus. Try to verify for yourself that the fact that lim

x→x0

f(x) =

a can also be defined in this way:
∀ U(a) ∃ P(x0) ∀ x ∈ R : x ∈ P(x0) =⇒ f(x) ∈ U(a),

or in the case when x0 and a are numbers from R also in the other way:
∀ ϵ > 0 ∃ δ > 0 ∀ x ∈ R : 0 < |x− x0| < δ =⇒ |f(x)− a| < ϵ.

III.3.15. Continuity of a function – motivation.

You can see graphs of two functions in Fig. 25a and Fig. 25b. The difference between these
graphs is apparent: while the graph of function f can be drawn by one motion of a pen, without
lifting it from the paper, the graph of function g is “disconnected” at the point x = x0. Rather
than speaking of whether the graph of some function is or is not “connected” at point x0 , one
speaks in mathematics about the so called “continuity” or “discontinuity” of the function at
point x0.

x x

y y

x0

f

x0

g

Fig. 25a Fig. 25b

III.3.16. Continuity of a function at the point.

We say that function f is continuous at the point x0 ∈ D(f) if

(III.3.1) lim
x→x0

f(x) = f(x0).

III.3.17. Remark.

If you read this definition and definition III.3.2 carefully, you can see that function f can be
continuous at point x0 only if it is defined in some neighborhood of x0 (i.e. if D(f) contains
some neighborhood U(x0) ).

Index 69 List of selected symbols



Contents III. Differential calculus

Function g in Fig. 25b has the right– hand limit different from the left– hand limit at point
x0; hence its “both–sided” limit at point x0 does not exist (see Theorem III.3.12). Thus the
equality (III.3.1) does not hold and, consequently, function g is not continuous at the point x0.

III.3.18. Right continuity and left continuity.

Function f is called right continuous (respectively left continuous) at the point x0 ∈
D(f), if

lim
x→x0+

f(x) = f(x0) (respectively lim
x→c−

f(x)x0 = f(x0) ).

The following assertion is an easy consequence of Theorem III.3.12: Function f is
continuous at point x0 if and only if it is right and left continuous at this point.

III.3.19. Example.

The function y =
√
x is not continuous at the point x0 = 0 because it is not defined in any left

neighborhood of point x0. However, this function is right continuous at the point x0 = 0.

III.3.20. Continuity on an interval.

Let I be an interval in R which is a part of the domain of function f . We say that f is
continuous on the interval I , if

a) f is continuous in every interior point of the interval I ,
b) f is right continuous at the left end point of I (if this point belongs to I ),
c) f is left continuous at the right end point of I (if this point belongs to I ).

III.3.21. Example.

The function f(x) = 3x2 + 2x − 1 is continuous in R. To verify this fact, it is necessary
to show that function f is continuous at each point x0 ∈ R (because D(f) = R ). Thus, let
x0 be an arbitrarily chosen point from R and let {xn} be an arbitrary sequence of numbers
from R, such that lim

n→+∞
xn = x0. We need to show that lim

n→+∞
f(xn) = f(x0), i.e.

lim
n→+∞

(3x2n+2xn− 1) = 3x20+2x0− 1. By Theorem III.3.7 we get: lim
n→+∞

(3x2n+2xn− 1) =

lim
n→+∞

3x2n + lim
n→+∞

2xn − lim
n→+∞

1 = 3 ·
(

lim
n→+∞

xn

)2

+ 2 · lim
n→+∞

xn − 1 = 3x20 + 2x0 − 1.

It would be too laborious if we were always to investigate the continuity of a given function
in the way that we have just shown. This can be done much more effectively for example by
means of Theorems III.3.22, III.3.23 and III.3.25.

III.3.22. Theorem.

Polynomials, trigonometric functions (i.e. the functions sine, cosine, tangent, cotangent), in-
verse trigonometric functions (i.e. the functions arc sine, arc cosine, arc tangent, arc cotangent),
power function, exponential function and logarithmic functions are all continuous functions in
each interval which is a part of their domain.

III.3.23. Remark.

If you sketch the graph of function tangent, you can see that function tangent is continuous in
each interval of the type

(
−π
2
+ kπ;

π

2
+ kπ

)
(where k is an integer). Function tangent is not

continuous at the points
π

2
+ kπ (where k is an integer). However, this is not a contradiction
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with the assertion of Theorem III.3.22 because the points
π

2
+ kπ do not belong to the domain

of function tangent.

III.3.24. Theorem (on continuity of the sum, the difference, the product, the quotient and
the absolute value).

If functions f and g are continuous at point c, then also the functions f +g, f −g, f ·g, and

|f | are continuous at point c. If, in addition, g(c) ̸= 0 then the function
f

g
is also continuous

at point c.
(This part of the theorem is also valid in the case when we replace “continuity at point c”

by “right continuity at point c” or by “left continuity at point c”.)
If functions f and g are continuous on the interval I then the functions f+g, f−g, f ·g

and |f | are also continuous in the interval I. If, in addition, g(x) ̸= 0 for all x ∈ I then the

function
f

g
is also continuous on the interval I .

III.3.25. Theorem (on continuity of a composite function).

If function g is continuous at point x0 and function f is continuous at point g(x0) then the
composite function f ◦ g is continuous at point x0.

If function g is continuous on the interval I, function f is continuous on the interval J
and g(I) ⊂ J then the composite function f ◦ g is also continuous on the interval I .

Continuous functions have many interesting and important properties. We will show at
least some of them in the following theorems. The theorems have an understandable geometric
meaning. Try to illustrate it on appropriate figures for yourself.

III.3.26. Darboux’ theorem.

If function f is continuous on an interval I and x1, x2 are any two points from I then to any
given number η between f(x1) and f(x2) there exists a point ξ between x1 and x2 such
that f(ξ) = η.

III.3.27. Remark.

The above theorem is often also called “the intermediate value theorem”. It is logical, because
the theorem says that if f is continuous on the interval I and v1, v2 are its two arbitrary values
in I (i.e. v1, v2 ∈ f(I) ), then f takes on every value between v1 and v2 in I .

As an easy consequence of Theorem III.3.28, we can assert: If f is a continuous function
on the interval I then f(I) is also an interval or it is a one point set. (Thus, the range of
function f on I is “connected”.)

III.3.28. Theorem (on continuity of the inverse function).

If function f is continuous and one–to–one on the interval I and f(I) = J then the inverse
function f−1 is continuous on the interval J .

III.3.29. Theorem (on the existence of maximum and minimum).

A function which is continuous on a closed bounded interval ⟨a; b⟩ has its maximum and
minimum on this interval. (Thus, max

x∈⟨a;b⟩
f(x) and min

x∈⟨a;b⟩
f(x) exist.)
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III.3.30. Theorem.

Let function f be continuous at point x0. If f(x0) > 0 then there exists a neighborhood
U(x0) such that f(x) > 0 for all x ∈ U(x0).
P r o o f :
We show the proof by contradiction, which is simple and illustrative. Suppose first that the
theorem is not true. Then in every neighborhood U(x0), one can find a point x such that
f(x) ≤ 0. Since U(x0) can be taken smaller and smaller, for example U(x0) = U 1

n
(x0),

one gets a sequence {xn} such that [xn → x0 ] ∧ [ f(xn) ≤ 0 for all n ∈ N ]. It follows
from the continuity of f at the point x0 that f(xn) → f(x0). The sequence {f(xn)} is a
sequence of non–positive numbers; such a sequence cannot have a positive limit. This is the
desired contradiction with the assumption f(x0) > 0. Thus, the theorem is true.

One can analogously prove that if function f is continuous at point x0 and f(x0) < 0
then there exists a neighborhood U(x0) such that f(x0) < 0 for all x ∈ U(x0).

III.3.31. Remark.

Let us now turn our attention to evaluations of limits of functions again. It follows immediately
from the definition of the notion “continuity at the point” (see paragraph III.3.16) and from
Theorem III.3.23 that if f is any of the functions named in Theorem III.3.23 and x0 is an
interior point of the domain of f, then lim

x→x0

f(x) = f(x0).

The following theorems can also be often used.

III.3.32. Theorem (1st theorem on limit of a composite function).

Let lim
x→x0

g(x) = λ, λ ∈ R and let function f be continuous at point λ.

Then lim
x→x0

f(g(x)) = f(λ).

III.3.33. Example.

Let us evaluate lim
x→0

exp (1 − x2). The inside function, i.e. the function g(x) = 1 − x2,

has the limit equal to 1 at the point x = 0. The outside function, i.e. the function f(y) =
exp y, is continuous at the point y = 1 and its value at this point is exp 1 = e. So we have:
lim
x→0

exp (1− x2) = e.

III.3.34. Theorem (2nd theorem on the limit of a composite function).

Let lim
x→x0

g(x) = +∞ (respectively −∞ ). Let lim
y→+∞

f(y) = L (respectively

lim
y→−∞

f(y) = L ). Then lim
x→x0

f(g(x)) = L.

III.3.35. Remark.

Theorems III.3.32 and III.3.34 remain valid even if we modify them in such a way that we
replace limits for x→ x0 by one–sided limits, taken for x→ x0+ or x→ x0−.

III.3.36. Example.

Evaluate the limit lim
x→1+

arctan
x

x− 1
. The inside function g(x) =

x

x− 1
has the right–hand

limit equal to +∞, at point 1. (The numerator x has the limit 1, the denominator x− 1 has the
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limit 0 and it tends to zero from the right, i.e. from the domain of positive numbers. Hence the
limit of

x

x− 1
is +∞.) The outside function arc tangent has the limit equal to

π

2
at +∞. Hence

we obtain: lim
x→1+

arctan
x

x− 1
=
π

2
.

III.3.37. Example.

Evaluate the limit lim
x→0

sin x

x
. Let us first deal with the right–hand limit. If x belongs to a

right neighborhood of 0, for example to the interval
(
0;
π

2

)
, then sin x ≤ x and x ≤ tan x.

Thus, for these x, we have:
sin x

x
≤ x

x
≤ 1,

sin x

x
=

tan x

x
cos x ≥ cos x.

So the function
sin x

x
is “closed” between the function cosx (from below) and the constant

function 1 (from above) for x ∈
(
0;
π

2

)
. Since lim

x→0+
cos x = 1 and lim

x→0+
1 = 1, we also

have: lim
x→0+

sin x

x
= 1. (See Remark III.3.13.) We can show similarly that the left– limit is

also equal to one. Applying Theorem III.3.12, we finally get:

lim
x→0

sin x

x
= 1.

We will show another, simpler, method of evaluation of this limit in paragraph III.5.36. (It
will be based on the so called l’Hospital Rule.) Nevertheless, we regard the procedure used here
as instructive, too.

III.3.38. Problems.

Evaluate the following limits.

a) lim
x→+∞

x2 − 2x+ 100

3x2 + 15x− 5
b) lim

x→3
(x3 + 2x− 7) c) lim

x→0+

1√
x

d) lim
x→1−

arccos x e) lim
x→−1

x5 + x3 − x+ 1

x4 − 2x+ 1
f) lim

x→2

(
8

x2 − 4
− 2

x− 2

)
g) lim

x→−3

√
4 + x− 1

x+ 4
h) lim

x→−∞
(x5 − 2x2) i) lim

x→+∞
(x5 − 10x4 + 155)

j) lim
x→0

ln

(
x+ 1

x

)
k) lim

x→+∞

√
x+

√
x− 1

3
√
x−

√
x

l) lim
x→+∞

x · sin x

m) lim
x→−∞

arccotan x n) lim
x→+∞

sin x

x
o) lim

x→+∞

√
x ·
(√

x− 3−
√
x
)

R e s u l t s :
1

3
a) 26b) +∞c) 0d)

0e) −1

2
f) 0g) −∞h)

+∞i) does not existj) −1k) does not existl)

πm) 0n) does not exist.o)
(We will return to evaluation of some types of limits in paragraphs III.5.34–III.5.36.)
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III.4. Derivative of a function

If you are an astronomer, it is important for you not only to know the immediate position
of the objects you observe, but also to have some information about the rate of change of this
position. If you are sitting in a moving car, it is not the velocity itself that causes the power
effects you feel, but the changes in velocity. If you own shares in a company, it is not only
today’s price that interests you, but also the rate of change of the price – i.e. whether and
how fast their value is increasing or decreasing. These simple examples can be generalized:
important information about a function involves not only its value at one or more points, but
also the rate of change (growth or decay) of the value at a given point (or points). The necessity
to express the rate of growth or decay of a function leads to the introduction of the notion of the
derivative.

We will describe two concrete situations that lead in a natural way to the derivative of
a function. However, there exist many more applications and possible interpretations of this
notion in miscellaneous scientific disciplines.

III.4.1. Geometrical motivation.

The rate of change of function f at point x0 can be expressed by the slope of the tangent to
the graph of f at the point X0 = [ x0; f(x0) ]. How to find this slope? We choose another,
“variable” point X = [ x0 + h; f(x0 + h) ] on the graph of f. The straight line X0X has the
slope

tan α =
f(x0 + h)− f(x0)

h
.

If there exists a limit of this expression as h → 0 then the slope of the tangent to the graph of
f at the point X0 is equal to its value.

x

y

x0 x0 + h

f(x0)

f(x0 + h)

α′

α′

α

f

X0

X

tangent secant

Fig. 26

III.4.2. Physical motivation.

Suppose that a mass point moves on a straight line. The position of the mass point at time t
is s(t). The distance which is run by the mass point during the time interval ⟨t0; t0 + h⟩ is
s(t0 + h)− s(t0) and so the average velocity of the mass point in this time interval is equal to
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s(t0 + h)− s(t0)

h
.

If there exists a limit of this expression as h→ 0 then its value is called the instantaneous velocity
of the moving point at time t0.

III.4.3. Derivative of a function.

If there exists a finite limit

(III.4.1) lim
h→0

f(x0 + h)− f(x0)

h
,

then its value is called the derivative of function f at the point x0 and it is denoted by f ′(x0).
A function which has a derivative at point x0 is said to be differentiable at x0.
A function which assigns to each x ∈ D(f) the derivative f ′(x) (if the derivative at the

point x exists) is called the derivative of function f and it is denoted by f ′. The domain of the
function f ′ satisfies: D(f ′) ⊆ D(f).

III.4.4. Remark.

If we denote x = x0 + h then we can also write the limit (III.4.1) in the form

lim
x→x0

f(x)− f(x0)

x− x0
.

If function f is given by the equation y = f(x), then the derivative of f is, except for f ′,
often also denoted by the symbols

df

dx
,

d

dx
f, y′,

dy

dx
.

III.4.5. The tangent line to the graph of a function.

Suppose that x0 ∈ D(f). If function f has the derivative k = f ′(x0) at the point x0
then the tangent to the graph of f at the point [ x0; f(x0) ] is the straight line which is
given by the equation y − f(x0) = k · (x− x0) that can be rewritten as

y = f(x0) + f ′(x0) · (x− x0) .

III.4.6. The velocity of motion.

Let us return to the situation described in paragraph III.4.2. We can see that it is natural to
define the velocity of a moving mass point at time t0 as the derivative of the position function
s at time t = t0.

III.4.7. The right derivative and the left derivative.

If there exists a finite one–sided limit

lim
x→x0−

f(x)− f(x0)

x− x0

(
respectively lim

x→x0+

f(x)− f(x0)

x− x0

)
,

then the value of this limit is called the left derivative (respectively the right derivative ) of
function f at the point x0 and we denote it by f ′

−(x0) (respectively by f ′
+(x0) ).

It follows immediately from Theorem III.3.12 that f ′(x0) = k ⇐⇒ f ′
−(x0) = f ′

+(x0) = k.
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III.4.8. Theorem.

If function f has a derivative at the point x0 then it is continuous at this point.
If function f has a left derivative (respectively a right derivative) at the point x0 then it is

left continuous (respectively right continuous) at this point.

P r o o f :
We show only the proof of the first part of the theorem. The proof of the second part could be

performed analogously.
It follows from the existence of the derivative f ′(x0) that function f is defined in some

neighborhood U(x0). For x ∈ P(x0), we can write: f(x) = f(x0) +

{
f(x)− f(x0)

x− x0

}
·

(x − x0). The expression in braces (i.e. { . . . } ) approaches f ′(x0) as x → x0 and (x − x0)
approaches 0 as x→ x0. By Theorem III.3.7, we get

lim
x→x0

f(x) = f(x0) +
f(x)− f(x0)

x− x0
· (x− x0) = f(x0) + f ′(x0) · 0 = f(x0).

This means that function f is continuous at the point x0.

If no confusion can arise then we shall further write only x instead of x0.

III.4.9. Remark.

As an immediate consequence of Theorem III.4.8, we can formulate the following assertion:
Let I be an interval with end points a, b and let a < b. Let function f be differentiable at
each point x ∈ (a; b), let there exist f ′

+(a) (if a belongs to I ) and let there exist f ′
−(b) (if

b ∈ I). Then function f is continuous on the interval I .

III.4.10. Theorem.

Let functions f and g be differentiable at point x and let c ∈ R. Then the functions
c ·f , f +g, f −g and f ·g are also differentiable at point x and the following formulas
hold:

a) ( c · f )′ (x) = c · f ′(x), b) ( f + g )′ (x) = f ′(x) + g′(x),
( f − g )′ (x) = f ′(x)− g′(x), d) ( f · g )′ (x) = f ′(x) · g(x) + f(x) · g′(x).

If, in addition, g(x) ̸= 0, then the quotient
f

g
also has a derivative at the point x and it

can be expressed by the formula:

e)
(
f

g

)′

(x) =
f ′(x) · g(x)− f(x) · g′(x)

g2(x)
.

P r o o f :
All formulas follow from (III.4.1). We show the derivation of only one of them, for example of
the formula from item d).

( f · g )′ (x) = lim
h→0

(
f · g

)
(x+ h)−

(
f · g

)
(x)

h
= lim

h→0

f(x+ h) · g(x+ h)− f(x) · g(x)
h

= lim
h→0

f(x+ h) · g(x+ h)− f(x) · g(x+ h) + f(x) · g(x+ h)− f(x) · g(x)
h

=

Index 76 List of selected symbols



III. Differential calculus Contents

= lim
h→0

f(x+ h)− f(x)

h
g(x+ h) + lim

h→0
f(x)

g(x+ h)− g(x)

h
=

= f ′(x) · g(x) + f(x) · g′(x).

III.4.11. Remark.

The formulas a) – e) from Theorem III.4.10 are often written down in such a way that instead
of f and g, one uses the denotation u and v and in order to simplify the formulas, one omits
(x). Then the formulas have the form:

a) (c · u)′ = c · u′, b) (u+ v)′ = u′ + v′, c) (u− v)′ = u′ − v′,

d) (u · v)′ = u′ v + u v′, e)
(u
v

)′
=
u′ v − u v′

v2
.

III.4.12. Derivatives of some elementary functions.

Evaluating the limit in (III.4.1) and applying the formulas a) – e) from Theorem III.4.10,
one can derive the concrete form of the derivatives of some elementary functions:

a) ( c )′ = 0 (c is the constant function.) b) (xα )′ = α · xα−1 (α ∈ R, α ̸= 0)
c) ( sinx )′ = cosx d) ( cos x )′ = − sin x

e) ( tan x )′ =
1

cos2 x
f) ( cotan x )′ = − 1

sin2 x

These formulas hold at all points x from the domain of the function that appears in the
formula. The exception is formula b) in the case when α ∈ (0; 1). In this case formula b)
has no sense for x = 0.

In the following, we present the derivation of one of the formulas a) – f), for example the
formula for the derivative of the function sine.

( sinx )′ = lim
h→0

sin (x+ h)− sin x

h
= lim

h→0

sin x · cos h+ cos x · sin h− sin x

h
=

= sinx · lim
h→0

cos h− 1

h
+ cos x · lim

h→0

sin h

h
= sin x · 0 + cos x · 1 = cos x

We have used the result of example III.3.37 (on the limit of the quotient
sin h

h
) and moreover,

we have also used the fact that lim
h→0

cos h− 1

h
= 0. This fact can be verified by a method

similar to that used in example III.3.37.

III.4.13. The derivative of the exponential function.

It was mentioned in paragraph III.3.3 that of all exponential functions ax (where a > 0 ), the
most often used is the function ex. The reason is the following: The number e was chosen so
that for a = e, the tangent to the graph of function ax at the point x = 0 has a slope equal
to one. Hence the derivative of the function ex at the point x = 0 is also equal to one, i.e.

lim
h→0

eh − 1

h
= 1. This has an important consequence for the derivative of the function ex at an

arbitrary point x:

(ex)′ = lim
h→0

ex+h − ex

h
= ex lim

h→0

eh − 1

h
= ex · 1 = ex.
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Thus, the function ex has the derivative which is equal to the function itself. It can be shown
that except for the functions of the type c · ex (where c is a constant), there exist no other
functions with this property.

III.4.14. Theorem (on the derivative of a composite function).

Suppose that the function g is differentiable at point x and function f is differentiable
at point g(x). Then the composite function y = f(g(x)) is differentiable at point x and
its derivative is

y′(x) = f ′(g(x)) · g′(x).

The above formula is often called the Chain Rule. The reason is that it can also be written
in the form

dy

dx
=

df

dg
· dg

dx
.

III.4.15. Example.

Evaluate the derivative of the function h(x) = (sin x)2. The function h is a composition
of two functions: inside g(x) = sin x and outside f(y) = y2. Thus, f ′(y) = 2y, i.e.
f ′(g(x)) = 2 g(x) = 2 sin x. Further, one has g′(x) = cos x. By Theorem III.4.14, we get
h′(x) = f ′(g(x)) · g′(x) = 2 sinx cosx.

III.4.16. Theorem (on the derivative of an inverse function).

Suppose that there exists an inverse function f−1 to function f . If y = f−1(x) and if
f has a non–zero derivative at point y, then the inverse function f−1 has a derivative at
point x. This derivative can be expressed by the formula

f ′
−1(x) =

1

f ′(y)
=

1

f ′(f−1(x))
.

III.4.17. Derivatives of further elementary functions.

Applying Theorems III.4.14, III.4.16 and already known formulas for derivatives of the
functions sin x, cos x, tan x, cotan x and ex, we can derive formulas for derivatives of
some further elementary functions:

a) ( arcsin x )′ =
1√

1− x2
b) ( arccos x )′ = − 1√

1− x2

c) ( arctanx )′ =
1

1 + x2
d) ( arccotan x )′ = − 1

1 + x2

e) ( ln x )′ =
1

x
f) ( ax )′ = ax · ln a (a > 0)

g) ( loga x )
′ =

1

x · ln a
(a > 0, a ̸= 1)

Formulas a) and b) are valid on the interval (−1; 1), c), d) and f) are valid on (−∞; +∞)
and e) and g) hold on (0;+∞).
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III.4.18. Remark.

If function f has a derivative at point x and if f(x) > 0, then the derivative of the function
ln f at point x can be evaluated by means of the Chain Rule (paragraph III.4.14):

( ln f(x) )′ =
1

f(x)
· f ′(x) =

f ′(x)

f(x)
.

The expression
f ′

f
is a so called logarithmic derivative of function f .

III.4.19. Example.

Evaluate the derivative of the composite function h(x) = (x2 + 7x − 1) sinx. The function h
can be expressed by means of the exponential function and the logarithmic function:

h(x) = exp
(
ln (x2 + 7x− 1) sinx

)
= exp

(
sin x · ln (x2 + 7x− 1)

)
.

This function is defined only for those x where x2 + 7x − 1 > 0. (Otherwise the expression
ln (x2 + 7x − 1) has no sense.) By solution of the inequality x2 + 7x − 1 > 0, we obtain:

x ∈ (−∞; x1) or x ∈ (x2; +∞), where x1 =
−7−

√
53

2
and x2 =

−7 +
√
53

2
. For

x ∈ (−∞;x1) or x ∈ (x2; +∞), we have:

h′(x) =
(
exp

(
sin x · ln (x2 + 7x− 1)

) )′
=

= exp′ ( sin x · ln (x2 + 7x− 1)
)
·
(
sin x · ln (x2 + 7x− 1)

)′
=

= exp
(
sin x · ln (x2 + 7x− 1)

)
·
(
cos x · ln (x2 + 7x− 1) + sin x · 2x+ 7

x2 + 7x− 1

)
=

= (x2 + 7x− 1) sinx ·
(
cos x · ln (x2 + 7x− 1) + sin x · 2x+ 7

x2 + 7x− 1

)
.

III.4.20. Improper derivative.

If the limit (III.4.1) exists, but its value is infinite, then we say that function f has at point x0
an improper derivative.

For example, the function f(x) = sgnx (having function values +1 for x > 0, 0 for
x = 0 and −1 for x < 0 ) has the improper derivative +∞ at the point x0 = 0. Draw the
graph of the function sgnx and verify it for yourself by evaluating the limit (III.4.1). It is seen
from this example that a function can have an improper derivative at some point and it need not
be continuous at this point.

If function f is continuous at point x0 and has an improper derivative at this point, then
the tangent to the graph of f at point x0 is a straight line perpendicular to the x–axis. This
straight line has the equation x = x0.

The readers should be aware that it is necessary to distinguish between the notions the
derivative (the finite value of the limit (III.4.1)) and the improper derivative (the infinite value
of the limit (III.4.1)). The notion “derivative” (without a more detailed specification) will in the
following refer only to the proper (i.e. finite) derivative.
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III.4.21. Differential of a function.

Suppose that function f is differentiable at
point x0 . Then the tangent line to the graph
of f at the point [x0; f(x0)] has the equa-
tion y = f(x0) + f ′(x0) · (x − x0). (See
paragraph III.4.5.) The linear function, de-
fined by this equation, represents the best
linear approximation of function f in the
neighborhood of x0. The function values of
f at points x from a small neighborhood of
x0 can be approximately calculated:

f(x) =̇ f(x0) + f ′(x0) · (x− x0).

x

y

f

f(x0 + dx)

x0 x0 + dx

f(x0)

f(x0) + dy

dx

dy

Fig. 27

(See Fig. 27.) Writing x = x0 +∆x, we obtain: f(x+∆x) =̇ f(x0) + f ′(x0) ·∆x. The term
f ′(x0) ·∆x is a so called differential of function f at the point x0. You can see that if x0 is fixed
then the differential depends on ∆x. The differential is denoted by dy or df .

One often writes only x instead of x0 and dx instead of ∆x. Using this denotation, we
have:

f(x+ dx) =̇ f(x) + dy where dy = f ′(x) · dx.

The differential is more interesting and more important in the theory of functions of more
variables.

III.4.22. Derivatives of higher orders.

The derivative of the second order of function f (we denote it f ′′ ) is the derivative of
the function f ′. By analogy, the derivative of the third order of function f (we denote it
f ′′′ ) is the derivative of the function f ′′, etc.
Following this notation, the derivative of the n–th order of function f is denoted by f (n).
f (0) denotes the function f itself.
Domains of function f and its derivatives satisfy the inclusions: D(f) ⊇ D(f ′) ⊇
D(f ′′) ⊇ D(f ′′′) ⊇ . . .

The derivative of the second order of the function y = f(x) is also often written down
in a way which is consistent with the denotation introduced in paragraph III.4.4:

d2f

dx2
,

d2

dx2
f, y′′,

d2y

dx2
.

Other higher order derivatives can also be denoted and written down analogously.

III.4.23. Leibniz’ formula.

The derivative of the n–th order of the product f ·g on the intersection of D(f (n)) and D(g(n))
can be expressed by the formula:(

f · g
)(n)

= f (n) · g +

(
n

1

)
· f (n−1) · g′ +

(
n

2

)
· f (n−2) · g′′ + · · ·+

(
n

n

)
· f · g(n).
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III.4.24. Problems.

Find derivatives of the following functions. (Don’t forget to specify their domains.)

a)
√
x · cos x b)

x2 − 1

x2 + 1
c)

1 + ln x

x
d) (x2 − 1) (x3 + 2x− 1) e) arcsin

√
x f) sin (1− cos x)

g) xx h) ln (ln x) i) ln (arctan x)

j) 22x+1 k) (3x− 1)2001 l) −x · cotan x+ ln (sinx)

m) arcsin2 x n) (ln x)x o) x · sin x2

p)
√
2x+ 1

R e s u l t s :

1

2
√
x
cos x−

√
x · sin x (for x > 0)a)

2x (x2 + 1)− (x2 − 1) 2x

(x2 + 1)2
(for x ∈ R)b)

− ln x

x2
(for x > 0)c) 2x (x2 + 2x− 1) + (x2 − 1) (3x2 + 2)

(for x ∈ R)
d)

1

2
√
x
· 1√

1− x
(for x ∈ (0; 1) )e) cos (1− cos x) · sinx (for x ∈ R)f)

xx · (ln x+ 1) (for x > 0)g)
1

ln x
· 1
x

(for x > 1)h)

1

arctan x
· 1

x2 + 1
(for x > 0)i) 2(2x+1) · 2 · ln 2 (for x ∈ R)j)

2001 · (3x− 1)2000 · 3 (for x ∈ R)k)
x

sin2 x
(for sin x > 0)l)

2 arcsin x√
1− x2

(for x ∈ (−1; 1) )m) (ln x)x ·
(
ln (ln x) +

1

ln x

)
(for x > 1)n)

sin x2 + 2x2 · cos x2 (for x ∈ R)o)
1√

2x+ 1
(for x > −1

2
).p)

III.4.25. Remark.

Mastering the differentiation of functions (i.e. computation of derivatives of functions) is one of
the most important tasks in your first term of study. It is therefore necessary to work individually
on a large number of examples on this theme. A lot of appropriate examples can be found e.g.
in [NK].
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III.5. Applications of derivatives, behavior of a function

III.5.1. Mean Value Theorem (Lagrange’s theorem).

Let function f be continuous on the closed interval ⟨a; b⟩ and let it be differentiable on the
open interval (a; b). Then there exists a point ξ ∈ (a; b) such that

f ′(ξ) =
f(b)− f(a)

b− a
.

III.5.2. Remark.

The geometric sense of the Mean Value Theorem is obvious from Fig. 28.

x

y

a bξ

f

f(a)

f(b)

A

B

Fig. 28

III.5.3. The interior of an interval.

If I is an interval in R, then the set of all interior points of this interval is called the
interior of I and it is denoted by I◦. Thus if for example I = (a; b⟩ then I◦ = (a; b).
If I = ⟨0; 1⟩, then I◦ = (0; 1), etc.

III.5.4. Theorem.

Let f be a continuous function on interval I. Then the following implications hold:
a) f ′(x) > 0 for all x ∈ I◦ =⇒ f is increasing on interval I .
b) f ′(x) ≥ 0 for all x ∈ I◦ =⇒ f is non–decreasing on interval I .
c) f ′(x) < 0 for all x ∈ I◦ =⇒ f is decreasing on interval I .
d) f ′(x) ≤ 0 for all x ∈ I◦ =⇒ f is non–increasing on interval I .
e) f ′(x) = 0 for all x ∈ I◦ =⇒ f is a constant function on interval I .

P r o o f :
We present only the proof of implication a) and all other cases are analogous. Let x1 and x2

be two arbitrary points from I such that x1 < x2. It follows from the Mean Value Theorem
that there exists a point ξ ∈ (x1; x2) such that f(x2) − f(x1) = f ′(ξ) · (x2 − x1). Since
(x2 − x1) > 0 and f ′(ξ) > 0 (the last inequality follows from the assumption of item a) ), we
get: f(x2)− f(x1) > 0, or f(x1) < f(x2). This means that function f is increasing on the
interval I . (Compare this with item a) from paragraph III.2.12.)
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III.5.5. Example.

Investigate intervals of monotonicity of the function f(x) = x3 − 3x.

Solution: The intervals of monotonicity are the intervals where the function is increasing or
decreasing, respectively non–decreasing or non–increasing.

The function f is defined and continuous on the interval (−∞; +∞). Its derivative is
f ′(x) = 3x2−3 (also for x ∈ (−∞; +∞)). Solving the inequalities f ′(x) > 0 and f ′(x) < 0,
we find:

3x2 − 3 > 0 ⇐⇒ x2 − 1 > 0 ⇐⇒ x ∈ (−∞;−1) or x ∈ (1;+∞),

3x2 − 3 < 0 ⇐⇒ x2 − 1 < 0 ⇐⇒ x ∈ (−1; 1).

This means that the function f is increasing on each of the intervals (−∞;−1) and (1;+∞)
and decreasing on the interval (−1; 1). (See Theorem III.5.4.) This is, however, not all: as the
function f is continuous “up to the end points” −1 and 1 on each of these intervals, i.e. it
is continuous on the intervals (−∞;−1⟩, ⟨1;+∞) and ⟨−1; 1⟩, the statements on the mono-
tonicity can be extended to the intervals, containing the end points. Thus, we may conclude:

a) Function f is increasing on each of the intervals (−∞;−1⟩ and ⟨1;+∞).
b) Function f is decreasing on the interval ⟨−1; 1⟩. (See Fig. 29.)

III.5.6. Remark.

Students often make the following mis-
take: They forget that Theorem III.5.4
holds on an interval and they find out
that f is continuous for example on
two intervals (−∞;−1⟩ and ⟨1;+∞)
and moreover, f ′ > 0 in the inte-
rior of both these intervals. Then they
conclude that function f is increasing
on the union (−∞;−1⟩ ∪ ⟨1;+∞).
However, this need not be true ! – see
e.g. the function f(x) = x3 − 3x.
(See Fig. 29.) It follows from Theorem
III.5.4 that f is increasing on each of
the intervals (−∞;−1⟩ and ⟨1;+∞)
only. There is no reason for f to be
continuous on the union (−∞;−1⟩ ∪
⟨1;+∞) !

x

y

f(x) = x3 − 3x

−
√
3

−1

1
√
3

2

−2

Fig. 29

III.5.7. Example.

Investigate intervals of monotonicity of the function f(x) = 1− x2 +
1

2
x4.

Solution: The function f is defined and continuous on the interval (−∞; +∞). Its derivative
is f ′(x) = −2x + 2x3 (also for x ∈ (−∞; +∞)). Solving the inequalities f ′(x) > 0 and
f ′(x) < 0, we obtain:

−2x+ 2x3 > 0 ⇐⇒ x (−1 + x2) > 0 ⇐⇒ x ∈ (−1; 0) or x ∈ (1;+∞),

−2x+ 2x3 < 0 ⇐⇒ x (−1 + x2) < 0 ⇐⇒ x ∈ (−∞;−1) or x ∈ (0; 1).
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Moreover, f is continuous “up to the
end points” on each of these intervals,
i.e. it is continuous on the intervals
⟨−1; 0⟩, ⟨1;+∞) and (−∞;−1⟩,
⟨0; 1⟩. Thus we may conclude:

a) Function f is increasing on the
intervals ⟨−1; 0⟩ and ⟨1;+∞).

b) Function f is decreasing on the
intervals (−∞;−1⟩ and ⟨0; 1⟩.
(See Fig. 30.)

x

y

f

−1 10

0.5

1

Fig. 30

III.5.8. Local extreme values of a function.

Suppose that function f is defined in some interval (a; b) containing point x0. We say
that f has a local maximum (respectively a local minimum) at point x0 if there exists a
reduced neighborhood R(x0) such that ∀ x ∈ R(x0) : f(x) ≤ f(x0) (respectively
∀ x ∈ R(x0) : f(x) ≥ f(x0) ).
If we replace the inequalities “≤ ” and “≥ ” by the sharp inequalities “< ” and “> ”,
we get the definitions of a so called strict local maximum, respectively a strict local
minimum.
Local maximum and local minimum are called local extreme values. Strict local maxi-
mum and strict local minimum are called strict local extreme values.
Instead of “extreme values”, we can also shortly say “extremes”.

Notice that the strict local extremes are special cases of the local extremes. Fig. 31 shows a
function f , which has strict local maxima at the points x1, x3, x5 and x7 and strict local minima
at x2, x4 and x6.

x4

loc. min

x5

loc. max

loc. min

loc. max

x1 x2 x3

f

x6

loc. max

loc. min

x7

loc. max

f

Fig. 31

III.5.9. Remark.

Obviously, strict local extreme values are special cases of local extreme values.
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To distinguish between extreme values of function f on its whole domain (defined in para-
graph III.2.9) and local extreme values, we often call a maximum (respectively a minimum) of
function f (in D(f) ) an absolute maximum (respectively an absolute minimum), or sometimes
a global maximum (respectively a global minimum).

The next theorem plays a fundamental role in the investigation of the local extreme values.

III.5.10. Theorem.

If function f has a local extreme value at point x0 and if f is differentiable at this point
then f ′(x0) = 0.

P r o o f :
We show the proof by contradiction. Suppose that f has a local extreme value at point x0,

and that the derivative f ′(x0) exists, but it is not equal to zero. Without loss of generality, we
can assume that, for example, f ′(x0) > 0. We are going to show that this is not possible.

It follows from the inequality f ′(x0) > 0 that there exists a > 0 such that

lim
h→0

f(x0 + h)− f(x0)

h
= a > 0.

Thus, for each sequence {hn} in D(f) such that hn → 0, it holds:

lim
n→+∞

f(x0 + hn)− f(x0)

hn
= a > 0.

This means (by definition III.1.4) that to every U(a) there exists n0 ∈ N such that for n ∈ N,

satisfying the inequality n ≥ n0, it holds:
f(x0 + hn)− f(x0)

hn
∈ U(a). If we choose

U(a) = (0; 2a) and put hn =
1

n
, we get:

0 <
f
(
x0 +

1
n

)
− f(x0)

1
n

< 2a.

Using only the first part of this inequality (i.e. 0 < . . . ), we can see that f
(
x0 +

1

n

)
> f(x0)

for n ≥ n0. However, this means that function f cannot have a local maximum at point x0 .

Similarly, by the choice hn = − 1

n
, we can show that function f cannot have a local minimum

at point x0 , either. This is the desired contradiction.
This proof is quite instructive. Sketch a graph of a function which has a positive derivative

at some point x0 and follow all steps of the proof in your figure!

III.5.11. Remark – necessary vs. sufficient condition.

Remember that the condition f ′(x0) = 0 (if the derivative f ′(x0) exists) is only a
necessary condition for the existence of a local extreme value of function f at point
x0 , but it is not a sufficient condition. This can be illustrated for instance by a simple
example: Function f(x) = x3 has a zero derivative at the point x0 = 0. Nevertheless,
it does not have a local extreme value at this point !
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III.5.12. More about the local extreme values.

The only points where function f can have a local extreme value in an interval I are
1) interior points of interval I where f ′ is equal to zero (see Fig. 31, the points x1,
x2, x3 and x6),

2) interior points of interval I where f ′ does not exist (see Fig. 31, the points x4, x5,
x7).

The word “can” is stressed because function f can, however does not necessarily need,
have its local extreme values at the mentioned points. This follows from Theorem III.5.10
and Remark III.5.11.

How to find the local extreme values of function f .
a) We find all points where f ′ equals zero or f ′ does not exist. These are the only

points where function f can take on a local extreme value.
b) We need to check whether function f really has a local extreme value in these

points and to specify whether it is a local maximum or a local minimum value. We
can apply one of the following procedures:

b1) Denote by x0 one of the points from item a). Assume that f is continuous
at the point x0. (This follows e.g. from the existence of the derivative – see
Theorem III.4.8.) If we find out, for instance, that f is increasing in some
left neighborhood of x0 and decreasing in some right neighborhood of x0 then
f obviously has a strict local maximum at the point x0. (Sketch a picture.)
On the other hand, if f is decreasing in some left neighborhood of x0 and
increasing in some right neighborhood of x0 then f has a strict local minimum
at x0.

b2) To recognize whether function f has a local extreme value at point x0 and
what is its type, one can also apply Theorem III.5.21. (You will see it later.)
Theorem III.5.21 uses the sign of the second derivative of f at the point x0.

III.5.13. Example.

Find local extreme values of the function f(x) = x2 ex.

The domain of the function f is the interval (−∞; +∞) and f is differentiable at each
point of this interval. Thus, if f has a local extremum at some point x0 , then it must be a
local extremum of type 1) from Remark III.5.12. So it must be f ′(x0) = 0. f ′ can easily
be expressed: f ′(x) = 2x ex + x2 ex = (2 + x)x ex. We put it equal to zero and we get the
equation (2 + x) x ex = 0. This equation has two roots: x1 = −2, x2 = 0. This means that
the points −2 and 0 are the only points where f can have a local extremum.

We can apply e.g. the procedure from item b1) in the previous paragraph to check whether
the function f really has a local extremum at some of the points −2, 0 and moreover, what
kind of local extremum it is. Solving the inequality f ′(x) = (2 + x)x ex > 0, we obtain:
x ∈ (−∞;−2) or x ∈ (0;+∞) and similarly, the inequality f ′(x) = (2 + x) x ex < 0 is
satisfied for x ∈ (−2; 0). Thus, the derivative f ′ is positive on the intervals (∞;−2) and
(0;+∞). Due to Theorem III.5.4, function f is increasing on each of these intervals. f ′ is
negative on the interval (−2; 0), so f is decreasing here. Since f is continuous at the point
−2, increasing on its left neighborhood and decreasing on its right neighborhood, it has a strict
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local maximum at the point −2. Similarly, f is continuous at the point 0, decreasing on its
left neighborhood and increasing on its right neighborhood, so it has a strict local minimum at
the point 0.

III.5.14. More about the absolute (= global) extreme values.

The only points where function f can have an absolute extreme value in an interval I
are

1) interior points of interval I where f ′ is equal to zero (see Fig. 32a),
2) interior points of interval I where f ′ does not exist (see Fig. 32b),
3) endpoints of interval I (if interval I is not open – see Fig. 32c).

a b

max

min

max

min

a b

min

max

a b

Fig. 32a Fig. 32b Fig. 32c

How to find the absolute extreme values of function f on interval I .
a) We find all interior points of interval I where f ′ equals zero or f ′ does not exist.

We add the endpoints of I (if the interval I is not open). These are the only points
where f can have an absolute extreme.

b) If we are sure that the absolute extreme values maxI f and minI f exist then we
calculate the values of f at the points from item a). The greatest one is maxI f
and the least one is minI f .
The knowledge about the existence of the absolute extreme values of function f in
interval I follows e.g. from Theorem III.3.29. (It says that if interval I is bounded
and closed and function f is continuous in I then the absolute extreme values of
f in I exist.)
If the assumptions of Theorem III.3.29 are not fulfilled then one has to apply a finer
analysis that can vary case from case in order to check whether function f has the
absolute extreme values in interval I . It can happen that the absolute extreme values
(or at least one of them) do not exist. (See also Remark III.2.11.)

III.5.15. Example.

f(x) = x2 +
16

x
− 16, I = ⟨1; 4⟩

Find absolute extreme values of the function f in the interval I (if they exist).

Solution: ⟨1; 4⟩ is a bounded and closed interval. The function f is continuous in this interval.
(It is obvious that f is continuous in (−∞; 0) ∪ (0;+∞).) Thus, by Theorem III.3.29, the
absolute extreme values max ⟨1;4⟩ f and min ⟨1;4⟩ f exist.

Function f is differentiable at all points x ∈ ⟨1; 4⟩ and its derivative is

f ′(x) = 2x − 16

x2
.
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The equation f ′(x) = 0 has a unique root: x = 2. Adding the endpoints of the interval ⟨1; 4⟩,
we obtain the set: x1 = 1, x2 = 2, x3 = 4. These are the only points where function f can
have the absolute extreme values in the interval ⟨1; 4⟩. The function values at these points are:
f(x1) = f(1) = 1, f(x2) = f(2) = −4, f(x3) = f(4) = 4. The least of them is −4 and the
greatest of them is 4. Hence max ⟨1;4⟩ f = f(2) = −4 and min ⟨1;4⟩ f = f(4) = 4.

III.5.16. Functions concave up and concave down.

Function f is called strictly concave up (strictly convex) on set M if M ⊂ D(f) and
if for each three points x1, x2, x3 ∈ M such that x1 < x2 < x3, it holds that: The
point Q2 = [ x2; f(x2) ] is below the straight line Q1Q3, where Q1 = [ x1; f(x1) ] and
Q3 = [x3; f(x3) ].
If we replace the word “below” by the word above in this definition, we gain a definition
of a function which is strictly concave down (strictly concave) on the set M .
By analogy, replacing the word “below” by the words below or on (respectively above or
on), we get the definitions of a function concave up (convex) on the set M (respectively
concave down (concave) on the set M ).

You can see examples of functions that are strictly concave up and strictly concave down in
Fig. 33a and Fig. 33b.

x1 x2 x3

Q1

Q2

Q3

f

f

x1 x2 x3

Q1

Q2

Q3

Fig. 33a Fig. 33b

III.5.17. Remark.

A function strictly concave up is a special case of a function concave up and a function strictly
concave down is a special case of a function concave down.

III.5.18. Remark.

The condition saying that Q2 = [x2; f(x2) ] finds itself below the straight line Q1Q3, where
Q1 = [x1; f(x1) ] and Q3 = [x3; f(x3) ] , can be by computation expressed by the inequality

f(x2) < f(x1) +
f(x3)− f(x1)

x3 − x1
· (x2 − x1).
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III.5.19. Theorem – Necessary conditions.

Let function f be continuous on interval I. Then the following implications hold:
a) f ′′(x) > 0 for all x ∈ I◦ =⇒ f is strictly concave up on interval I .
b) f ′′(x) ≥ 0 for all x ∈ I◦ =⇒ f is concave up on interval I .
c) f ′′(x) < 0 for all x ∈ I◦ =⇒ f is strictly concave down on interval I .
d) f ′′(x) ≤ 0 for all x ∈ I◦ =⇒ f is concave down on interval I .
e) f ′′(x) = 0 for all x ∈ I◦ =⇒ f is a linear function on interval I .

III.5.20. Remark.

We omit the proof of Theorem III.5.19. Nevertheless, in order to help toward a better under-
standing of the theorem, we sketch at least its main idea. Let us for instance deal with item a).
f ′′ coincides with the first derivative of the function f ′. So if f ′′ > 0 on I◦, f ′ is increasing
on I◦. This means that if we move in interval I from left to right, the tangent to the graph of f
changes its direction – it slants in such a way that its slope increases. However, this is possible
only in the case when function f is concave up on interval I . (Think this over by means of
Fig. 33a.)

Let us now return to the question how to specify the type of a local extreme value – see also
example III.5.13.

III.5.21. Theorem – Sufficient condition.

If f ′(x0) = 0 and f ′′(x0) > 0, then function f has a strict local minimum at point x0 .
If f ′(x0) = 0 and f ′′(x0) < 0, then function f has a strict local maximum at point x0 .

III.5.22. Remark.

The proof of Theorem III.5.19 is also omitted. However, the following consideration can con-
tribute to its understanding: Suppose that f ′(x0) = 0, f ′′(x0) > 0 and to exclude complicated
cases, suppose in addition that the second derivative f ′′ is continuous at point x0 . It follows
from the inequality f ′′(x0) > 0 that there exists a neighborhood U(x0) such that f ′′(x) > 0
for all x ∈ U(x0). (We have used Theorem III.3.30.) This means (by Theorem III.5.19) that
function f is strictly concave up in the interval U(x0). This information together with the
equality f ′(x0) = 0 leads to the conclusion that f has a strict local minimum at point x0 .
(Sketch a picture.)

III.5.23. Example.

We find local extreme values of the function f(x) = 2x3 + 3x2 − 36x + 4. The domain of
f is the interval (−∞; +∞) and the function f is differentiable at each point of this interval.
Hence it can have the local extreme values only at those points where the derivative is equal to
zero. (See Remark III.5.12.) The derivative of f is: f ′(x) = 6x2 + 6x − 36. Solving the
quadratic equation 6x2+6x−36 = 0, we obtain the points x1 = −3 and x2 = 2. The second
derivative of the function f is: f ′′(x) = 12x + 6. Substituting the values of x1 and x2 to
f ′′(x), we find out that

a) f ′′(x1) = f ′′(−3) = 12 · (−3) + 6 = −30 < 0. Thus, function f has a strict local
maximum at the point −3.

b) f ′′(x2) = f ′′(2) = 12 · 2 + 6 = 30 > 0. So function f has a strict local minimum at the
point 2.
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III.5.24. Remark.

If we replace the inequality f ′′(x0) > 0 by the inequality f ′′(x0) ≥ 0 in the assumptions of
Theorem III.5.21, then it is not true that we can also replace a “strict local minimum” by a “local
minimum” in the statement of the theorem, and the theorem remains valid. On the contrary, the
inequality f ′′(x0) ≥ 0 admits the possibility f ′′(x0) = 0 and the equalities f ′(x0) = 0 and
f ′′(x0) = 0 do not allow us to draw any conclusion about the extreme values of function f
at point x0 ! Think this over in connection with three simple examples: 1) f(x) = x4, 2)
f(x) = −x4, 3) f(x) = x3. Put x0 = 0 in all three examples.

III.5.25. Point of inflection.

Suppose that function f is differentiable
at point x0 (and, consequently, there ex-
ists a tangent to the graph of f at the point
[ x0; f(x0) ] ). The tangent divides the x, y
plane into two half–planes. If the tangent
passes from one half–plane to the other at
the point [ x0; f(x0) ] then x0 is called the
point of inflection or the inflection point of
function f .

x

y

f

x0

f(x0)

Fig. 34

III.5.26. Example.

0 is a point of inflection of the function f(x) = x3 + 1. Sketch the graph of this function and
the tangent to the graph at the point [ 0; f(0) ] = [ 0; 1 ] for yourself.

III.5.27. Theorem – Necessary condition for inflection point.

If x0 is an inflection point of function f and if the second derivative f ′′(x0) exists, then
f ′′(x0) = 0.

III.5.28. Remark.

If f ′′(x0) exists then the condition f ′′(x0) = 0 is the necessary condition for x0 to be an
inflection point. However, it is not a sufficient condition ! This means that it is not possible
to overturn Theorem III.5.25 and to assert that the equality f ′′(x0) = 0 implies that x0 is the
inflection point. It is evident from the example f(x) = x4. This function has the second
derivative equal to zero at the point 0, but in spite of this 0 is not a point of inflection of f .

Thus, if we find for a given function f points where f has the second derivative equal to
zero, we have only “appropriate candidates” for points of inflection. Then it is necessary to use
some other means to find out whether these points are really inflection points. The following
theorem. is a useful tool.

III.5.29. Theorem – Sufficient condition for inflection point.

If f ′′(x0) = 0 and f ′′′(x0) ̸= 0, then x0 is an inflection point of function f .
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III.5.30. Example.

We find inflection points of the function f(x) = exp (−x2). Differentiating the function
f , we get: f ′(x) = −2x exp (−x2) and f ′′(x) = 2 (2x2 − 1) exp (−x2) for all x ∈
(−∞; +∞). Thus, if f has points of inflection, the second derivative of f must be equal
to zero at these points (by Theorem III.5.24). Thus we need to solve the equation f ′′(x) = 0,

i.e. 2 (2x2 − 1) exp (−x2) = 0. This equation has two solutions: x1 = − 1√
2

and x2 =
1√
2

.

Differentiating the function f once more, we obtain: f ′′′(x) = 4 (3x− 2x3) exp (−x2). Sub-
stituting here the values of x1 and x2, we find out that

a) f ′′′(x1) = f ′′′
(
− 1√

2

)
= − 8√

2
· exp (−0.5) ̸= 0, hence the point x1 is the inflection

point of the function f (by Theorem III.5.27).

b) f ′′′(x2) = f ′′′
(

1√
2

)
=

8√
2
· exp (−0.5) ̸= 0, so x2 is also the inflection point of the

function f . (This follows again from Theorem III.5.27.)

y = kx+ q

y = f(x)

x0

x = x0 y = f(x)

Fig. 35a Fig. 35b

III.5.31. Asymptotes to the graph of a function.

The straight line y = kx+ q is a so called slant asymptote to the graph of function f as
x→ −∞ if lim

x→−∞
( f(x)− kx− q ) = 0.

Similarly, the straight line y = kx + q is a slant asymptote to the graph of function f
as x→ +∞ if lim

x→+∞
( f(x)− kx− q ) = 0.

The straight line x = x0 is called a vertical asymptote to the graph of function f at
point x0 if at least one of the one–sided limits of f at point x0 is infinite.

An example of a slant asymptote to the graph of function f as x→ +∞ is seen in Fig. 35a,
and an example of a vertical asymptote is shown in Fig. 35b.

III.5.32. Theorem.

The straight line y = kx+q is a slant asymptote of the graph of function f as x→ +∞
if and only if

lim
x→+∞

f(x)

x
= k and lim

x→+∞
( f(x)− kx ) = q.

(The theorem is also valid in the case when +∞ is everywhere replaced by −∞. )
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III.5.33. Behavior of a function.

To investigate the behavior of a function, you can follow this strategy:
a) Specify the domain of f (if it is not already given).

Find out whether the function is even, odd, periodic.
Find intervals of continuity, points of discontinuity and evaluate one–sided limits at end–
points of intervals which form the domain of f (possibly also at points of discontinuity
of f ).
Find points where the graph of f crosses the x–axis, the y–axis, and specify intervals
where f is positive, respectively negative.

b) Find the derivative of f. (Don’t forget about the domain of the derivative !)
Find maximum intervals where the function is monotonic and specify the type of mono-
tonicity (i.e. whether f rises or falls).
Find local extreme values of f. (To specify their type, you can possibly use the sign of
the second derivative.)

c) Find inflection points of f .
Find maximum intervals of concavity of the function f .

d) Find asymptotes of the graph of f .
Sketch the graph of f .

III.5.34. Example.

We investigate the behavior of the function f(x) =
x3

4− x2
.

a) D(f) = (−∞;−2) ∪ (−2; 2) ∪ (2;+∞) (the denominator of the fraction cannot be
equal to zero). The function f is odd because for all x ∈ D(f), it holds: −x ∈ D(f)
and f(−x) = −f(x). Hence the graph of f is symmetric with respect to the origin of
the coordinate system. We can therefore study the behavior of f only on the set ⟨0; 2) ∪
(2;+∞). Information about its behavior in the set (−∞;−2) ∪ (−2; 0⟩ will follow from
the mentioned symmetry. The function f is continuous in D(f). (It is a quotient of two
continuous functions and the function in the denominator is different from zero in D(f). )
It holds:
f(0) = 0,

lim
x→2−

f(x) = lim
x→2−

x3

4− x2
= +∞, lim

x→2+
f(x) = lim

x→2+

x3

4− x2
= −∞,

lim
x→+∞

f(x) = lim
x→+∞

x3

4− x2
= lim

x→+∞

x

( 4
x2 )− 1

=
+∞
−1

= −∞,

f(x) = 0 ⇐⇒ x3

4− x2
= 0 ⇐⇒ x = 0,

f(x) > 0 ⇐⇒ x ∈ (0; 2), f(x) < 0 ⇐⇒ x ∈ (2;+∞).

b) The derivative of f is: f ′(x) =
3x2 (4− x2)− (−2x) x3

(4− x2)2
=

x2 (12− x2)

(4− x2)2
,

D(f ′) = D(f),

f ′(x) = 0 ⇐⇒ x2 (12− x2)

(4− x2)2
= 0 ⇐⇒ x = 0 or x = 2

√
3,

f ′(x) > 0 ⇐⇒ x ∈ (0; 2) ∪ (2; 2
√
3), f ′(x) < 0 ⇐⇒ x ∈ (2

√
3;+∞).

This means that f is increasing on the interval ⟨0; 2) and on the interval (2; 2
√
3⟩ and

decreasing in the interval ⟨2
√
3;+∞). There is a strict local maximum at the point 2

√
3

and f(2
√
3) = −3

√
3. Although the derivative of f is equal to zero at the point 0, f

has no extreme value at this point. Namely, it is increasing on the interval ⟨0; 2) and due
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to the fact that it is odd, it is also increasing in the interval (−2; 0⟩. Thus, f is increasing
on the interval (−2; 2).

c) The second derivative of f is:

f ′′(x) = ( f ′(x) )′ =

=
(24x− 4x3) (4− x2)2 − 2 (4− x2) (−2x) (12x2 − x4)

(4− x2)4
=

=
8x (12 + x2)

(4− x2)3
,

D(f ′′) = D(f ′) = D(f),

f ′′(x) = 0 ⇐⇒ 8x (12 + x2)

(4− x2)3
= 0 ⇐⇒ x = 0,

f ′′(x) > 0 ⇐⇒ x ∈ (0; 2), f ′′(x) < 0 ⇐⇒ x ∈ (2;+∞).
This implies that the function f is strictly concave up in the interval ⟨0; 2) and strictly
concave down on the interval (2;+∞). 0 is the inflection point – this follows from the
strict concavity up of f on ⟨0; 2) and the strict concavity down of f on (−2; 0⟩ . (The
second is a consequence of the symmetry of f .)

d) Since f has at the points −2 and 2 infinite one–sided limits, the straight lines x = −2
and x = 2 are vertical asymptotes of f .
Let us now investigate a slant asymptote of f as x→ +∞. We use Theorem III.5.30 and
we evaluate limits from this theorem:

lim
x→+∞

f(x)

x
= lim

x→+∞

x3

x (4− x2)
= −1 = k,

lim
x→+∞

( f(x)− kx ) = lim
x→+∞

(
x3

4− x2
+ x

)
= lim

x→+∞

4x

4− x2
= 0 = q.

Hence the straight line y = −x is a slant asymptote of the graph of f as x → +∞.
Similarly, we can find out that the straight line y = −x is also a slant asymptote of the
graph of f as x→ −∞.
You can see the graph of f in Fig. 36.
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x

y

−2
√
3

−2

3
√
3

2
√
3

2

−3
√
3

y = −x

f

Fig. 36

III.5.35. Problems.

Investigate the behavior of the functions

a) f(x) = x
2
3 − x, b) f(x) = x · exp

(
1

x

)
, c) f(x) = x · exp (−x2),

d) f(x) =
x2

x2 − 4
, e) f(x) = 2x3 + 3x2 − 12x+ 7.

The following theorem is a useful aid in computations of limits of quotients of two functions

in situations where the computation leads to so called indefinite expressions
0

0
or

±∞
±∞

.

III.5.36. Theorem (l’Hospital’s Rule).

Suppose that c ∈ R∗ and the limits lim
x→c

f(x) and lim
x→c

g(x) are either both equal to
zero or are both infinite. Then

lim
x→c

f(x)

g(x)
= lim

x→c

f ′(x)

g′(x)
,

if the limit on the right– hand side exists.
(The same assertion also holds for the right–hand limits and the left–hand limits.)
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III.5.37. Remark.

In other words, the l’Hospital Rule says that if the computation of the limit of
f(x)

g(x)
(as x→ c )

leads to the indefinite expression
0

0
or

±∞
±∞

and if there exists a limit of
f ′(x)

g′(x)
(as x → c )

then the limit lim
x→c

f(x)

g(x)
also exists and both limits have the same value.

The assumption concerning the existence of the limit lim
x→c

f ′(x)

g′(x)
is important, because there

are known cases when this limit does not exist, while the limit lim
x→c

f(x)

g(x)
does exist. Clearly,

its value cannot be found by means of the l’Hospital Rule in such a case.

III.5.38. Example.

Evaluate the limit lim
x→0

(
tan x

x

)
. The limit of the quotient

tan x

x
cannot be expressed as a

quotient of limits, because this leads to the indefinite expression
0

0
. However, the limit of the

quotient of the derivatives is:

lim
x→0

(tan x)′

x′
= lim

x→0

1
cos2 x

1
= lim

x→0

1

cos2 x
=

1

12
= 1.

Hence lim
x→0

tan x

x
also exists and it is also equal to 1.

III.5.39. Example.

We show the application of the l’Hospital Rule once again, but this time more briefly:

lim
x→0

x− sin x

x3
= lim

x→0

1− cos x

3x2
= lim

x→0

sin x

6x
= lim

x→0

cos x

6
=

1

6
.

(We have used the l’Hospital Rule three times here.)

III.6. The osculating circle, Taylor’s theorem
III.6.1. Motivation.

Suppose that function f is differentiable at point x0, i.e. it has a derivative f ′(x0) at point x0.
Denote y0 = f(x0). You already know that the tangent line y−y0 = f ′(x0)·(x−x0) represents
the best possible approximation of the graph of function f in a neighborhood of the point [x0; y0]
of all possible straight lines.

In applications, we are often in a position that we wish to find the best approximation of the
graph of function f in the neighborhood of the point [x0; y0], however the class of curves we
can use consists not of all possible straight lines, but e.g. of all possible circles. This problem is
studied in the next paragraph.

III.6.2. The osculating circle, curvature.

Suppose that function f has a second derivative at point x0. (Then, certainly, f ′(x0) also exists.)
Denote for simplicity y0 = f(x0), y1 = f ′(x0) and y2 = f ′′(x0).
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Let us solve this problem: Find the
circle (x − xs)

2 + (y − ys)
2 = r2,

which represents the best approxima-
tion of the graph of function f in the
neighborhood of the point [x0; y0]. The
circle with this property is called the
osculating circle to the graph of f at the
point [x0; y0]. Its center is called the
center of curvature and its radius is a so
called radius of curvature.

x

y

S = [xs; ys]r

x0

y0

f

[x0; f(x0)]

Fig. 37

The circle can be considered to be the graph of a function y(x). The requirement of the
best coincidence with the graph of function f in the neighborhood of [x0; y0] can be satisfied
in such a way that we want function y(x) to have the same value as function f at point x0 and
moreover, to have the same first and second derivative as function f at point x0. Thus, we obtain
the conditions

y(x0) = y0, y′(x0) = y′0, y′′(x0) = y′′0 .

Naturally, function y(x) must also satisfy the equation of the circle

(III.6.1) (x− xs)
2 + (y(x)− ys)

2 = r2.

in the neighborhood of the point [x0; y0]. Substituting x = x0 and y(x) = y0, we obtain the
equation

(III.6.2) (x0 − xs)
2 + (y0 − ys)

2 = r2.

If we differentiate equation (III.6.1) with respect to x and substitute x = x0, y(x) = y0 and
y′(x) = y′0, we get

(III.6.3) 2 (x0 − xs) + 2 (y0 − ys) · y′0 = 0.

Differentiating (III.6.1) two times with respect to x and substituting x = x0, y(x) = y0,
y′(x) = y′0 and y′′(x) = y′′0 , we obtain

(III.6.4) 2 + 2 y′0
2
+ 2 (y0 − ys) y

′′
0 = 0.

Equations (III.6.2), (III.6.3) and (III.6.4) form a system of three equations for three unknowns:
xs, ys and r. Solving this system, we get the formulas:

xs = x0 − y′0
1 + y′0

2

y′′0
, ys = y0 +

1 + y′0
2

y′′0
, r =

(1 + y′0
2)

3
2

|y′′0 |
.

III.6.3. Taylor’s theorem – a motivation.

Assume that function f has derivatives up to the order n (inclusively) at point x0. We look
for a polynomial Tn of at most n–th degree which has the form

Tn(x) = a0 + a1 · (x− x0) + a2 · (x− x0)
2 + . . . + an · (x− x0)

n.

and which is the best approximation of f in the neighborhood of x0. The requirement of the
best approximation is realized in such a way that we want Tn to satisfy:
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Tn(x0) = f(x0), T ′
n(x0) = f ′(x0), T ′′

n (x0) = f ′′(x0), . . . , T
(n)
n (x0) = f (n)(x0).

These are together n+1 conditions. Substituting here the general form of Tn , we can express
by a simple calculation n+ 1 coefficients a0, a1, a2, . . . , an:

a0 = f(c), a1 =
f ′(x0)

1!
, a2 =

f ′′(x0)

2!
, . . . , an =

f (n)(x0)

n!
.

The polynomial Tn with these coefficients, i.e. the polynomial

Tn(x) = f(x0) +
f ′(x0)

1!
(x− x0) +

f ′′(x0)

2!
(x− x0)

2 + . . . +
f (n)(x0)

n!
(x− x0)

n

is called Taylor’s polynomial of the n–th degree of function f at point x0. In the case that
x0 = 0, this polynomial is also often called Mac Laurin’s polynomial of the n–th degree of
function f .

It cannot generally be expected that the equality f(x) = Tn(x) holds quite exactly at the
points x ̸= x0. Thus, if we use the polynomial Tn(x) instead of f(x), we make a certain error.
Let us denote it by Rn+1(x). The following theorem provides information that Rn+1(x) can be
expressed in a certain form. This form can later be used to estimate the magnitude of Rn+1(x).

III.6.4. Taylor’s Theorem.

Let function f have derivatives up to the order n + 1 (inclusively) at each point of
interval (a; b) and let x0 ∈ (a; b). Then to every x ∈ (a; b) there exists a point ξ
between x and x0 such that

(III.5.1) f(x) = Tn(x) + Rn+1(x),

where

(III.5.2) Rn+1(x) =
f (n+1)(ξ)

(n+ 1)!
· (x− x0)

n+1.

III.6.5. Remark.

Formula (III.5.1) is called Taylor’s formula. It can also be written in the form

f(x) = f(x0) +
f ′(x0)

1!
(x− x0) +

f ′′(x0)

2!
(x− x0)

2 + . . . +
f (n)(x0)

n!
(x− x0)

n

+Rn+1(x).

The term Rn+1(x) is called the remainder after the n–th term in Taylor’s formula. There
are more possible ways of expressing the remainder. Formula (III.5.2) presents the so
called Lagrange form of the remainder.
If x0 = 0 then formula (III.5.1) is also called Mac Laurin’s formula.

III.6.6. Example.

Mac Laurin’s formula for the function f(x) = ex has the concrete form

ex = 1 +
x

1!
+

x2

2!
+ . . . +

xn

n!
+ Rn+1(x), where Rn+1(x) =

eξ xn+1

(n+ 1)!
.

Mac Laurin’s formula for the function sine and for n = 2m, where m ∈ N, has the form

sin x = x − x3

3!
+

x5

5!
− x7

7!
+ . . . + (−1)m−1 x2m−1

(2m− 1)!
+ R2m+1(x),
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where R2m+1(x) = (−1)m
cos ξ

(2m+ 1)!
· x2m+1.

Mac Laurin’s formula for the function cosine and for n = 2m+1, where m ∈ N, has the form

cos x = 1 − x2

2!
+

x4

4!
− x6

6!
+ . . . + (−1)m

x2m

(2m)!
+ R2m+2(x),

where R2m+2(x) = (−1)m+1 cos ξ

(2m+ 2)!
· x2m+2.

III.6.7. Example.

Using Mac Laurin’s formula for the function f(x) = ex, evaluate the Euler number e with
a maximum error 10−2. The substitution x = 1 into the expression of ex in example III.6.6
yields:

e = 1 +
1

1!
+

1

2!
+ . . . +

1

n!
+ Rn+1(1), where Rn+1(1) =

eξ

(n+ 1)!
.

The only information we have on ξ says that it is a number from the interval (0; 1). We can
now ask how large n must be so that |Rn+1(1) | < 10−2. Since 0 < eξ < e1 < 3, we have:

|Rn+1(1) | =
eξ

(n+ 1)!
<

3

(n+ 1)!
.

By a simple calculation, we find that the choice n = 5 is satisfactory, because
3

(n+ 1)!
=

3

6!
=

3

720
=

1

240
< 10−2. This means that the number e can be expressed with an error less

than 10−2 in the following way:

e =̇ 1 +
1

1!
+

1

2!
+ . . . +

1

5!
= 1 + 1 +

1

2
+

1

6
+

1

24
+

1

120
=

386

120
.

III.7.∗ Parametric representation of functions
III.7.1. Motivation.

It often happens in miscellaneous computations that we seek for a function y = f(x), however,
we do not find it in an explicit form, and instead we obtain separate expressions of x and y in
dependence on a parameter. For instance:

(III.7.1) x = t2, y = 3t− 1; t ∈ (−∞; +∞).

There arise natural questions: How to recognize whether equations (III.7.1) really define a
function y of the variable x ? What is its domain, its range, its behavior, etc. ? Let us first
study these questions on a general level. We therefore suppose that we have general equations

(III.7.2) x = φ(t), y = ψ(t); t ∈M

instead of the concrete equations (III.7.1). If function φ is one–to–one in set M then it takes
on each value x at a unique point t ∈ M. Thus, there exists a unique value y = ψ(t) that
corresponds to x. This recipe defines a function which assigns to every x ∈ R(φ) a value
y ∈ R(ψ).

Conversely, if function φ is not one–to–one in set M then it takes on some value x at least
at two different points t1, t2 ∈ M. There exist two values y1 = ψ(t1) and y2 = ψ(t2) that
correspond to x in this way. The values y1, y2 can be the same in extraordinary cases, though
this cannot be generally expected. The assignment x → y, defined in this way, need not be a
function because it can assign more than one value of y to a single value of x.
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III.7.2. Parametric representation of a function.

Assume that functions φ, ψ are defined in set M and function φ is one–to–one. Then equa-
tions (III.7.2) define a function f which expresses the dependence of y on x. Its value f(x)
can be obtained as follows: As function φ is one–to–one, there exists an inverse function φ−1

and the equality x = φ(t) is fulfilled if and only if t = φ−1(x). Substituting this for t in the
equation y = ψ(t), we get: y = f(x) = ψ(φ−1(x)).

The domain of the function f is a set of all x such that t ∈ M can be expressed in the
form t = φ−1(x). Obviously, this is the set D(φ−1), which is identical with R(φ). Thus,
D(f) = R(φ).

The range of f is the set of those y which can be expressed in the form y = ψ(t) for some
t ∈M. This is the set R(ψ). Thus, we have: R(f) = R(ψ).

Function f is said to be defined parametrically by equations (III.7.2). Equations (III.7.2)
are called the parametric representation of function f .

III.7.3. Remark.

The explicit presentation of the dependence of y on x, i.e. y = f(x) = ψ(φ−1(x)) mostly
cannot be used in practice because the inverse function φ−1, although it exists, cannot be rea-
sonably expressed by a formula. (The example: φ(t) = et + t; t ∈ (−∞; +∞).)

III.7.4. Remark.

The following consideration can contribute to the understanding of the notion of a function
which is defined parametrically: Equations (III.7.2) describe a curve C in the plane E2. C
consists of all points [ x; y ] = [φ(t);ψ(t) ] for t ∈ M . If function φ is one–to–one then there
cannot exist two different points [x; y1 ] and [x; y2 ] on C with the same first and different
second coordinates. This means that the curve C can be regarded as a graph of a function y of
the variable x. That function which is defined parametrically by equations (III.7.2).

Conversely, if function φ is not one–to–one then C need not be a graph of any function y
of the variable x. This is the case of the function x = φ(t) = t2 from equations (III.7.1). This
function φ is not one–to–one in the interval (−∞; +∞). The curve C described by equations

(III.7.1) is a parabola with the equation x =
1

9
(y + 1)2. (We can easily get this equation if

we express t from the second equation in (III.7.1) and use this t in the first equation.) Sketch
this parabola for yourself ! The axis of the parabola is the straight line y = −1. It is obvious
that the parabola is not a graph of a function y of the variable x and consequently, equations
(III.7.1) are not a parametric representation of such a function.

The function x = φ(t) = t2 is not one–to–one in the interval (−∞; +∞). Nevertheless, it
is one–to–one in each of the intervals I1 = (−∞; 0⟩ and I2 = ⟨0;+∞). Hence the equations
(III.7.1) define parametrically a function y = f1(x) if we take t ∈ I1 and they define paramet-
rically another function y = f2(x) if t is taken only from I2. The graph of f1 is the lower

branch of the parabola x =
1

9
(y + 1)2 (corresponding to y ≤ −1 ) and the graph of f2 is the

upper branch of the parabola, corresponding to y ≥ −1.

III.7.5. Theorem (on continuity of a parametrically defined function).

Let M be an interval, let functions φ and ψ be continuous on M and let function φ be
one–to–one in M. Then the function y = f(x), which is defined parametrically by equations
(III.7.2), is continuous on its domain D(f).
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III.7.6. Remark.

Theorem III.7.5 is an easy consequence of the representation y = f(x) = ψ(φ−1(x)), the
theorem on continuity of a composite function (see paragraph III.3.25) and the theorem on
continuity of an inverse function (see paragraph III.3.28).

III.7.7. The derivative of a parametrically defined function.

In addition to all assumptions from paragraph III.7.2, let us suppose that both functions φ
and ψ have derivatives φ̇ and ψ̇ in the set M1 ⊂ M and moreover, φ̇(t) ̸= 0 for all t ∈
M1. Applying the theorem on the derivative of a composite function and the theorem on the
derivative of an inverse function, we obtain for x ∈ R(φ|M1) :

dy

dx
= f ′(x) = (ψ(φ−1(x)) )

′ = ψ̇(φ−1(x)) · φ′
−1(x) = ψ̇(φ−1(x)) ·

1

φ̇(φ−1(x))
=

ψ̇(t)

φ̇(t)
.

Thus, function f is differentiable in the set R(φ|M1) ≡ φ(M1) and its derivative f ′ can be
parametrically represented by the equations

(III.7.3) x = φ(t),
dy

dx
=

ψ̇(t)

φ̇(t)
; t ∈M1.

III.7.8. Remark.

In scientific literature, you can often find equations (III.7.3) written down in such a way that

the second equation has only y instead of
dy

dx
on the left– hand side. This is a purely formal

matter – a dependent variable as well as an independent variable can be denoted by various
symbols. Hence the dependent variable in equations (III.7.3) can be denoted by y , y′ and also

by
dy

dx
. The last possibility is perhaps less usual, but we regard it as more instructive in a given

situation.

III.7.9. Example.

Verify whether the equations x = 2t − sin t, y = 1 + cos t (for t ∈ ⟨0; 2π⟩ ) define paramet-
rically a function y = f(x). In a positive case, decide about its continuity, specify its domain,
its range and find intervals of monotonicity.

Solution: The function φ(t) = 2t− sin t has the positive derivative 2− cos t in the interval
⟨0; 2π⟩ , hence it is increasing (and consequently also one–to–one) in this interval. This means
that the given equations define parametrically a function y = f(x). Both functions φ(t) =
2t− sin t and ψ(t) = 1+ cos t are continuous in the interval ⟨0; 2π⟩ . Therefore, by Theorem
III.7.5, the parametrically defined function y = f(x) is also continuous on its domain.

The range of the function φ(t) = 2t− sin t on the interval ⟨0; 2π⟩ is the interval ⟨0; 4π⟩.
(This is apparent from the fact that φ is continuous and increasing in ⟨0; 2π⟩ , its value at the
point 0 is 0 and its value at the point 2π is 4π. ) Thus, D(f) = R(φ) = ⟨0; 4π⟩.

The range of the function ψ(t) = 1 + cos t on the interval ⟨0; 2π⟩ is the interval ⟨0; 2⟩.
Thus, R(f) = R(ψ) = ⟨0; 2⟩.

Both functions φ(t) = 2t − sin t and ψ(t) = 1 + cos t are differentiable in the interval
⟨0; 2π⟩ and φ̇(t) = 2− cos t ̸= 0 for all t ∈ ⟨0; 2π⟩. Substituting to equations (III.7.3), we get
the following parametric representation of the derivative of function f :

x = 2t− sin t,
dy

dx
= − sin t

2− cos t
; t ∈ ⟨0; 2π⟩.
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The values of f ′(x) are given by the second equation. So it holds:

f ′(x) > 0 ⇐⇒ − sin t

2− cos t
> 0 ⇐⇒ − sin t > 0 ⇐⇒ t ∈ (π; 2π) ⇐⇒ x ∈ (2π; 4π),

f ′(x) < 0 ⇐⇒ − sin t

2− cos t
< 0 ⇐⇒ − sin t < 0 ⇐⇒ t ∈ (0;π) ⇐⇒ x ∈ (0; 2π).

Hence f is decreasing on the interval ⟨0; 2π⟩ and increasing on the interval ⟨2π; 4π⟩ . It has
an absolute minimum at the point 2π, where f(2π) = ψ(π) = 0. It has an absolute maximum
at the points 0 and 4π, where f(0) = ψ(0) = 2 and f(4π) = ψ(2π) = 2.

III.7.10. The second derivative of a parametrically defined function.

In addition to the assumptions from paragraph III.7.2, let us suppose that functions φ and ψ
have second derivatives φ̈, ψ̈ in the set M2 ⊂M and φ̇(t) ̸= 0 for all t ∈M2. The equations
(III.7.2) define parametrically a function y = f(x) . Its derivative is represented parametrically
by equations (III.7.3). The second derivative can be obtained as a first derivative of the first
derivative, i.e. to express it, we apply to equations (III.7.3) the same procedure as we applied
to equations (III.7.2) in paragraph III.7.7. If we denote by ϑ the function on the right hand

side of the second equation in (III.7.3) (i.e. ϑ(t) =
ψ̇(t)

φ̇(t)
), we obtain the following parametric

representation of the function f ′′:

x = φ(t),
d2y

dx2
=

ϑ̇(t)

φ̇(t)
; t ∈M2.

Substituting ϑ̇(t) =
ψ̈(t) · φ̇(t)− ψ̇(t) · φ̈(t)

[φ̇(t)]2
to the second of the above equations, we get:

f ′′ : x = φ(t),
d2y

dx2
=

ψ̈(t) · φ̇(t)− ψ̇(t) · φ̈(t)
[ φ̇(t) ]3

; t ∈M2.

Other higher order derivatives of a parametrically defined function can be expressed analo-
gously.

III.7.11. Problems.

Verify that the given equations define parametrically functions y = f(x). Are these functions
continuous? Specify their domains, their ranges and find a parametric representation of their
first and second derivatives.

a) x = t3 + t+ 1, y = t4 + 2t+ 2; t ∈ (−∞; +∞),
b) x = cos3 t, y = sin3 t; t ∈ (0;

π

2
).

Results:

f is continuous, D(f) = (−∞; +∞), R(f) = (2−
4
3 − 2

2
3 + 2;+∞),

f ′ : x = t3 + t+ 1,
dy

dx
=

4t3 + 2

3t2 + 1
; t ∈ (−∞; +∞),

f ′′ : x = t3 + t+ 1,
d2y

dx2
=

12 (t4 + t2 − t)

3t2 + 1
; t ∈ (−∞; +∞).

a)
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f is continuous, D(f) = ⟨0; 1⟩, R(f) = ⟨0; 1⟩,

f ′ : x = cos3 t,
dy

dx
= − tan t; t ∈ (0; π

2
),

f ′′ : x = cos3 t,
d2y

dx2
=

1

3 sin t cos4 t
; t ∈ (0; π

2
).

b)

III.8.∗ Approximate solution of the nonlinear equation f(x) = 0

III.8.1. The root of the equation f(x) = 0 .

Let f be a function. Every point ξ ∈ D(f) such that f(ξ) = 0 is called the root of the
equation f(x) = 0.

III.8.2. Motivation.

The equation ex − 5 + x = 0 has one root in the interval (−∞; +∞). Try to verify this for
yourself ! (Hint: The equation can be written in the equivalent form ex = 5 − x. It follows
immediately from the behavior of the functions ex and 5−x that their graphs cross at just one
point. Sketch these graphs !) However, you will not succeed in expressing “the unknown” x
from the considered equation. Its analytic solution is impossible.

III.8.3. Remark.

You learned a series of methods for solving various types of equations at secondary school.
These methods mostly led to a so called analytic expression of roots. This means that the roots
were given by some formulas and their numerical value could be obtained by performing a finite
number of arithmetic operations. In many, indeed in most cases, however, this is impossible.
Simple equations can usually be solved analytically, while slightly more complicated cases
mostly cannot.

We are going to explain two so called approximate methods of solution in the following
paragraphs. It is characteristic of these methods that they enable us to express the solution only
approximately, but with an arbitrarily small error. The maximum admissible value of the error
can usually be chosen before the beginning of the computation. This is quite satisfactory for
practical purposes – you can compare it with the situation where the equation can be solved
analytically, but the formula that represents the solution contains some square or higher order
roots. The value of the root is often an irrational number, so it can also be determined e.g. by
the decimal expansion only approximately. (See for instance the situation when the root of an
equation is

√
3 + 5. )

Approximate methods mostly require performance of a higher number of arithmetic opera-
tions. Thus, an effective realization of these methods is possible only on computers. Approxi-
mate methods are also often called numerical methods.

III.8.4. Successive approximations, iterative sequence, error estimate.

Methods of solution of the equation f(x) = 0 that we are going to explain in next paragraphs
are based on the construction of so called successive approximations. We choose in some way
(respecting instructions of a used particular method) an initial approximation x0 and then (also
in accordance with the instructions of the method) we construct further approximations x1, x2,
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etc. The sequence {xn} is called the iterative sequence. Methods based on the construction of
an iterative sequence are called iterative methods.

The sketched approach has a sense only if lim
n→+∞

xn = ξ, where ξ is a root of the equation

f(x) = 0. The reason is that in this case, computing further and further approximations, we
usually get nearer and nearer to the exact solution – to the root ξ. Thus, an important part of
every iterative method is not only an instruction how to choose an initial approximation x0 and
how to construct further approximations x1, x2, . . . , but also an information when (i.e. under
which conditions) the iterative sequence converges to the root ξ of the equation f(x) = 0.

Every procedure must be sometimes finished. This means that we cannot proceed with the
construction of successive approximations to infinity, we must content ourselves with approxi-
mations xn up to some index n. However, how to choose the index of the last approximation
in a particular case? This is closely connected with a required accuracy we want to solve the
equation f(x) = 0 with. Most iterative methods contain as their parts estimates of the type
|xn − ξ| ≤ γn, where γn → 0 for n→ +∞ and the methods enable us to specify the number
γn. Such estimates are called error estimates. They tell us that if we replace an exact root ξ of
the equation f(x) = 0 by an approximate solution xn, we make an error at most γn. So, when
we are in the situation that we wish to solve the equation f(x) = 0 with an error not exceeding
a given positive number ϵ, we compute the approximations to the index n which is so large
that γn ≤ ϵ. Then we can be satisfied with the approximation xn because the error estimate
yields |xn − ξ| ≤ γn ≤ ϵ and so we can regard xn as an approximate solution of the equation
f(x) = 0.

It is necessary to mention that computations are sometimes made without error estimates.
We simply decide to be satisfied for example with the approximation x100 and proclaim it an
approximate solution. Nevertheless, it is obvious that this approach is not as correct as if an
error estimate is used.

III.8.5. Separation of a root.

By the separation of a root we understand the specification of an interval ⟨a; b⟩ such that the
equation f(x) = 0 has a unique root ξ in ⟨a; b⟩. To separate the roots of the equation f(x) =
0, we often use theorems III.3.26 and III.5.4.

III.8.6. Example.

Let us separate the roots of the equation ln x−2x+7 = 0. The function f(x) = ln x−2x+7 is

defined in the interval (0;+∞), where it is also continuous and its derivative is f ′(x) =
1

x
−2.

Moreover,

lim
x→0+

f(x) = −∞, lim
x→+∞

f(x) = −∞.

You can easily verify that the derivative f ′(x) is positive for x ∈ (0; 0.5), equal to zero for
x = 0.5 and negative for x ∈ (0.5;+∞). Hence function f is increasing in the interval
(0; 0.5⟩ and decreasing in the interval ⟨0.5;+∞). It has a strict local maximum at the point
0.5 and f(0.5) = 6− ln 2 > 0.

Let us now choose a > 0 sufficiently small, for example a = 0.0001 and let us show that
one root of the equation f(x) = 0 is separated in the interval ⟨a; 0.5⟩.

a) Existence of a root: We already know that f is continuous in the interval ⟨a; 0.5⟩ ,
f(a) = f(0.0001) = ln 0.0001− 0.0002 + 7 = (−4) · ln 10− 0.0002 + 7 < (−4) · 2−
0.0002 + 7 < 0 and f(0.5) > 0. Since 0 is between f(a) and f(0.5), it follows from
Theorem III.3.26 that there exists such a point ξ1 between a and 0.5 that f(ξ1) = 0.
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b) Uniqueness of the root: Function f is increasing in ⟨a; 0.5⟩ , so it takes on every its
value in this interval only once. This implies the uniqueness of the point ξ1 ∈ ⟨a; 0.5⟩
such that f(ξ1) = 0.

It can be proved in a similar way that if one chooses b > 0 large enough, for example
b = 10, then there exists another root ξ2 of the equation f(x) = 0 in the interval ⟨0.5; b⟩. ξ1
and ξ2 are the only roots of the equation f(x) = 0.

III.8.7. The Cut and Try Method.

Suppose that function f is continuous and strictly monotonic in the interval ⟨a; b⟩ and f(a) ·
f(b) < 0. These assumptions guarantee the existence of a unique root ξ of the equation
f(x) = 0 in ⟨a; b⟩ and moreover, the iterative sequence whose construction is described in
the following converges to ξ.

Choice of the initial approximation: Put x0 =
a+ b

2
.

Calculation of further approximations: If f(x0) · f(b) < 0 then ξ ∈ (x1; b⟩. Therefore we
change a and we put a = x0. If f(x0) · f(b) ≥ 0 then ξ ∈ ⟨a;x0⟩ and we change b : we put

b = x0. Further, we put x1 =
a+ b

2
. Similarly, we obtain x2, x3, etc. (Illustrate the procedure

on an appropriate picture for yourself!)
The error estimate: Denote by L the length of the interval ⟨a; b⟩ at the beginning of the

calculation. Since ξ ∈ ⟨a; b⟩, |x0 − ξ| ≤ L

2
. The length of the “variable” interval ⟨a; b⟩

(where the root ξ is separated) decreases by one half at each step. Hence

|xn − ξ| ≤ L

2n+1
.

III.8.8. Newton’s Method.

Suppose that
a) function f has a second derivative f ′′(x) at each point x ∈ ⟨a; b⟩ and f ′′(x) does not

change its sign in ⟨a; b⟩.
b) f ′(x) ̸= 0 for all x ∈ ⟨a; b⟩,
c) f(a) · f(b) < 0.

It can be proven under these assumptions that the equation f(x) = 0 has a unique root ξ in
⟨a; b⟩ and the iterative sequence, constructed in accordance with rules described in the follow-
ing, converges to ξ.
Choice of the initial approximation: The initial approximation x0 can be chosen to be equal
to an arbitrary point of the interval ⟨a; b⟩ such that f(x0) · f ′′(x0) ≥ 0. (Among others, this
inequality is satisfied by one of the points a and b. )
Calculation of further approximations: To approximate the curve y = f(x) in the neigh-
borhood of the point [ x0; f(x0) ] , we use a tangent line to the graph of f at this point. The
point where this line crosses the x –axis is called x1 . Similarly, the point where the tan-
gent line to the graph of f at [ x1; f(x1) ] crosses the x –axis is the next approximation x2 ,
etc. (Sketch a picture for yourself!) This procedure can easily be expressed by computation.
Suppose that you already know the approximation xn and you wish to find the next approxi-
mation xn+1. The equation for the tangent line to the graph of f at the point [ xn; f(xn) ] is
y = f(xn) + f ′(xn) · (x− xn). (See paragraph III.4.5.) y = 0 corresponds to x = xn+1 . So
we get the equation 0 = f(xn) + f ′(xn) · (xn+1 − xn), which yields:
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xn+1 = xn − f(xn)

f ′(xn)
.

a bx0x1

ξ

f

Fig. 38

The error estimate: It follows from the Mean Value Theorem (Theorem III.5.1), applied on the
interval with end points xn and ξ, that there exists η between xn and ξ such that f(xn) −
f(ξ) = f ′(η) · (xn − ξ). However, f(ξ) equals to zero (because ξ is the root of the equation

f(x) = 0 ). Thus, we have xn − ξ =
f(xn)

f ′(η)
and this further implies that

| xn − ξ | ≤ | f(xn) |
m

,

where m = min η∈⟨a;b⟩ | f ′(η) |.

III.8.9. Remark.

You will meet other approximate methods of solution of the equation f(x) = 0 in your future
studies of subject Numerical Mathematics. You will also learn how to work on an approximate
solution of systems of generally nonlinear algebraic equations for a larger number of unknowns.

III.9.∗ Complex and vector–valued functions of a real variable
III.9.1. A complex function of a real variable.

If M ⊂ R then each mapping of M to C (where C is the domain of complex numbers) is
called a complex function of a real variable (or shortly a complex function).

Every complex function F can be expressed in the form F = f + i g where f and g
are real functions (see paragraph III.2.1). Function f is called the real part of the complex
function F (we write: f = ReF ) and function g is called the imaginary part of the complex
function F (we denote it: g = ImF ).

III.9.2. The limit of a complex function.

We say that a complex function F = f+i g has a limit L (= a+i b) at point x0 if lim
x→x0

f(x) =

a and lim
x→x0

g(x) = b. We write: lim
x→x0

F (x) = L.

By analogy, we can define the left–hand limit and the right–hand limit.
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III.9.3. Continuity of a complex function.

A complex function F = f + i g is said to be continuous at point x0 if both functions f and
g are continuous at x0.

The left continuity at point x0 , the right continuity at point x0 and the continuity on interval I
of a complex function can also be defined analogously.

III.9.4. Derivative of a complex function.

If functions f and g are both differentiable at point x0 then we say that the complex function
F = f + i g is also differentiable at point x0. Its derivative at point x0 is the complex number
F ′(x0) = f ′(x0) + i g′(x0).

One can also define, by analogy, the left derivative and the right derivative.

III.9.5. A vector–valued function of a real variable.

If M ⊂ R then every mapping of M to V (E3) is called a vector–valued function of a real variable
(or briefly a vector–valued function or a vector function).

Each vector function f⃗ can be written in the form f⃗ = (u; v;w) where u, v, w, are
“scalar” functions (see paragraph III.2.1). Functions u, v, w are called the component functions
of vector function f⃗ .

Vector function f⃗ = (u; v;w) can also be written down in the form f⃗ = u ı̂ + v ȷ̂ + w k̂,

where ı̂, ȷ̂, k̂ are unit vectors oriented in accordance with the coordinate axes: ı̂ = (1; 0; 0),
ȷ̂ = (0; 1; 0), k̂ = (0; 0; 1).

III.9.6. The limit of a vector function.

If lim
x→x0

u(x) = α, lim
x→x0

v(x) = β, and lim
x→x0

w(x) = γ then we say that the vector function

f⃗ = (u; v;w) has the limit L⃗ = (α; β; γ) as x approaches x0 . We write: lim
x→x0

f⃗(x) = L⃗.

The left limit and the right limit can be defined similarly.

III.9.7. Continuity of a vector function.

We say that a vector function f⃗ = (u; v;w) is continuous at point x0 if all component functions
u, v, w are continuous at point x0 .

The notions of the left continuity at point x0, the right continuity at point x0 and the continuity
on interval I of a vector function can also be defined analogously.

III.9.8. Derivative of a vector function.

The derivative of a vector function f⃗ = (u; v;w) at point x0 is the vector denoted by f⃗ ′(x0)

that satisfies: f⃗ ′(x0) = (u′(x0); v
′(x0);w

′(x0)) = u′(x0) ı̂+ v′(x0) ȷ̂+ w′(x0) k̂ (if the deriva-
tives u′(x0), v′(x0) and w′(x0) exist).

The notions of the left derivative and the right derivative can be defined by analogy.

III.9.9. Remark.

A vector function which has another number of component functions and its limit, continuity
and derivative can be introduced in the same way.
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III.9.10. Example.

If a point moves in space and its position at time t is given by the position vector of point X ∈
R3: X = P (t) = [ 3 cos t; 3 sin t; 4t ], then the instantaneous velocity (vector) of the point is
Ṗ (t) = (3 cos t; −3 sin t; 4) , its instantaneous acceleration is P̈ (t) = (−3 sin t; −3 cos t; 0).

III.9.11. Problems.

Find f⃗ ′ and f⃗ ′′, if vector function f⃗ has the form
a) f⃗(x) = (2− 3x) ı̂ + (x2 − 5) ȷ̂ + (2x− 7) k̂,
b) f⃗(t) = (sin2 t; tan t; ln t− t).

R e s u l t s : a) f⃗ ′(x) = −3 ı̂+ 2x ȷ̂+ 2 k̂, f⃗ ′′(x) = 2 ȷ̂ (for x ∈ (−∞; +∞) ),

b) f⃗ ′(t) =

(
2 sin t cos t;

1

cos2 t
;
1

t
− 1

)
,

f⃗ ′′(t) =

(
2 cos2 t− 2 sin2 t;

2 sin t

cos3 t
; − 1

t2

)
(for t ∈

(
0;
π

2

)
∪
(
π

2
;
3π

2

)
∪
(
3π

2
;
5π

2

)
∪ . . . ).

III.9.12. Remark.

To evaluate limits and derivatives of a sum, a difference, a product and a quotient of complex
functions (respectively a sum, a difference and a product of vector functions), we can use the
same rules as in the case of real functions.

Vector functions can be multiplied in the same way as vectors – i.e. there exists a scalar
product and a vector product of vector functions. The rule for differentiation of a product as it
is known from calculus of real functions (see paragraph III.4.10 d) ) can also be applied to both
types of products of vector functions:

If vector functions f⃗ and g⃗ have derivatives at point x0 then the products f⃗ · g⃗ and f⃗ × g⃗
also have derivatives at point x0 and it holds:

(f⃗ · g⃗)′(x0) = f⃗
′
(x0) · g⃗(x0) + f⃗(x0) · g⃗

′
(x0),

(f⃗ × g⃗)′(x0) = f⃗
′
(x0)× g⃗(x0) + f⃗(x0)× g⃗

′
(x0).
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CHAPTER IV.

Indefinite integral

IV.1. Antiderivative, indefinite integral

IV.1.1. Antiderivative.

Let I be an interval with end points a, b (where a < b ; numbers a, b can also be
infinite). A function F is called an antiderivative to function f on interval I if

a) F ′(x) = f(x) for all x ∈ (a; b),
b) F ′

+(a) = f(a) (if point a belongs to interval I ),
c) F ′

−(b) = f(b) (if point b belongs to interval I ).

IV.1.2. Remark.

Instead of “F is an antiderivative to function f on interval I ”, we shall sometimes write only
“F ′ = f in I ”.

Almost the whole part IV of this textbook deals with the question how to find an antideriva-
tive to a given function f . The antiderivative is important mainly because it enables to evaluate
a so called definite integral of function f . (See part V.) Moreover, the solution of many differ-
ential equations also leads to the problem of finding the antiderivative. (See section IV.7.)

To find an antiderivative to a given function f is an “inverse” problem to the differentiation
of function f. We already know that not every function has a derivative. Similarly, it is also not
true that an antiderivative automatically exists to every given function. The following theorem
gives a sufficient condition for the existence of an antiderivative to f on interval I .

IV.1.3. Theorem (on the existence of an antiderivative).

If function f is continuous on interval I then there exists an antiderivative to f on I .

IV.1.4. Remark.

The other question is whether an antiderivative to function f on interval I (if it exists) is
unique. The following theorem says that it is not unique. There exist infinitely many antideriva-
tives, but any two of them differ at most in an additive constant.

IV.1.5. Theorem.

a) If F is an antiderivative to function f on interval I and C is an arbitrary real constant
then function G defined by the formula G(x) = F (x) + C (for x ∈ I ) is also an
antiderivative to function f on interval I .

b) If F and G are two antiderivatives to function f on interval I then there exists C ∈ R
such that G(x) = F (x) + C for all x ∈ I .

P r o o f :
a) If F ′ = f in I, then also G′ = (F + C)′ = F ′ + C ′ = F ′ = f in I .
b) If F ′ = f in I and G′ = f in I, then (G − F )′ = G′ − F ′ = f − f = 0 in I.

Hence the function H = G− F has a zero derivative in interval I and so it is a constant
function in interval I . (See theorem III.5.4, item e).) Thus, there exists C ∈ R such that
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H(x) = G(x) − F (x) = C for all x ∈ I. This means that G(x) = F (x) + C for
all x ∈ I .

IV.1.6. Theorem.

If F and G are antiderivatives to functions f and g on interval I , then F + G is an an-
tiderivative to f + g on interval I .
If F is an antiderivative to f on interval I and α is a real number, then α ·F is an antideriva-
tive to α · f on interval I .

P r o o f :
This follows immediately from theorem III.4.9, parts a) and b).

IV.1.7. Indefinite integral.

The indefinite integral of function f on interval I is the set of all antiderivatives to func-
tion f on interval I. This set is denoted by∫

f(x) dx, x ∈ I or briefly only
∫
f(x) dx,

∫
f dx.

If F is an antiderivative to function f on interval I, then the set
∫
f(x) dx contains

only function F and all other functions that differ from F at most in an additive constant
on I. This can be expressed by the equation∫

f(x) dx = F (x) + C, x ∈ I .

The function f is called the integrand and the constant C is called the constant of
integration.

It follows from the definition of the indefinite integral that the integral
∫
f(x) dx in interval

I exists if and only if function f has an antiderivative in interval I . Due to theorem IV.1.3, the
continuity of function f in I is a sufficient condition for the existence.

IV.1.8. Theorem.

If the indefinite integrals of functions f and g exist on interval I and α ∈ R then

(IV.1.1)
∫

( f(x) + g(x) ) dx =

∫
f(x) dx +

∫
g(x) dx, x ∈ I

(IV.1.2)
∫
αf(x) dx = α

∫
f(x) dx, x ∈ I .

This theorem directly follows from theorem IV.1.6. Equality (IV.1.1) is in fact the equality of
sets of functions. It says:

a) An arbitrary function from the set on the left hand side, i.e. from
∫
(f(x) + g(x)) dx, can

be expressed as a sum of two functions from the sets on the right hand side, i.e. a function
from the set

∫
f(x) dx and a function from the set

∫
g(x) dx.

b) On the other hand, the sum of two arbitrary functions from the sets on the right hand side,
i.e. a function from

∫
f(x) dx and a function from

∫
g(x) dx, belongs to the set on the

left hand side, i.e. to
∫
(f(x) + g(x)) dx.

The precise sense of equality (IV.1.2) can be explained similarly.
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IV.1.9. Corollary.

Theorem IV.1.8 can be generalized: If functions f1, . . . , fn have indefinite integrals in interval
I and α1, . . . , αn are real numbers then∫

(α1f1(x) + · · ·+ αnfn(x) ) dx = α1

∫
f1(x) dx+ · · ·+ αn

∫
fn(x) dx, x ∈ I .

IV.1.10. Table of basic indefinite integrals.

Basic formulas for some indefinite integrals can simply be obtained by “inverting” the
formulas for differentiation of elementary functions (see paragraphs III.4.10 and III.4.15).
Each of these formulas holds on an arbitrary interval I which is contained in the domain
of the integrand.∫

0 dx = C,a)
∫
xα dx =

xα+1

α + 1
+ C (α ̸= −1),b)∫

cos x dx = sin x + C,c)
∫

sin x dx = − cos x + C,d)∫
1

cos2 x
dx = tan x + C,e)

∫
1

sin2 x
dx = − cotan x + C,f)∫

1√
1− x2

dx = arcsin x + C,g)
∫

1

1 + x2
dx = arctanx + C,h)∫

ax dx =
ax

ln a
+ C (a > 0, a ̸= 1),i)

∫
ex dx = ex + C,j)∫

1

x
dx = ln |x| + C.k)

IV.1.11. Remark.

It is not quite clear at first sight how formula k) follows from the formula for differentiation
of the function ln x (i.e. from formula f) in paragraph III.4.15). |x| = x in the interval
(0;+∞), so the validity of k) is obvious in this interval. However, since |x| = −x in the
interval (−∞; 0), we also have

( ln |x| )′ = 1

|x|
· |x|′ = 1

(−x)
· (−x)′ = 1

(−x)
· (−1) =

1

x
for x ∈ (−∞; 0).

This confirms the validity of formula k) in the interval (−∞; 0), too.

IV.1.12. Remark.

Using the formulas for derivatives of functions arc sine and arc cosine (from paragraph III.4.15),
we can also express the integrals from items g) and h) in paragraph IV.1.10 as follows:∫

1√
1− x2

dx = − arccos x + C,g)∗∫
1

1 + x2
dx = − arccotan x + C.h)∗

This means that the difference ( arcsin x − (− arccos x) ) is a constant function in the interval
(−1;+1) and similarly, the difference ( arctan x − (− arccotan x) ) is a constant function in
the interval (−∞; +∞).
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IV.1.13. Remark.

Integration is the name given to the procedure leading to an antiderivative or to an indefinite
integral of a given function f (which is practically the same thing, since in order to write down
an indefinite integral it is sufficient to know any of the antiderivatives to f ).

While the differentiation of a given function can be more or less well algorithmized (it usu-
ally suffices to choose and apply appropriate differentiation formulas), this cannot be said of
the integration. There exists no general algorithm which will always lead to a desired result
and which will provide a rule for the integration of any function. Conversely, there exist a lot
of relatively simple functions whose antiderivatives exist, but they cannot be expressed in a
“closed form”, i.e. by a formula that prescribes the performance of a finite number of opera-
tions and allows us to use only elementary functions in them. (An example of such a function
is f(x) = e−x2 in the interval (−∞; +∞). ) A large range of various methods have been
developed which enable us to find indefinite integrals for various classes of “similar” functions.
This was an object of interest of many mathematicians especially in the 18th and 19th Cen-
turies. Many of these methods are simple, while others are quite complicated, involving many
relatively artificial substitutions, etc. Nowadays, these complicated procedures have rather lost
their importance. This has been caused mainly by the development of computers, which make
it possible to compute so called definite integrals and to solve differential equations (which are
the fields where indefinite integrals are mostly used) by various approximate methods. Never-
theless, this does not mean that we can entirely rely on computers and need not learn to integrate
at all! (Children still learn – and will continue to learn – their multiplication tables, even though
computers can multiply numbers faster and more reliably.) This is why we show several simple
methods for integration in the rest of this chapter.

IV.1.14. Example.∫
(x3 − 3x2 + 4x − 1) dx =

∫
x3 dx − 3

∫
x2 dx + 4

∫
x dx −

∫
1 dx =

=
1

4
x4 − x3 + 2x2 − x + C.

The method used in this example is called term by term integration or sometimes integration by
decomposition. The integrand was decomposed into the sum (or the difference) of more simpler
functions, each of which could be integrated individually. The correctness of this approach
follows from theorem IV.1.8 and from corollary IV.1.9.

Constants of integration need not be added separately to each indefinite integral in the
decomposition shown above. All such constants can be associated to one which can be denoted
e.g. by C and added at the end.

IV.2. Integration by parts
IV.2.1. Motivation.

We have derived the rule for differentiation of a product of two functions in paragraph III.4.6.
This rule can be symbolically written as follows:

(u · v)′ = u′ · v + u · v′ =⇒

u · v
′ = (u · v)′ − u′ · v,

u′ · v = (u · v)′ − u · v′.
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IV.2.2. Theorem (on integration by parts).

If functions u and v have continuous derivatives on interval I then the following for-
mula holds on I :∫

u(x) · v′(x) dx = u(x) · v(x) −
∫
u′(x) · v(x) dx.

IV.2.3. Example.

∫
x sinx dx =

∣∣∣∣∣∣u = x, v′ = sinx

u′ = 1, v = − cos x

∣∣∣∣∣∣ = −x cos x−
∫

(− cosx) dx =

= −x cos x+ sin x+ C, x ∈ R.
IV.2.4. Example.

∫
(x2 − 3x+ 1)ex dx =

∣∣∣∣∣∣u = x2 − 3x+ 1, v′ = ex

u′ = 2x− 3, v = ex

∣∣∣∣∣∣ =
= (x2 − 3x+ 1)ex −

∫
(2x− 3)ex dx =

∣∣∣∣∣∣u = 2x− 3, v′ = ex

u′ = 2, v = ex

∣∣∣∣∣∣ =
= (x2 − 3x+ 1)ex − (2x− 3)ex +

∫
2ex dx = (x2 − 5x+ 6)ex + C, x ∈ R.

IV.2.5. Example.

∫
ln x dx =

∫
1 · ln x dx =

∣∣∣∣∣∣u = lnx, v′ = 1

u′ =
1

x
, v = x

∣∣∣∣∣∣ = x ln x−
∫
x · 1

x
dx =

= x ln x−
∫

1 dx = x ln x− x+ C, x > 0.

IV.2.6. Example.

∫
ex sin x dx =

∣∣∣∣∣∣u = sin x, v′ = ex

u′ = cosx, v = ex

∣∣∣∣∣∣ = ex sin x−
∫

ex cos x dx =

=

∣∣∣∣∣∣u = cos x, v′ = ex

u′ = − sin x, v = ex

∣∣∣∣∣∣ = ex sin x− ex cos x+

∫
ex(− sinx) dx =

= ex sin x− ex cos x−
∫

ex sin x dx.

If we denote the integral by I, this gives

I = ex sin x− ex cos x− I.
Thus,

I =

∫
ex sin x dx =

1

2
(ex sin x− ex cos x) + C, x ∈ R.
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IV.2.7.∗ Example.

∫
1

(1 + x2)n
dx =

∫
1 · 1

(1 + x2)n
dx =

∣∣∣∣∣∣∣
u =

1

(1 + x2)n
, v′ = 1

u′ = − 2nx

(1 + x2)n+1
, v = x

∣∣∣∣∣∣∣ =
=

x

(1 + x2)n
−
∫
x

(
− 2nx

(1 + x2)n+1

)
dx =

=
x

(1 + x2)n
+ 2n

∫
1 + x2

(1 + x2)n+1
dx− 2n

∫
1

(1 + x2)n+1
dx.

Denote In =

∫
1

(1 + x2)n
dx. Applying integration by parts, we obtain the equation

In =
x

(1 + x2)n
+ 2n · In − 2n · In+1 .

This leads to the formula In+1 =
1

2n
· x

(1 + x2)n
+

2n− 1

2n
In .

Writing this for example with n = 1 and substituting for I1 from IV.1.9 h), we get:

I2 =
1

2

x

1 + x2
+

1

2

∫
1

1 + x2
dx =

1

2

x

1 + x2
+

1

2
arctan x + C; x ∈ R.

IV.2.8. Problems.

Find the integrals:∫
x · ex dx,a)

∫
x · cos x dx,b)

∫
x2 · cos x dx,c)∫

x2 · ln x dx,d)
∫
x · arccotan x dx,e)

∫
ex · cos x dx.f)

R e s u l t s :

ex · (x− 1) + C (for x ∈ R)a) x · sin x + cosx + C (for x ∈ R)b)

x2 · sin x + 2x cos x − 2 sinx + C
(for x ∈ R)

c)
1

3
x3
(
ln x − 1

3

)
+ C (for x > 0)d)

1

2
(x2 + 1) · arccotan x +

1

2
x + C

(for x ∈ R)

e)
1

2
ex (sin x + cos x) + C (for x ∈ R).f)

IV.3. Integration by substitution
IV.3.1. Motivation.

Analogously, as integration by parts represents the reverse procedure to the differentiation of a
product of two functions, integration by substitution is a method which arose by inverting the
Chain Rule (see theorem III.4.14).
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IV.3.2. Theorem.

Suppose that function f(x) is continuous on interval I. Suppose further that function
x = g(t) is differentiable on interval J and it maps J onto I. Then

(IV.3.1)
∫
f(x) dx =

∫
f(g(t)) · g′(t) dt for x ∈ I, t ∈ J, x = g(t).

IV.3.3. Remark

The indefinite integral on the left hand side of (IV.3.1) is the set of all primitive functions to
function f(x) on interval I. Similarly, the indefinite integral on the right hand side is the set
of all primitive functions to function f(g(t)) · g′(t) on interval J . Thus, equality (IV.3.1) is
the equality between two sets of functions. It looks strange at the first sight, because the set on
the left hand side contains functions defined on interval I, while the set on the right hand side
contains functions defined on interval J. However, it is necessary to understand the equality in
such a way that if one replaces x by g(t) in every function in the set on the left hand side, then
both sets coincide.

Formula (IV.3.1) can be used in two situations:
1) We wish to evaluate the integral on the right hand side and we transform it to the integral

on the left hand side. (This has a sense if the integral on the right hand side cannot be
computed directly and the integral on the left hand side is simpler.)

2) We wish to find the integral on the left hand side and we transform it to the integral on the
right hand side. (This has a sense if the integral on the right hand side is simpler.)

We describe both possibilities in so called first and second substitution methods.

IV.3.4. The 1st method of substitution.

Assume that all assumptions of theorem IV.3.2 are fulfilled. Suppose that we wish to
evaluate the integral

∫
f(g(t)) · g′(t) dt on the right hand side of (IV.3.1). We put

g(t) = x and g′(t) dt = dx. So we obtain the integral appearing on the left hand side
of (IV.3.1). We evaluate this integral (on interval I ). Finally, replacing x by g(t), we
obtain the desired integral

∫
f(g(t)) · g′(t) dt .

IV.3.5. Example.

∫
sin3 t cos t dt =

∣∣∣∣∣∣sin t = x

cos t dt = dx

∣∣∣∣∣∣ =
∫
x3 dx =

1

4
x4 + C =

1

4
sin4 t+ C.

The assumptions of theorem IV.3.2 are fulfilled, because the function g(t) = sin t is differen-
tiable in J = (−∞; +∞), maps this interval onto I = ⟨−1;+1⟩ and function f(x) = x3 is
continuous on interval I .

IV.3.6. Remark.

When we use the 1st method of substitution then the exact specification of interval I which is
the range of g|J is not necessary. In many cases, it is easier to verify that g maps J into (and
not necessarily onto) some interval I ′ where f is continuous. Then f is also continuous in
the interval I = R(g|J), because I ⊂ I ′.
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Thus, as a part of the verification of the assumptions of theorem IV.3.2 in example IV.3.5,
it is sufficient to find out that function g maps interval J into the interval I = (−∞; +∞)
where the function f(x) = x3 is continuous.

IV.3.7. Remark.

We can use various denotations for the variable in integration. It is usually denoted by x, but
this is not a rule. Thus, if we start with an integral of the type

∫
f(g(x)) ·g′(x) dx then the new

variable can be denoted for example by s. Using the substitution s = g(x), ds = g′(x) dx,
we transform this integral to

∫
f(s) ds. Get used to various denotations of variables!

IV.3.8. The 2nd method of substitution.

Suppose that the assumptions of theorem IV.3.2 are fulfilled and moreover, function g is
strictly monotone in interval J . Assume that we wish to compute the integral

∫
f(x) dx

in interval I. We put x = g(t) and dx = g′(t)·dt. Thus, we transform the problem to the
computation of the integral

∫
f(g(t)) · g′(t) dt in interval J . We evaluate this integral,

replace t by g−1(x) and we obtain the expression of the original integral
∫
f(x) dx.

IV.3.9. Remark.

The application of the 2nd method requires the inverse substitution t = g−1(x) at the very end
of the computation. The assumption about the strict monotonicity of function g on interval J
guarantees the existence of the inverse function g−1 to g.

IV.3.10. Example.

Evaluate
∫ √

9− x2 dx. The integrand is defined and continuous in the interval ⟨−3; 3⟩.
Hence we will evaluate the integral on this interval. We use the substitution x = g(t) =

3 sin t (for t ∈
〈
−π
2
;
π

2

〉
). Function g is increasing (and therefore strictly monotone) on the

interval
〈
−π
2
;
π

2

〉
, it is differentiable here and it maps this interval onto the interval ⟨−3; 3⟩.

Thus, function g satisfies the assumptions of the second substitution method. The change of
variable gives

∫ √
9− x2 dx =

∣∣∣∣∣∣x = 3 sin t

dx = 3 cos t dt

∣∣∣∣∣∣ =
∫ √

9− 9 sin2 t 3 cos t dt = 9

∫
| cos t| cos t dt ∗

=

∗
= 9

∫
cos2 t dt =

9

2

∫ (
1 + cos(2t)

)
dt =

9

2

(
t+

sin(2t)

2

)
+ C =

9

2
(t+ sin t cos t) + C =

=

∣∣∣∣∣∣∣
t = arcsin

(x
3

)
sin t =

x

3
, cos t =

√
1− x2

9

∣∣∣∣∣∣∣ =
9

2

(
arcsin

(x
3

)
+
x

3

√
1− x2

9

)
+ C.

∗) Function cosine is nonnegative in the interval
〈
−π
2
;
π

2

〉
, hence | cos t| = cos t for all t

from this interval.
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IV.3.11. Example.

Evaluate the integral
∫

1

1− x
dx. The domain of the function

1

1− x
is the union (−∞; 1) ∪

(1;+∞). The function
1

1− x
is continuous on the two intervals (−∞; 1) and (1;+∞), hence

an antiderivative and the indefinite integral exist on each of them.∫
1

1− x
dx =

∣∣∣∣∣∣x = 1− u

dx = −du

∣∣∣∣∣∣ = −
∫

1

u
du = − ln |u|+ C = − ln |1− x|+ C.

Verify for yourself that all assumptions of the 2nd method of substitution are fulfilled here.

IV.3.12. Problems.∫
x

3
√
1− x2

dxa)
∫

cos x

sin3 x
dxb)

∫
exp

√
x√

x
dxc)∫ √

arctan x

1 + x2
dxd)

∫
ln x− 3

x
√
ln x

dxe)
∫

e−x dxf)∫
ex

1 + e2x
dxg)

∫
(1− 2x)1000 dxh)

∫
1√

1− 2x2
dxi)∫

1√
2x + 1

dxj)
∫ √

1− x

x
dxk)

∫
dx

(1 + x2) arctan x
l)

R e s u l t s :

−3

4
(1− x2)

2
3 + C (on intervals (−∞;−1), (−1; 1), (1;+∞) )a)

− 1

2 sin2 x
+ C (on each interval (kπ; (k + 1)π), k being an integer)b)

2 exp
√
x + C (on (−∞; +∞) )c)

2

3
(arctan x)

3
2 + C (on (−∞; +∞) )d)

2

3

√
ln x (ln x− 9) + C (on (1;+∞) )e)

−e−x + C (on (−∞; +∞) )f)

arctan(ex) + C (on (−∞; +∞) )g)

− 1

2002
(1− 2x)1001 + C (on (−∞; +∞) )h)

arcsin (
√
2x)√

2
+ C (on

(
− 1√

2
;
1√
2

)
)i)

1

ln 2
ln

( √
2x + 1− 1√
2x + 1 + 1

)
+ C

(on (−∞; +∞) )

j)

2
√
1− x + ln

∣∣∣∣ √1− x− 1√
1− x+ 1

∣∣∣∣ + C (on (−∞; 1) )k)

ln | arctan x| + C (on intervals (−∞; 0) and (0;+∞) ).l)
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IV.4. Integration of simple rational functions
IV.4.1. Rational function.

A rational function is a function of the type
P

Q
, where P and Q are polynomials and the

degree of polynomial Q is greater than or equal to one.

IV.4.2. Remark.

We are going to explain how it is possible to integrate rational functions which have a poly-
nomial of the degree at most three in the denominator. The procedure of integration of other
rational functions is similar, though it can be technically more complicated. Example IV.6.6
involves the integration of a rational function with a polynomial of the fourth degree in the
denominator.

The basic idea is to write the rational function as a sum of terms, so called partial fractions,
each of which can be relatively simply integrated. The procedure starts with the decomposition
of the polynomial in the denominator (i.e. polynomial Q ) to the product of factors, which are
linear, in some cases also quadratic, polynomials.

Linear factors appearing in the decomposition have a close relation to the roots of polyno-
mial Q : Q contains the linear factor (x− α) if and only if α is the root of Q.

A quadratic factor appears in the decomposition of Q only if it has no real factors, i.e. if
it has no real roots and its discriminant is negative – see cases Ia) and IIa) in the following
paragraph.

IV.4.3. The decomposition of a polynomial of at most the third degree.

I) Suppose first that Q is a quadratic polynomial, i.e.
Q(x) = q0 x

2 + q1 x + q2 (where q0 ̸= 0 ).
There are three possibilities:

Ia) Q has no real root and so it has no real linear factor.
Ib) Q has a unique (repeated) real root α and it can be decomposed as follows:

Q(x) = q0 (x− α)2.
Ic) Q has two distinct real roots α, β and it can be decomposed as follows:

Q(x) = q0 (x− α) (x− β).
II) Suppose now that Q is a cubic polynomial, i.e.

Q(x) = q0 x
3 + q1 x

2 + q2 x + q3 (where q0 ̸= 0 ).
There are four possibilities:
IIa) Q has a unique single real root α. In this case Q can be written in the form

Q(x) = q0 (x−α) (x2+rx+s), where (x2+rx+s) is a quadratic polynomial
which is has no real factors (its discriminant is negative).

IIb) Q has a unique triple real root α. Then Q(x) = q0 (x− α)3.
IIc) Q has a single real root α and a double real root β. Then Q can be written as

follows: Q(x) = q0 (x− α) (x− β)2.
IId) Q has three distinct real roots α, β, γ. ThenQ(x) = q0 (x−α) (x−β) (x−γ).

Sketch for yourself the graph of polynomial Q in all the above cases!

IV.4.4. Example.

Decompose the polynomial
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Q(x) = 2x3 − 4x2 − 20x − 50.

to the product of linear or quadratic factors (which are further irreducible in the real domain).
First we need to find the real roots of this polynomial. There exist general formulas (so

called Cardan’s formulas) which enable us to express all the roots of a cubic polynomial (see
e.g. [Re]). However, these formulas are not simple and so we try to find at least one root simply
by guessing it. (School examples are usually chosen so that cubic polynomials have at least
one “nice” root – like 0, ±1, ±2, etc., and so you have a good chance to guess it.) Substituting
successively the numbers 0, ±1 ± 2, . . . to Q, we find out that Q(5) = 0. Thus, α = 5 is the
real root of Q. Hence Q is divisible by the factor (x− 5). The division gives:

Q(x) : (x− 5) = (2x3 − 4x2 − 20x− 50) : (x− 5) = 2 (x2 + 3x+ 5).

The discriminant of the quadratic polynomial x2+3x+5 is negative (it equals −11), therefore
the polynomial has only complex roots and it has no real linear factors. Thus, the desired
decomposition of polynomial Q is:

Q(x) = 2 (x− 5) (x2 + 3x+ 5).

This corresponds to case IIa) in the previous paragraph IV.4.3.

IV.4.5. The partial fraction decomposition of a rational function with a quadratic polyno-
mial in the denominator.

Suppose that P is a polynomial of the degree less than 2 (i.e. it is either a constant function or
it is a linear polynomial). Suppose further that polynomials P and Q are not divisible by the

same linear factor. (Otherwise the rational function
P

Q
could be cancelled by this linear factor

and the resulting function would be of another, simpler, type.) In this paragraph, we show how

it is possible to write
P

Q
in the form of a sum of simpler, so called partial fractions. The form

of the sum depends on the factors of Q. That is why we successively discuss the cases Ia),
Ib) and Ic) from paragraph IV.4.3 and we always show the corresponding decomposition of the

rational function
P

Q
.

Ia)
P (x)

Q(x)
=

P (x)

q0x2 + q1x+ q2
. . . . . . . . . . . . . . . . . . . . .

In this case the rational function

P (x)

Q(x)
is already a partial fraction.

Ib)
P (x)

Q(x)
=

P (x)

q0 (x− α)2
=

A1

(x− α)
+

A2

(x− α)2

Ic)
P (x)

Q(x)
=

P (x)

q0 (x− α) (x− β)
=

A

(x− α)
+

B

(x− β)

There are several methods for calculating coefficients A1 and A2 (respectively A and B ).
One of them is shown in the following example.

IV.4.6. Example.

Find the partial fraction decomposition of the rational function

P (x)

Q(x)
=

2x− 7

x2 − 5x+ 6
.
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Polynomial Q can be written as a product of two linear factors as follows: Q(x) = x2−5x+
6 = (x− 2) (x− 3). Using formula Ic) from the preceding paragraph, we can write:

P (x)

Q(x)
=

2x− 7

x2 − 5x+ 6
=

A

x− 2
+

B

x− 3
.

The sum on the right hand side can be transformed to the common denominator:

A

x− 2
+

B

x− 3
=

A (x− 3) + B (x− 2)

(x− 2) (x− 3)
=

(A+B)x− (3A+ 2B)

(x− 2) (x− 3)
.

The last fraction is identical with
P (x)

Q(x)
. Comparing the numerators, we obtain: (A+B) x −

(3A + 2B) = 2x − 7. Two polynomials are equal if and only if all their coefficients at
the corresponding powers of the independent variable (i.e. x ) are equal. In our case, the
comparison of the coefficients yields:

A + B = 2, 3A + 2B = −7.

This is a system of two linear algebraic equations for two unknowns A and B. Solving this
system, we obtain: A = 3, B = −1. Thus, the decomposition we wished to find is:

2x− 7

x2 − 5x+ 6
=

3

x− 2
− 1

x− 3
.

The method, explained in this example, is called “the method of undetermined coefficients”.
(The undetermined coefficients were A and B.)

IV.4.7. The partial fraction decomposition of a rational function with a cubic polynomial
in the denominator.

Suppose that P is a polynomial of the degree less than 3 (i.e. it is either a constant function or
a linear polynomial or a quadratic polynomial) and Q is a polynomial of the degree 3. Assume
further that polynomials P and Q have no common factor which could be used to cancel

the rational function
P

Q
. We show how it is possible to decompose

P

Q
to the sum of partial

fractions. The form of the partial fractions is closely related to the decomposition of polynomial
Q, explained in paragraph IV.4.3. This is why we discuss all four cases IIa), IIb), IIc) and IId)
from paragraph IV.4.3 and we always show the corresponding partial fraction decomposition of

the rational function
P

Q
.

IIa)
P (x)

Q(x)
=

P (x)

q0 (x− α) (x2 + rx+ s)
=

A

x− α
+

Bx + C

x2 + rx+ s

IIb)
P (x)

Q(x)
=

P (x)

q0 (x− α)3
=

A1

x− α
+

A2

(x− α)2
+

A3

(x− α)3

IIc)
P (x)

Q(x)
=

P (x)

q0 (x− α) (x− β)2
=

A

x− α
+

B1

x− β
+

B2

(x− β)2

IId)
P (x)

Q(x)
=

P (x)

q0 (x− α) (x− β) (x− γ)
=

A

x− α
+

B

x− β
+

C

x− γ

The coefficients A, B, C (respectively A1, A2, A3, respectivelyA, B1, B2 ) can be evaluated
similarly as in example IV.4.6 in particular cases. You can also see this in the following example.

Index 119 List of selected symbols



Contents IV. Indefinite integral

IV.4.8. Example.

Decompose to the sum of partial fractions the rational function

P (x)

Q(x)
=

10x2 + 4x

2x3 − 4x2 − 20x− 50
.

The decomposition of polynomial Q is: Q(x) = 2 (x−5) (x2+3x+5) (see example IV.4.4).
Using formula IIa) from the previous paragraph, we get:

P (x)

Q(x)
=

10x2 + 4x

2x3 − 4x2 − 20x− 50
=

A

x− 5
+

Bx + C

x2 + 3x+ 5
.

Transforming the sum on the right hand side to the same denominator and making simple rear-
rangements, we obtain:

A

x− 5
+

Bx + C

x2 + 3x+ 5
=

(A+B)x2 + (3A− 5B + C) x+ (5A− 5C)

(x− 5) (x2 + 3x+ 5)
.

The last fraction is identical with
P (x)

Q(x)
. The comparison of the numerators gives: (A+B) x2 +

(3A− 5B + C) x + (5A− 5C) = 10x2 + 4x. If we further compare the coefficients at the
same powers of x, we obtain a system of three linear algebraic equations for three unknowns
A, B, C:

A + B = 5, 3A − 5B + C = 2, 5A − 5C = 0.

The system has a unique solution: A = 3, B = 2, C = 3. Thus, the desired decomposition
is:

10x2 + 4x

2x3 − 4x2 − 20x− 50
=

3

x− 5
+

2x + 3

x2 + 3x+ 5
.

IV.4.9. The integration of a rational function.

If we have to integrate a rational function
P

Q
(where Q is at most a cubic polynomial), we

follow these steps:
a) If the degree of P is greater than or equal to the degree of Q then we divide P by Q.

Suppose that the resulting polynomial is P1 and the remainder is P2. Hence
P

Q
can be

written in the form P1 +
P2

Q
, where the degree of P2 is already less than the degree

of Q. The integration of polynomial P1 is already simple and the quotient
P2

Q
can be

integrated in the way described in the next item.
b) If the degree of P is less than the degree of Q then we decompose the rational function
P

Q
to the sum of partial fractions and we integrate this sum “term by term”. The integration

of the two types of partial fractions is explained in paragraphs IV.4.11 and IV.4.12.

IV.4.10. Remark.

Let us discuss in this paragraph a simple case when polynomial Q in the denominator of the

rational function
P

Q
is linear, i.e. its degree equals 1. If the degree of polynomial P equals zero
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(i.e. P is a constant) then the rational function
P

Q
is already a partial fraction. If the degree of

P is greater than zero, then dividing P by Q we transform
P

Q
to the form P1 +

P2

Q
, where

P1 is a polynomial and P2 is a constant.
P2

Q
is a partial fraction. The integration of P1 is

obvious and the integration of
P2

Q
is described in paragraph IV.4.11.

Thus, the case when the degree polynomial Q equals one is simple and therefore we do
not further pay more attention to this case.

IV.4.11. The integration of partial fractions of the type
A

(x− α)n
.

The substitution is applied directly in the computation:∫
A

(x− α)n
dx =

∣∣∣∣∣∣t = x− α

dt = dx

∣∣∣∣∣∣ =
∫

A

tn
dt.

The transformed integral can be evaluated by means of formula b) from paragraph IV.1.9 (for
n ̸= 1 ) or by means of formula k) from the same paragraph (for n = 1 ). Replacing t by

x− α in the result, we obtain the expression of the integral
∫

A

(x− α)n
dx on two intervals:

(−∞;α) and (α; +∞).

IV.4.12. The integration of partial fractions of the type
Bx+ C

x2 + rx+ s
.

Suppose that the quadratic polynomial x2 + rx + s cannot be decomposed in the real domain

(otherwise
Bx+ C

x2 + rx+ s
would not be a partial fraction). Bear in mind that we can recognize

this for example in such a way that the discriminant of the polynomial x2 + rx+ s is negative.

Before we explain the integration of a general function
Bx+ C

x2 + rx+ s
, we will illustrate the

procedure on a concrete example. Since C already denotes one of the coefficients in the partial
fraction, the constant of integration will be denoted by c. Completing the square, we obtain∫

2x+ 3

x2 + 2x+ 5
dx =

∫
2x+ 3

(x+ 1)2 + 4
dx =

∣∣∣∣∣∣u = x+ 1

x = u− 1, dx = du

∣∣∣∣∣∣ =
∫

2u+ 1

u2 + 4
du =

=

∣∣∣∣∣∣u = 2v

du = 2dv

∣∣∣∣∣∣ = 1

2

∫
4v + 1

v2 + 1
dv =

∫
2v

v2 + 1
dv +

1

2

∫
1

v2 + 1
dv =

= ln(v2 + 1) +
1

2
arctan v + c =

∣∣∣∣v =
u

2
=
x+ 1

2

∣∣∣∣ =
= ln

(
(x+ 1)2

4
+ 1

)
+

1

2
arctan

(
x+ 1

2

)
+ c.

Here (v2 + 1)′ = 2v, so the first of the two integrals is a logarithm.

The partial fraction
2x+ 3

x2 + 2x+ 5
is a continuous function on the interval (−∞; +∞), hence

its antiderivative and the indefinite integral exist on this interval.
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Let us now return to the general partial fraction
Bx+ C

x2 + rx+ s
. The fraction can be written

in the form
Bx+ C

x2 + rx+ s
= R

2x+ r

x2 + rx+ s
+ S

1

x2 + rx+ s
.

The values of R and S can be specified by comparing the coefficients at the same powers of x,
similarly as the values of A, B and C in paragraph IV.4.8. The first fraction on the right hand

side is of the type
f ′

f
and so its integral is:

∫
2x+ r

x2 + rx+ s
dx =

∣∣∣∣∣∣u = x2 + rx+ s

du = (2x+ r) dx

∣∣∣∣∣∣ =
∫

1

u
du = ln |x2 + rx+ s|+ c, x ∈ R.

The second fraction can be integrated in the way which was already explained on a concrete
example in this paragraph. We obtain:

∫
1

x2 + rx+ s
dx =

∣∣∣∣∣∣∣∣
t =

2x+ r√
−D

dx =

√
−D
2

dt

∣∣∣∣∣∣∣∣ =
2√
−D

∫
1

1 + t2
dt =

=
2√
−D

arctan

(
2x+ r√
−D

)
+ c, x ∈ R.

(We remind that the discriminant D = r2 − 4s is supposed to be negative in this paragraph.)
You can either remember the procedure of integration (illustrated on the concrete example) or
the above final formula.

IV.4.13. Problems.

Find the integrals

a)
∫
x3 − 3x2 + 2

2x+ 1
dx,

b)
∫

x

x3 − 1
dx,

c)
∫

x3 + 1

x3 − x2
dx,

d)
∫

5x− 4

x3 − x2 − 2x
dx.

R e s u l t s :

1

6
x− 7

8
x2 +

7

8
x+

9

16
ln |2x+ 1|+ c (for x ∈

(
−∞;−1

2

)
and x ∈

(
−1

2
;+∞

)
)a)

1

3
ln

|x− 1|√
x2 + x+ 1

+
1√
3
arctan

2x+ 1√
3

+ c (for x ∈ (−∞; 1) and x ∈ (1;+∞) )b)

x+
1

x
+ ln

(x− 1)2

|x|
+ c (for x ∈ (−∞; 0), x ∈ (0; 1) and x ∈ (1;+∞) )c)

ln
x2 |x− 2|
|x+ 1|3

+ c (for x ∈ (−∞;−1), x ∈ (−1; 0), x ∈ (0; 2) and x ∈ (2;+∞) ).d)
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IV.5. Integration of functions of the type sinn x · cosm x

IV.5.1. The integration of functions sinn x·cosm x, where at least one of the numbers
m, n is odd.

Let m, n be such integers that at least one of them is odd. Suppose for example that
m is odd. (If m is even and n is odd then the procedure is analogous.) m can be
expressed in the form m = 2k + 1 where k is an appropriate integer. Then the function
sinn x · cosm x can be written in the form:

sinn x · cosm x = sinn x · cos2k+1 x = sinn x · (cos2 x)k · cos x =

= sinn x · (1− sin2 x)k · cos x.

The integral
∫

sinn x·cosm x dx can be evaluated by means of the substitution sin x = t :

∫
sinn x cosm x dx =

∫
sinn x(1− sin2 x)k cos x dx =

∣∣∣∣∣∣t = sinx

dt = cos x dx

∣∣∣∣∣∣ =
=

∫
tn(1− t2)k dt.

IV.5.2. Example.

∫
sin2 x cos5 x dx =

∫
sin2 x(1− sin2 x)2 cos x dx =

∣∣∣∣∣∣t = sinx

dt = cos x dx

∣∣∣∣∣∣ =
∫
t2(1− t2)2 dt =

=

∫
(t2 − 2t4 + t6) dt =

t3

3
− 2t5

5
+
t7

7
+ C =

sin3 x

3
− 2

5
sin5 x+

sin7 x

7
+ C, x ∈ R.

IV.5.3. Example.

∫
1

sin x
dx =

∫
sin x

1− cos2 x
dx =

∣∣∣∣∣∣t = cos x

dt = − sin x dx

∣∣∣∣∣∣ = −
∫

1

1− t2
dt =

= −1

2

∫
1

1− t
dt− 1

2

∫
1

1 + t
dt =

1

2
ln |1− t| − 1

2
ln |1 + t|+ C =

=
1

2
ln |1− cos x| − 1

2
ln |1 + cos x|+ C =

1

2
ln

∣∣∣∣1− cos x

1 + cos x

∣∣∣∣+ C.

The result holds on each interval (kπ; (k + 1)π), where k ∈ Z.
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IV.5.4. The integration of functions sinn x ·cosm x, both the numbers m, n are even.

The integrand can be rewritten by means of the formulas

sin2 x =
1− cos (2x)

2
, cos2 x =

1 + cos (2x)

2
.

We also use the substitution 2x = t. Thus, we decompose the integrand to the sum
of functions “of type IV.5.1” (i.e. functions satisfying the assumptions from paragraph
IV.5.1) and functions “of type IV.5.4” (i.e. functions satisfying the assumptions from this
paragraph). The integration of the functions “of type IV.5.1” is already known. The
functions “of type IV.5.4” can be rewritten again by means of the above formulas. We
can continue doing this until all remaining functions are “of type IV.5.1”.

IV.5.5. Example.

∫
sin4 x dx =

∫ (
1− cos(2x)

2

)2

dx =

∫
1− 2 cos(2x) + cos2(2x)

4
dx =

∣∣∣∣∣∣t = 2x

dx =
1

2
dt

∣∣∣∣∣∣ =
=

1

8

∫
(1− 2 cos t+ cos2 t) dt =

t

8
− sin t

4
+

1

16

∫
(1 + cos(2t)) dt =

∣∣∣∣∣∣u = 2t

dt =
1

2
du

∣∣∣∣∣∣ =
=
t

8
− sin t

4
+

1

32

∫
(1 + cosu) du =

t

8
− sin t

4
+

u

32
+

sinu

32
+ C =

∣∣∣∣∣∣t = 2x

u = 2t = 4x

∣∣∣∣∣∣ =
=

3

8
x− 1

4
sin(2x) +

1

32
sin(4x) + C, x ∈ R.

IV.5.6. Problems.

Evaluate the integrals

a)

∫
sin7 x dx, b)

∫
cos6 x dx, c)

∫
cos3 x

sin2 x
dx.

R e s u l t s :

− cosx+ cos3 x− 3

5
cos5 x+

1

7
cos7 x+ C ) (for x ∈ (−∞; +∞) )a)

5

16
x+

1

4
sin (2x) +

3

64
sin (4x)− 1

48
sin3(6x) + C (for x ∈ (−∞; +∞) )b)

− 1

sin x
− sin x+ C (for x ∈ (kπ; (k + 1)π); k is an arbitrary integer).c)

IV.6. Integration of some other types of functions
IV.6.1. Rational function of two variables.

We shall several times use the symbol R(u, v) in this section. It will denote a so called
rational function of two variables u and v, i.e. a ratio of two polynomials P (u, v) and Q(u, v).
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You will learn more about functions of several variables in the second term in Mathematics.
For our purposes, it will be sufficient to know that a polynomial of two variables u and v is a
sum of a finite number of terms, each of which has the form k um vn where k is a real constant
and m, n are nonnegative integers.

Examples of rational functions of two variables are:

R(u, v) =
2u + v2 + 2

u − 1
, R(u, v) =

1

2 + u
, R(u, v) =

u − v

u2 + v2
.

IV.6.2.∗ Integrals of the type
∫
R(sin x, cos x) dx.

Integrals of this type can be transformed by means of the substitution

(IV.6.1) t = tan
(x
2

)
to integrals of rational functions. Let us explain this in greater detail. Using the known formulas
for trigonometric functions, we obtain:

cos2
(x
2

)
=

1

1 + tan2
(
x
2

) , sin2
(x
2

)
= 1 − cos2

(x
2

)
=

tan2
(
x
2

)
1 + tan2

(
x
2

) ,

cos x = cos2
(x
2

)
− sin2

(x
2

)
=

1− tan2
(
x
2

)
1 + tan2

(
x
2

) =
1− t2

1 + t2
,

sin x = 2 sin
(x
2

)
· cos

(x
2

)
=

2 tan
(
x
2

)
1 + tan2

(
x
2

) =
2 t

1 + t2
.

Differentiating the equation tan
(x
2

)
= t, we further get:

1

2 cos2
(
x
2

) dx = dt, i.e.
1

2

(
1 + tan2

(x
2

))
dx = dt.

This implies: dx =
2

1 + tan2
(
x
2

) dt =
2

1 + t2
dt.

If we now replace sinx, cosx and dx in the integral
∫
R(sin x, cos x) dx by the above

expressions, we obtain an integral of a rational function (of variable t ). Integrals of rational
functions are dealt with in Section IV.4 in this text.

The substitution (IV.6.1) can be used only on an interval where the function tan
(x
2

)
is defined, i.e. on each interval (−π + 2kπ; π + 2kπ), where k is an integer. (Sometimes
we evaluate the integral on an even smaller interval. This depends on a concrete form of an
integrated rational function.)

IV.6.3.∗ Example.

∫
1− sin x

1 + cos x
dx =

∣∣∣∣∣∣∣
t = tan

(x
2

)
, dx =

2

1 + t2
dt

sin x =
2t

1 + t2
, cos x =

1− t2

1 + t2

∣∣∣∣∣∣∣ =
∫

1− 2t
1+t2

1 + 1−t2

1+t2

2

1 + t2
dt =

=

∫
1− 2t+ t2

1 + t2
dt =

∫ (
1− 2t

1 + t2

)
dt = t− ln(1 + t2) + C =

= tan
(x
2

)
− ln

(
1 + tan2

(x
2

))
+ C.
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The integrand is a continuous function on each of the intervals (−π + 2kπ; π + 2kπ), where
k is an integer. Hence a primitive function and the indefinite integral exist on each of these
intervals. The intervals are identical with those where we can use substitution (IV.6.1). Thus,
the obtained expression of the integral is valid on each of the intervals (−π + 2kπ; π + 2kπ).

IV.6.4. Remark.

Before starting to compute any integral which is not quite simple, we recommend that you think
at least a short while over the possibilities you have and then to try to choose the simplest one.
For instance, the integral ∫

cos x

1− sin x
dx

is an integral “of type IV.6.2”, so it can be evaluated by means of substitution (IV.6.1). However,
there also exists another substitution which is much simpler. Can you discover it?

IV.6.5. Integrals of the type
∫
R

(
x,

√
ax+ b

cx+ d

)
dx.

Suppose that ad − bc ̸= 0. (This inequality guarantees that the linear polynomials ax + b

and cx+ d have no common factor. Otherwise the fraction
ax+ b

cx+ d
could be cancelled by this

factor and the result would be a constant function.) We can use the substitution

(IV.6.2) t =

√
ax+ b

cx+ d
.

This can be used to express x and dx. Substituting this to the integral we want to compute,
we obtain an integral of a rational function (of variable t). The procedure is shown in example
IV.6.6. Substitution (IV.6.2) can be used on each interval which is a subset of the domain of
the integrand. In addition to others, the following inequality must hold on such an interval:
ax+ b

cx+ d
≥ 0.

The integral
∫
R(x,

√
ax+ b) dx is a special case of the above integral. (It corresponds

to the values c = 0, d = 1.) To evaluate it, we can thus use the substitution t =
√
ax+ b.

IV.6.6. Example.

Evaluate
∫

1

x

√
1− x

1 + x
dx.

The fraction under the square root must be nonnegative. Solving the inequality
1− x

1 + x
≥ 0,

we get the condition: x ∈ (−1; 1⟩. Moreover, there is also a function
1

x
, involved in the

integral. This implies another condition: x ̸= 0. Hence the integrand is defined on intervals
(−1; 0) and (0; 1⟩. Since it is continuous on each of these intervals, an antiderivative and the
indefinite integral exist on each of them. The computation is

∫
1

x

√
1− x

1 + x
dx =

∣∣∣∣∣∣∣∣∣∣∣
t =

√
1− x

1 + x

x =
1− t2

1 + t2

dx = − 4t

(1 + t2)2
dt

∣∣∣∣∣∣∣∣∣∣∣
=

∫
t2 + 1

t2 − 1
t

4t

(t2 + 1)2
dt =
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=

∫
4t2

(t− 1)(t+ 1)(t2 + 1)
dt =

∫
dt

t− 1
−
∫

dt

t+ 1
+ 2

∫
dt

t2 + 1
=

= ln

∣∣∣∣t− 1

t+ 1

∣∣∣∣+ 2arctan t+ C = ln

∣∣∣∣√1 + x−
√
1− x√

1 + x+
√
1− x

∣∣∣∣+ 2arctan

√
1− x

1 + x
+ C

(for x ∈ (−1; 0) or for x ∈ (0; 1⟩ ). The rational function of the variable t, which we obtained
after the application of the substitution, contains the polynomial of the fourth degree in the
denominator. This goes beyond the scope of Section IV.4. Nevertheless, its decomposition is
quite analogous:

4 t2

(t− 1)(t+ 1)(t2 + 1)
=

A

t− 1
+

B

t+ 1
+
C1t+ C2

t2 + 1
.

The coefficients A, B, C1 and C2 can be evaluated by the same method as the numbers A, B
and C in paragraph IV.4.8. We obtain: A = 1, B = −1, C1 = 0, C2 = 2.

IV.6.7.∗ Integrals of the type
∫
R(x,

√
ax2 + bx+ c) dx.

We suppose that a ̸= 0, otherwise the integral would be a special case of the integral solved in
paragraph IV.6.4. We shall distinguish between two cases:

a) a < 0 Since the term under the square root must be nonnegative, the quadratic polynomial
ax2 + bx + c must have two different real roots α, β. Let us choose their denotation in
such a way that α < β. Then ax2 + bx + c ≥ 0 for x ∈ ⟨α; β⟩. For those x ∈ (α; β⟩,
we can write:

√
ax2 + bx+ c =

√
a (x− α)(x− β) =

√
−a (x− α)(β − x) =

=
√
−a (x− α)

√
β − x

x− α
.

The integral of this function is the integral treated in paragraph IV.6.4. It can be trans-
formed to the integral of a rational function by means of the substitution (IV.6.2), i.e.

t =

√
β − x

x− α
.

b) a > 0 In this case, we can use a so called Euler substitution

(IV.6.3)
√
ax2 + bx+ c = t +

√
a x.

Raising the two sides of the equality (IV.6.3) to the second power, we can express x and
dx . The Euler substitution transforms the integral we wish to evaluate to an integral of a
rational function of variable t. The procedure is shown in example IV.6.8. The substitution
(IV.6.3) can be used on each interval which is a subset of the domain of the integrand.

IV.6.8.∗ Example.

Evaluate
∫

dx

x
√
x2 + 2x− 1

.

Since the quadratic polynomial x2 + 2x − 1 is under the square root in the denominator,
the inequality x2 + 2x − 1 > 0 must be satisfied in the domain of the integrand. Moreover,
the integrand also contains x in the denominator. This gives the condition x ̸= 0. It can easily
be verified that maximum intervals where the two conditions are fulfilled are (−∞;−1−

√
2)

and (−1+
√
2;+∞). The integrand is continuous on each of them, hence a primitive function

and the indefinite integral also exist on each of them.
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The Euler substitution gives

∫
dx

x
√
x2 + 2x− 1

=

∣∣∣∣∣∣∣∣∣∣∣

√
x2 + 2x− 1 = x+ t

x =
t2 + 1

2(1− t)

dx =
−t2 + 2t+ 1

2(1− t)2
dt

∣∣∣∣∣∣∣∣∣∣∣
=

∫
2(1− t)

t2 + 1

1
t2+1
2(1−t)

+ t

−t2 + 2t+ 1

2(1− t)2
dt =

=

∫
2

1 + t2
dt = 2arctan t+ C = 2arctan

(√
x2 + 2x− 1− x

)
+ C.

The result holds for x ∈ (−∞;−1−
√
2) or x ∈ (−1 +

√
2;+∞).

IV.7.∗ Separable differential equations
Differential equations form an extensive part of mathematics, with a lot of applications

in engineering, physics, chemistry and other scientific disciplines. We introduce some basic
notions and show the so called “method of separation of variables” for the solution. Since
the method is based mainly on integration, we present it as a part of Chapter IV dealing with
indefinite integrals, and we regard it as an illustrative example of applications of theory of
indefinite integrals.

You will learn more about differential equations in Mathematics III in your third term of
study.

IV.7.1. The differential equation of the 1st order.

The equation

(IV.7.1) F (x, y, y′) = 0

is called the differential equation of the 1st order. The function y(x) is the unknown in equa-
tion (IV.7.1).

A function of three variables x, y and y′ appears on the right hand side of equation (IV.7.1).
As was mentioned in paragraph IV.6.1, you will learn more about such functions in Mathematics
II in the second term. In this section, it will be sufficient for our purposes to regard F (x, y, y′)
as an algebraic expression which can contain both x, y and y′. The example is F (x, y, y′) =
y′ − 2y

√
x2 − 1.

Equation (IV.7.1) is called “differential” because it contains not only the unknown function
y, but also its derivative. The denotation “of the 1st order” means that the highest derivative of
the unknown function appearing in the equation is the derivative of the 1st order.

IV.7.2. A solution, a maximum solution.

The solution of differential equation (IV.7.1) in interval I is a function y which satisfies equa-
tion (IV.7.1) at each point of interval I . This means that if I is an interval with end points a, b
( a < b, ) then

a) y′(x) = f(x, y(x)) for all x ∈ (a; b),
b) y′+(a) = f(a, y(a)), if a belongs to interval I ,
c) y′−(b) = f(b, y(b)), if b belongs to interval I .

If y is a solution of differential equation (IV.7.1) in interval I, z is a solution of the same
equation in interval J, I ⊂ J , I ̸= J and y(x) = z(x) for all x ∈ I, then the solution z is
called the extension of the solution y. A solution which cannot be extended any more (i.e. no
extension of it exists) is called the maximum solution.
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IV.7.3. Example.

The function

y(x) = 2
√
x− 1 (for x ∈ (2;+∞) )

is a solution of the differential equation

(IV.7.2) y′ =
2

y

in interval (2;+∞). It is not a maximum solution, because the function

z(x) = 2
√
x− 1 (for x ∈ (1;+∞) )

is the extension of the solution y. Function z is already the maximum solution, because as a
solution of equation (IV.7.2) it cannot be extended any more.

IV.7.4. Remark.

Function z from the preceding example is not the only maximum solution of equation (IV.7.2).
It can easily be verified that if A is an arbitrary real number then the functions

u(x) = 2
√
x− A (for x ∈ (A; +∞) ),

v(x) = −2
√
x− A (for x ∈ (A; +∞) )

are also the maximum solutions of (IV.7.2). Thus, equation (IV.7.2) has infinitely many maxi-
mum solutions. (Sketch their graphs for yourself.)

Choose for instance x0 = 5 and look at the values of maximum solutions of equation
(IV.7.2) at this point. If A ≥ 5 then point x0 does not belong to the domain of u and v. If
A = 4, A = 3, etc., we obtain:

A = 4 . . . u(5) = 2, v(5) = −2, A = 3 . . . u(5) = 2
√
2, v(5) = −2

√
2, etc.

We can see that we can distinguish between different maximum solutions by means of their
values at a chosen point x0. (This is not a general rule, but it is true in the case of differential
equation (IV.7.2).) When solving a differential equation, it is therefore natural to seek for a
solution which takes on a chosen (or a given) value y0 at a chosen (or a given) point x0 .

IV.7.5. The Cauchy problem.

The problem of finding a solution y of differential equation (IV.7.1) which satisfies the condi-
tion y(x0) = y0 is called the Cauchy problem for differential equation (IV.7.1).

IV.7.6. Remark.

The condition y(x0) = y0 is called the initial condition for the following reason: Differential
equations can be used for modelling processes running in time and then the independent variable
x plays the role of time. Thus, we often solve problems of the following type: What is the
behavior of the process described by equation (IV.7.1) at times x > x0, if we know its state
at an initial time instant x0? Certainly, we can also ask what preceded the state at time x0,
i.e. we can study the behavior of the process at times x < x0. However, problems of this type
are not very frequent (or were not so frequent in the past when the terminology was created).

IV.7.7. Separable differential equations, solution by separation of variables.

In the rest of this chapter, we will deal with a special case of differential equation (IV.7.1),
i.e. the case when the right hand side is equal to the product of a function depending only on x
and a function depending only on y :
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(IV.7.3) y′ = g(x) · h(y).

Differential equation (IV.7.3) is called a differential equation with separable variables or shortly
a separable differential equation.

Assume that function g(x) is continuous on interval I and function h(y) is continuous on
interval J. Differential equation (IV.7.3) will be solved for x ∈ I .

Denote by M a set of those points y∗ from interval J, where h(y∗) = 0. We can easily
check (by the substitution to equation (IV.7.3)) that the constant function defined by the equation
y(x) = y∗ (for all x ∈ I ) is a solution of equation (IV.7.3) on interval I. Thus, the computation
of zero points of function h(y) in interval J leads to constant solutions of equation (IV.7.3).

Suppose further that interval J was chosen so that it contains no zero points of function
h(y), i.e. h(y) ̸= 0 for all y ∈ J. Hence we can divide equation (IV.7.3) by h(y). Moreover,

we write the derivative y′ in the form
dy

dx
and we multiply equation (IV.7.3) formally by dx.

We obtain:
dy

h(y)
= g(x) dx.

The left hand side of the above equation depends only on y and the right hand side depends only
on x. Thus, we have separated the variables. This fact provided the name for the whole method
that we are just explaining: the method of separation of variables. Further, we add signs of
integrals in front of the left hand side as well as in front of the right hand side and we compute

the obtained integrals. If H(y) is a primitive function to
1

h(y)
on interval J and G(x) is a

primitive function to g(x) on interval I, then the evaluation of the indefinite integrals leads to
the equation:

H(y) = G(x) + C.

(Constants which arise on both the sides can be coupled to one which can be written for instance
on the right hand side only.) The function H(y) is strictly monotone on interval J because

it has a continuous and non–zero derivative
1

h(y)
. Therefore an inverse function to H(y) in

interval J exists. Using the inverse function, we get:

(IV.7.4) y = H−1(G(x) + C).

Function y is a solution of differential equation (IV.7.3) in each interval I1 ⊂ I such that
G(x) + C belongs to the domain of function H−1 for all x ∈ I1.

The explained procedure is not quite correct from the formal point of view because we

separate the “non–separable” symbol
dy

dx
denoting the derivative of function y, we treat it

as a fraction and we multiply equation (IV.7.3) by the “auxiliary” term dx. Nevertheless, this
procedure leads to good results and you can easily remember it.

Different constants C in formula (IV.7.4) lead to different solutions of differential equation
(IV.7.3). Although it does not hold generally, in many cases formula (IV.7.4) involves all so-
lutions of equation (IV.7.3) on interval I. (This means that every solution of equation (IV.7.3)
on interval I can be represented by formula (IV.7.4) for some appropriate C ∈ R. ) For this
reason it is often said that formula (IV.7.4) represents a so called general solution of differen-
tial equation (IV.7.3) on interval I. To distinguish between the general solution and a concrete
solution (corresponding to a concrete value of the constant C in (IV.7.4)), the latter is called a
particular solution.
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IV.7.8. Remark.

Note that the problem of evaluating the indefinite integral
∫
g(x) dx in interval I can also be

formulated as follows: Find all solutions of the differential equation y′ = g(x) on interval I .

IV.7.9. Example.

Find a maximum solution of the Cauchy problem given by the differential equation y′ = 5xy
and by the initial condition y(0) = 2.

The right hand side is the product of the function g(x) = 5x and the function h(y) = y.
Both the functions are continuous on the interval (−∞; +∞). Solving the equation h(y) = 0,
we obtain the unique zero point of the function h(y) : y∗ = 0. Thus the differential equation
y′ = 5xy has only one constant solution: y(x) = 0 which is defined in the whole interval
I = (−∞; +∞).

The function h(y) is different from zero in the intervals J1 = (−∞; 0) and J2 = (0;+∞).
We can therefore take y from J1 or from J2 and we can solve the differential equation by sep-

aration of variables. We write the derivative y′ in the form
dy

dx
and we multiply the equation

formally by dx. Further, we divide the equation by y. This leads to an equation with separated
variables x and y. Then we add the signs of integrals. Successively, we obtain:

dy

dx
= 5xy,

dy

y
= 5x dx,

∫
dy

y
=

∫
5x dx.

Evaluating the integrals on the left hand side and the right hand side of the equation, we get:

ln |y| =
5

2
x2 + C.

C can be written in the form ln |K|, where K ∈ R, K ̸= 0. The last equation gives:

|y| = exp

(
5

2
x2 + ln |K|

)
= |K · exp

(
5

2
x2
)

|.

This yields: y = ±K · exp
(
5

2
x2
)

. Since K can take on positive as well as negative values,

the symbol ± can be omitted.

We have obtained the solution in the form y = K ·exp
(
5

2
x2
)

under the assumption that

K ̸= 0. However, for K = 0 the formula gives the already discovered zero solution. Thus,
we can see that the condition K ̸= 0 was connected only with the method we used for solving
the equation, but it need not be taken into account in the final formula expressing the solution.
Thus, the general solution of the differential equation is:

y = K · exp
(
5

2
x2
)
; K ∈ R.

Now we use the general solution and we write it with the values x = 0 and y = 2,
following from the initial condition. We obtain: 2 = K. Substituting this value of K back to
the general solution, we obtain the desired solution of the Cauchy problem:

y = 2 exp

(
5

2
x2
)

; x ∈ (−∞; +∞).

IV.7.10. Remark.

Differential equations we have to solve are rarely written in the form (IV.7.3). For instance,
equation xy′ − y = 0 does not have this form although the equation can easily be transformed
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to the form (IV.7.3): y′ =
y

x
.

If we solve the equation y′ =
y

x
by the separation of variables, we obtain the general form

of a maximum solution: y = K · x for x ∈ (−∞; 0) or for x ∈ (0;+∞) (K ∈ R). The point
x = 0 must be omitted because zero cannot appear in the denominator of the fraction on the
right hand side.

Let us now return to the original equation xy′− y = 0. Here we have no reason to exclude
the point x = 0 from the domain of the solution and so the general form of a maximum solution
is y = K · x for x ∈ (−∞; +∞) (K ∈ R).

You can derive the conclusion from the above example: If the differential equation does
not have the form (IV.7.3) and you transform it to this form by means of arithmetic operations,
you must pay attention to the domain of the solution.

IV.7.11. Example.

A body whose mass is m moves on a straight line. The resistance of the environment is pro-
portional to the speed of motion, the coefficient of proportionality is k. Moreover, a constant
force f , parallel with the motion, acts onto the body. The known velocity at the time t = 0 is
v0. What is the velocity v(t) of the motion at a general time t?

Solution: Let a(t) be the acceleration of the body. Second Newton’s law says that
(IV.7.5) ma(t) = F (t)

where F (t) is a total force acting on the body, parallel with the direction of the motion. This
force can be expressed: F (t) = f −k v(t). (The term k v(t) must be written with the “−” sign
because the resistance, e.g. the friction, acts opposite the direction of the motion.)

You already know, e.g. from paragraphs III.4.2 and III.4.6, that the velocity v(t) is the
derivative of the position s(t). Analogously, the acceleration a(t) can be defined to be the
derivative of the velocity v(t). If we denote the derivative with respect to time, as it is usual
in physics, by the dot, we can write: a(t) = v̇(t). Substituting this and the expression of the
force F (t) to equation (IV.7.5), we obtain the differential equation
(IV.7.6) m v̇(t) = f − k v(t).

This is the differential equation with separable variables. You can easily verify that the general
solution is

(IV.7.7) v(t) =
f

k
− C

k
e−

kt
m .

Using the formula (IV.7.7) with the concrete values t = 0 and v(0) = v0, we can obtain the
equation which enables to evaluate C: C = f − kv0. Substituting this C back to the general
solution (IV.7.7), we get the desired particular solution:

v(t) =
f

k
+

(
v0 −

f

k

)
e−

kt
m .

IV.7.12. Problems.

Find maximum solutions of the Cauchy problems:

x2y′ + y2 = 0, y(−1) = 1;a) 2y′
√
x = y, y(4) = 1;b)

y′ = (2y + 1) cotan x, y
(π
4

)
=

1

2
;c) y′ = x2 + 3 sin5 x cos x, y(0) = 2.d)
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R e s u l t s :

y = −x for x ∈ (−∞; +∞)a)

y = exp (
√
x− 2) for x ∈ (0;+∞)b)

y = 2 sin2 x− 1

2
for x ∈ (0; π)c)

y =
1

3
x3 +

1

2
sin6 x+ 2 for x ∈ (−∞; +∞). (The variables are already separated in the

given equation. Thus, in order to solve it, you only need to integrate it.)

d)
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CHAPTER V.

Definite (Riemann’s) integral

V.1. Historical approach
V.1.1. Motivation, introduction.

Imagine that f is a continuous non–negative function in a closed interval ⟨a; b⟩. We want to
evaluate the area of region R which is bounded by the graph of function f , by the x–axis and
by the straight lines x = a and x = b. (See Fig. 39.)

If function f is non–negative and constant in the whole interval ⟨a; b⟩, taking the value h,
then the problem is simple. Region R is a rectangle whose sides have the lengths b − a and h.
The area of such a rectangle is A(R) = (b− a) · h.

Similarly, if function f is non–negative and linear (i.e. f : y = kx+ q) in the interval ⟨a; b⟩
then the problem is also simple. Region R is a trapezoid whose base has the length b − a and
the two vertical sides have the lengths ka+ q and kb+ q. Sketch a picture and evaluate the area
of R for yourself.

V.1.2. Historical introduction of the definite integral.

The general problem is more complicated and it was solved in the 17th century by Isaac New-
ton (1642–1727) and Gottfried Wilhelm Leibniz (1646–1716). Their fundamental idea was
to divide the interval ⟨a; b⟩ into infinitely many “infinitely short” sub–intervals. A typical sub–
interval has the end points x and x+dx where x ∈ ⟨a; b) and dx is an “infinitely small” positive
number. The region, bounded above by the graph of function f on the interval ⟨x;x+ dx⟩ and
bounded below by the segment which coincides with this interval on the x–axis, is “infinitely
narrow” and function f can therefore be considered to be constant, taking the value f(x), on
the whole interval ⟨x; x+ dx⟩. Thus, the region is an “infinitely narrow” rectangle whose sides
have the lengths dx and f(x). Its area is ds = f(x) dx.

a b

f

x x+ dx

Rf(x)

Fig. 39

The area of the whole region R equals the sum of all “infinitely small” numbers ds. The sum
was originally denoted by S, however this letter was later stretched and replaced by the sign of
integral

∫
. The area of region R can be written as follows:
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(V.1.1) A(R) =

∫ b

a

ds =

∫ b

a

f(x) dx.

The expression on the right hand side is called the definite integral of function f on the interval
⟨a; b⟩ and the numbers a and b are called the limits of the integral: a is the lower limit and b is
the upper limit.

The formulas for the area of a square, a rectangle, a trapezoid, a parallelogram, a disc, etc.,
are well known. However, an analogous simple formula, expressing the area of a general region
of type R (see Fig. 39) does not exist. We must therefore understand formula (V.1.1) so that
it defines the area of region R and not only tells us how to evaluate something that we have
already defined in another way.

The definite integral also has a sense for functions whose values at some (or at all) points
are negative. However, the integral expresses the area between the graph of function f and the
x–axis with the minus sign on those intervals where f is negative.

V.1.3. A remark on the physical sense of the definite integral.

Many physical problems naturally also lead to the definite integral. For instance, imagine that
a bar covers the interval ⟨a; b⟩ on the x–axis. The longitudinal density of the bar is ρ. (The
longitudinal density expresses the mass per unit of length. It is given in kg ·m−1.) ρ can vary
along the bar, e.g. due to the variable intersection of the bar or because the material the bar is
made of varies. Thus, ρ is generally a function of x. We wish to express the total mass of the
bar.

As in paragraph V.1.2, we divide the interval ⟨a; b⟩ into infinitely many “infinitely small”
parts. A typical part is the interval ⟨x;x + dx⟩. Since this interval is “infinitely short”, the
density ρ can be considered to be constant and equal to ρ(x) on the whole interval ⟨x;x+ dx⟩.
Then the mass of the part of the bar which covers this interval is dm = ρ(x) dx. The total mass
of the bar is the sum of all masses dm of all “infinitely short” parts of the bar whose length is
dx:

(V.1.2) m =

∫ b

a

dm =

∫ b

a

ρ(x) dx.

V.1.4. A remark on the introduction of the definite integral.

The conception of the definite integral described in the preceding paragraphs is not sufficiently
rigorous and clear from the today’s point of view. The main reason is that it uses the notion of
an “infinitely small”, but at the same time positive, number dx. In fact, such a number does not
exist. (Assume for a while that dx with the required properties exists. What value it can have?
For example, dx = 10−2? Definitely not, because 10−3 is positive and less. Or dx = 10−6?
But 10−7 is also positive and less than 10−6. You can see that the idea of an infinitely small
positive number always leads to a contradiction.) The next reason why the introduction of the
definite integral from paragraph V.1.2 is not quite correct is that it does not explain what one
can understand under the “sum of infinitely many infinitely small numbers”.

Thus, in order to give a correct sense to the definite integral, it is necessary
a) to write a rigorous definition,
b) to derive main properties of the integral (to specify for which functions its construction

works; in other words: for which functions the integral exists, etc.)
c) and the last but not least question is how the value of the integral can be evaluated.
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V.1.5. The definite integral as a function of the upper limit, the Newton–Leibniz formula.

Answers to the above questions were paradoxically found in the reverse order. Newton and
Leibniz were again the first to recognize that the evaluation of the area of the region between
the graph of function f and the x–axis is an inverse problem to the differentiation:
Let f be a continuous function in ⟨a; b⟩ and x ∈ ⟨a; b⟩. Denote by A(x) the area of the region
between the graph of function f and the x–axis on the interval ⟨a;x⟩, i.e.

(V.1.3) A(x) =

∫ x

a

f(t) dt.

Then, and this is very important, the derivative of A equals f in ⟨a; b⟩. Thus, A is an an-
tiderivative to f in ⟨a; b⟩! Moreover, it follows directly from (V.1.3) that A(a) = 0 and
A(b) =

∫ b

a
f(x) dx. Hence we obtain the formula

(V.1.4)
∫ b

a

f(x) dx = A(b)− A(a).

Formula (V.1.4) is known as the Newton–Leibniz formula. If we take into account that any
other antiderivative F to f on ⟨a; b⟩ has a form F = A + C where C is a constant then we can
easily verify that F (b) − F (a) = A(b) − A(a). This says that formula (V.1.4) remains valid
even if the right hand side equals F (b) − F (a) where F is an arbitrary antiderivative to f on
⟨a; b⟩ and not only that particular one which was defined by (V.1.3). We shall again deal with
the Newton–Leibniz formula in greater detail in Section V.4.

V.1.6. Linearity of the definite integral.

It is natural to expect from the way in which the definite integral was introduced (we avoid the
word “defined”, because no precise definition has been shown yet) that apart from other things,
it will have the following properties:

1.
∫ b

a

( f(x) + g(x) ) dx =

∫ b

a

f(x) dx +

∫ b

a

g(x) dx,

2.
∫ b

a

c · f(x) dx = c

∫ b

a

f(x) dx (if c is a constant) and

3.
∫ b

a

f(x) dx =

∫ c

a

f(x) dx +

∫ b

c

f(x) dx (if c ∈ ⟨a; b⟩).

We shall discuss these and other properties in greater detail in Section V.3.

V.1.7. Who invented calculus?

Though calculus is the result of a long development that began already in ancient Greece, and
many scientists had worked on finding tangents or calculating areas (let us mention e.g. P. Fer-
mat 1601–1665, R. Descartes 1596–1650 and B. Cavalieri 1598–1647), I. Newton (1642–1727)
and G. W. Leibniz (1646–1716) were probably the first who recognized that the processes of
differentiation (i.e. calculation of the slope of the tangent) and integration (i.e. evaluation of
the area) are mutually inverse. However, since they lived at the same time, the question of
priority led to bitter controversies. Newton probably arrived at his results earlier, but Leibniz
published his conception first. Leibniz was accused of copying Newton’s work, and this led to
a split in the mathematical world for more than 150 years. While Newton’s disciples, mostly
British, pursued his approach, Leibniz’s followers, mostly Germans and French, were develop-
ing his methods. Due to Leibniz’s precise notation and rigorous formalism, their contribution
to the further development of calculus and its applications was perhaps greater than that of
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their British counterparts. Today’s historians and mathematicians agree with the opinion that
Newton’s and Leibniz’s inventions were simultaneous but independent.

V.1.8. A remark on definitions of the definite integral.

The introduction of the definite integral on the intuitive level, explained in paragraph V.1.2, was
considered to be relatively satisfactory for a certain time. However, the increasing importance
of calculus and the range of its applications in physics and other disciplines required a correct
and rigorous definition of the definite integral. Let us mention three such definitions that have
appeared during the last several centuries.

The first definition is due to Newton. Newton took formula (V.1.4) as a base and suggested
that the definite integral of function f on the interval ⟨a; b⟩ would be understood to be the
difference F (b) − F (a), where F is an antiderivative to f on ⟨a; b⟩. However, this definition
rather hazes the original geometric and physical problems which had initially motivated the
introduction of the definite integral.

A further definition which was very successful was given by George Riemann (1822–1866).
We shall explain this definition in section V.2. The definite integral defined in the way proposed
by Riemann is usually called the Riemann integral. We shall deal only with this type of definite
integral in this textbook.

Today’s applied mathematics mostly uses the so called Lebesgue definite integral. This
integral represents a generalization of the Riemann integral, however its theory requires a longer
explication and goes beyond the scope of this text.

Although we have explained that the notion of an infinitely small positive number dx does
not coincide with today’s conception of real numbers, we are not going to release this notion
completely. By analogy with our derivation of the formula for the mass of an inhomogeneous
bar in paragraph V.1.3, we can further follow the same approach and derive, e.g., the formulas
for the length of the graph of a function y = f(x), for the position of the center of mass or for
the static moment of a mass curve, etc. These applications of the definite integral will be shown
in Section V.7.

V.2. Definition of the Riemann integral
Suppose that

a) ⟨a; b⟩ is a closed, bounded and non–empty interval,
b) f is a bounded function in the interval ⟨a; b⟩.

You will see in this section that the definition of the Riemann integral of function f on the inter-
val ⟨a; b⟩ is based on the partition of ⟨a; b⟩ to many smaller sub–intervals, on the construction
of a Riemann sum which is an approximation of the area of the region R between the graph of
function f , the x–axis and the straight lines x = a and x = b and finally on the consideration
of the limit of the sum as the partition of ⟨a; b⟩ becomes finer and finer.

V.2.1. The partition of an interval.

Let a < b. A system of points x0, x1, . . . , xn in the interval ⟨a; b⟩ such that a = x0 < x1 <
· · · < xn = b is called the partition of ⟨a; b⟩. If the partition is named D then we write:

(V.2.1) D : a = x0 < x1 < . . . < xn−1 < xn = b.

The norm of partition D is the number ∥D∥ = max i=1,...,n (xi − xi−1). (In other words, ∥D∥
is the length of the largest of the sub–intervals ⟨x0; x1⟩, ⟨x1; x2⟩, . . . , ⟨xn−1; xn⟩. ∥D∥ provides
information on how fine the partition D is.)
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V.2.2. Riemann’s sum and its limit.

Suppose that f is a bounded function in the interval ⟨a; b⟩ and P is a partition of ⟨a; b⟩ given by
(V.2.1). Denote by ∆xi the length of the i-th sub–interval ⟨xi−1; xi⟩. (I.e. ∆xi = xi − xi−1.)

Let us choose a point ζi in each of the intervals ⟨xi−1; xi⟩. Denote by V the system of all
chosen points ζ1 ∈ ⟨x0; x1⟩, ζ2 ∈ ⟨x1; x2⟩, . . . , ζn ∈ ⟨xn−1; xn⟩.

Then the sum

s(f,D, V ) =
n∑

i=1

f(ζi) ·∆xi

is called Riemann’s sum of function f on the interval ⟨a; b⟩ associated with partition D and
system V .

x0 = a

ξ1 ξ2 ξ3 ξ4 ξn

x1 x2 x3 . . . . . . . . . . . . . . . . . xn−1 xn = b

f

Fig. 40

We say that number S is a limit of Riemann’s sums s(f,D, V ) as ∥D∥ → 0+ if to each
ϵ > 0 there exists δ > 0 such that for all partitions D of ⟨a; b⟩ and for all systems V of the
points ζi ∈ ⟨xi−1; xi⟩ the implication

∥D∥ < δ =⇒ |s(f,D, V )− S| < ϵ

holds. We write:

(V.2.2) lim
∥D∥→0+

s(f,D, V ) = S.

V.2.3. The Riemann integral.

If the limit (V.2.2) exists then function f is said to be integrable in the interval ⟨a; b⟩ and the
number S is called the Riemann integral of function f in ⟨a; b⟩. The integral is denoted∫ b

a

f(x) dx or

∫ b

a

f dx.

Numbers a and b are called the limits of the integral. a is the lower limit and b is the upper limit.
The integrated function is called the integrand.

Instead of saying that function f is integrable in ⟨a; b⟩, we can also say that the Riemann
integral

∫ b

a
f(x) dx exists.
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The Riemann integral is often called the definite integral. (We know from paragraph V.1.8
that there exist several types of definite integrals. However, this cannot lead to a misunderstand-
ing because the only type of definite integral we deal with in this text is the Riemann integral.)

The variable in the Riemann integral can also be denoted by other letters than x and so the
integral can be written down as

∫ b

a
f(t) dt,

∫ b

a
f(s) ds etc.

V.2.4. The area of the region between the graph of function f and the x–axis.

If f is a non–negative integrable function in the interval ⟨a; b⟩ then the area of region R
that is bounded by the graph of f , the x–axis and the straight lines x = a and x = b is
defined to be the value of the integral

∫ b

a
f(x) dx.

By analogy, if function f is non–positive and integrable in ⟨a; b⟩ then the area of region R
between the graph of f , the x–axis and the straight lines x = a and x = b is defined to be equal
to −

∫ b

a
f(x) dx.

Think for yourself over this fact: In a general case when f is an integrable function in ⟨a; b⟩
which can be positive as well as negative, the integral

∫ b

a
f(x) dx is equal to the sum of the

areas of all parts of the plane between the graph of f and the x–axis where the contributions of
the parts below the x–axis are taken with the minus sign. (Sketch a picture.)

V.2.5. The extension of the definition of the Riemann integral.

If f is an integrable function in the interval ⟨a; b⟩ then we put∫ a

b

f(x) dx = −
∫ b

a

f(x) dx.

Specially, we also put
∫ a

a

f(x) dx = 0.

V.2.6. The mean value of function f in the interval ⟨a; b⟩.
Suppose that f is an integrable function in the interval ⟨a; b⟩. Then the number

µ =
1

b− a

∫ b

a

f(x) dx

is said to be the mean value of function f in the interval ⟨a; b⟩.

The geometric interpretation of the mean value is easy: Suppose for simplicity that function
f is non–negative in ⟨a; b⟩. Then the mean value of f in ⟨a; b⟩ is such a number µ that region R
between the graph of f , the x–axis and the straight lines x = a and x = b has the same area as
the rectangle whose sides are b− a and µ. (Sketch a picture.)

V.3. Important properties of the Riemann integral

Let us have in mind that the Riemann integral has been constructed from the beginning only
for bounded functions and on a bounded interval ⟨a; b⟩.

Most of the bounded functions you will meet in applications will be integrable. Neverthe-
less, there also exist “bad” functions for which the limit of the Riemann sums (V.2.2) in the
interval ⟨a; b⟩ does not exist. Such functions are not integrable in ⟨a; b⟩, which means that their
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Riemann integral in ⟨a; b⟩ does not exist. The border between integrable and non–integrable
functions is, in general, not easy to describe. In order to have a tool which can enable us to rec-
ognize some integrable functions, we show in the next theorem and in remark V.3.2 sufficient
conditions which guarantee the integrability of a function f in ⟨a; b⟩.

Bear in mind that that the statements “function f is integrable in the interval ⟨a; b⟩” and
“the Riemann integral

∫ b

a
f(x) dx exists” say exactly the same.

V.3.1. Theorem (on the existence of the Riemann integral).

Let function f be continuous in the interval ⟨a; b⟩. Then f is integrable in ⟨a; b⟩.

V.3.2. Remark.

Theorem V.3.1 is satisfactory in most practical cases. However, its generalization is also some-
times useful:

Let function f be bounded and piecewise continuous in the interval ⟨a; b⟩. Then f is integrable
in ⟨a; b⟩.
(Function f is said to be piecewise continuous in the interval ⟨a; b⟩ if ⟨a; b⟩ can be divided into
a finite number of sub–intervals such that f is continuous in the interior of each of them.)

V.3.3. Theorem.

a) If function f is integrable in the interval ⟨a; b⟩ and ⟨c; d⟩ ⊂ ⟨a; b⟩ then f is integrable in
the interval ⟨c; d⟩, too.

b) If functions f and g are both integrable in the interval ⟨a; b⟩ then their product f · g is
also an integrable function in ⟨a; b⟩.

c) If f is an integrable function in the interval ⟨a; b⟩ and a function g differs from f in ⟨a; b⟩
only at a finite number of points then g is also an integrable function in ⟨a; b⟩ and∫ b

a

g(x) dx =

∫ b

a

f(x) dx.

Assertion a) easily follows from the definition of the Riemann integral.
Assertion b) represents a statement about the integrability of the product of the two func-

tions f and g. However, bear in mind that this does not mean that
∫ b

a
f · g dx =

(∫ b

a
f dx

)
·(∫ b

a
g dx

)
!

Assertion c) states that the change of function values of function f at a finite number of
points has no influence on the existence or on the value of the integral

∫ b

a
f dx. In other words:

Neither the existence nor the value of the integral
∫ b

a
f dx depends on the values of f at a

finite number of points. Thus, function f need not even be defined at a finite number of points
of the interval ⟨a; b⟩ and this has no influence on the existence or on the value of the integral∫ b

a
f dx. In particular, it plays no role whether the integral is considered on an open or on a

closed interval.

V.3.4. Upper and lower bounds of the Riemann integral.

It can easily be deduced from the definition of the Riemann integral and its geometric interpre-
tation (see paragraph V.2.4) that if function f , integrable in ⟨a; b⟩, satisfies

m ≤ f(x) ≤ M for all x ∈ ⟨a; b⟩,
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then m · (b− a) ≤
∫ b

a

f(x) dx ≤ M · (b− a).

Since this holds with an arbitrary lower bound m and an arbitrary upper bound M of function
f on ⟨a; b⟩, we can replace m by the greatest lower bound (i.e. by infx∈⟨a;b⟩ f(x)) and M by the
least upper bound (i.e. by supx∈⟨a;b⟩ f(x)) and the inequality still holds.

In particular, if f has its minimum and maximum in the interval ⟨a; b⟩ then

(V.3.1) min
x∈⟨a;b⟩

f(x) · (b− a) ≤
∫ b

a

f(x) dx ≤ max
x∈⟨a;b⟩

f(x) · (b− a).

The next theorem also easily follows from the definition of the Riemann integral and its
geometric sense.

V.3.5. Theorem.

If functions f and g are both integrable in ⟨a; b⟩ and g(x) ≤ f(x) for all x ∈ ⟨a; b⟩ then∫ b

a

g(x) dx ≤
∫ b

a

f(x) dx.

Particularly, if f(x) ≥ 0 for all x ∈ ⟨a; b⟩ then
∫ b

a

f(x) dx ≥ 0.

The next theorem confirms the validity of the formulas from paragraph V.1.6.

V.3.6. Theorem. (Linearity of the Riemann integral.)

If f and g are integrable functions in ⟨a; b⟩ and α ∈ R then∫ b

a

(f(x) + g(x)) dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx and
∫ b

a

α · f(x) dx = α

∫ b

a

f(x) dx.

(The same property is already known from the theory of the indefinite integral – see theorem
IV.1.8.)

V.3.7. Theorem. (Additivity of the Riemann integral with respect to the interval.)

If the integrals
∫ c

a
f dx and

∫ b

c
f dx exist then∫ c

a

f(x) dx+

∫ b

c

f(x) dx =

∫ b

a

f(x) dx.

V.3.8. Theorem. (The Riemann integral as a function of the upper limit.)

Suppose that function f is integrable in the interval ⟨a; b⟩. Then
a) the function A(x) =

∫ x

a
f(t) dt is continuous in ⟨a; b⟩,

b) the identity

(V.3.2) A′(x) =
d

dx

∫ x

a

f(t) dt = f(x)

holds at all points x ∈ (a; b) where function f is continuous.

The correctness of assertion a) follows (at least intuitively) from the geometric sense of the
Riemann integral (see paragraph V.2.4). Try to sketch a picture and think it over.
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Formula (V.3.2) can be proved in this way:

A′(x) = lim
h→0

A(x+ h)− A(x)

h
= lim

h→0

1

h

(∫ x+h

a

f(t) dt−
∫ x

a

f(t) dt

)
=

= lim
h→0

1

h

∫ x+h

x

f(t) dt = lim
h→0

µ(h)

where µ(h) is the mean value of function f in the interval with the end points x and x+ h. The
continuity of function f at point x and (V.3.1) imply that µ(h) → f(x) for h→ 0. So we obtain
(V.3.2).

V.3.9. Remark.

We can deduce from theorem V.3.8 that if function f is continuous in the interval I and a ∈ I
then A(x) =

∫ x

a
f(t) dt is an antiderivative to f in I .

V.3.10. Remark.

The following generalization of part b) of theorem V.3.8 is often useful in applications of the
definite integral:
If function f is continuous in interval I and a(x), b(x) are differentiable functions in interval J
such that their values belong to the interval I then

d

dx

∫ b(x)

a(x)

f(t) dt = f(b(x)) · b′(x)− f(a(x)) · a′(x) for x ∈ J .

V.3.11. Problems.

Do the following Riemann integrals exist?∫ 1

−2

x+ 1

x2 − x− 6
dxa)

∫ 2

1

ln x

x
dxb)

∫ 1

0

sin x

x
dxc)∫ 5

−1

e−x dxd)
∫ 3

−2.5

x

ln (x+ 3)
dxe)

∫ −1

−2

x2 + 1

x3 − 2x2 + x
dxf)

R e s u l t s :

noa) yesb) yesc) yesd) noe) yes.f)

V.3.12. Problems.

Find G′(x) if function G is defined by the following integrals.

G(x) =

∫ √
x

1
x

cos (t2) dt ; x > 0a) G(x) =

∫ 2x

0

sin t

t
dtb)

G(x) =

∫ 0

x

√
1 + t4 dtc) G(x) =

∫ x3

x2

ln t dt ; x > 0d)

R e s u l t s :

G′(x) =
cos x

2
√
x
+

cos 1
x2

x2
(for x > 0)a) 2

sin 2x

2x
b)

−
√
1 + x4c) (9x2 − 4x) ln x (for x > 0).d)
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V.4. Evaluation of the Riemann integral

We arrive at an important point in the theory of the Riemann integral which is the question
of its evaluation. The next theorem is often called, due to its importance, the Fundamental
Theorem of Integral Calculus.

V.4.1. Theorem.

If f is a continuous function in interval ⟨a; b⟩ and F is an antiderivative to f in ⟨a; b⟩ then

(V.4.1)
∫ b

a

f(x) dx = F (b)− F (a).

Formula (V.4.1) is called the Newton–Leibniz formula. The difference F (b) − F (a) is
usually written down in a shorter way: F (b)− F (a) = [F ]ba.

The proof of theorem V.4.1 is easy: Function A(x) =
∫ x

a
f(t) dt is an antiderivative

to f in ⟨a; b⟩, too. Two antiderivatives can differ at most by an additive constant (theorem
IV.1.5). Hence there exists a constant C such that F = G + C in ⟨a; b⟩. This means that
F (a) = A(a) + C = C (because A(a) = 0) and F (b) = A(b) + C = A(b) + F (a). This
implies:

∫ b

a
f(t) dt = A(b) = F (b)− F (a).

The Newton–Leibniz formula connects the definite integral with the indefinite integral: If
you know the indefinite integral of function f in the interval ⟨a; b⟩ then you know all antideriva-
tives to f in ⟨a; b⟩. You can therefore choose any of them, use it in the Newton–Leibniz formula
and you obtain the value of the definite integral of function f in ⟨a; b⟩. The fact that the indef-
inite integral and the antiderivative play such an important role in the evaluation of the definite
integral is one of the main reasons why you learned to calculate indefinite integrals in Chapter
IV.

We have already several times repeated that all antiderivatives to f in ⟨a; b⟩ differ at most
by an additive constant. Thus, if you choose for instance the antiderivative F + C (where C is
a constant) instead of F and use it in the Newton–Leibniz formula, you obtain∫ b

a

f(x) dx =
[
F + C

]b
a
= (F (b) + C)− (F (a) + C) = F (b)− F (a).

The result is the same as in (V.4.1). This confirms that you can indeed use an arbitrary an-
tiderivative to f in order to evaluate the definite integral

∫ b

a
f dx.

V.4.2. Example. ∫ π

0

sin x dx =
[
− cos x

]π
0
= (− cos π)− (− cos 0) = 2 .

The next two theorems show that the two methods of integration, by parts and by substitution,
known from the theory of the indefinite integral, can also be directly applied to the definite
integral.

V.4.3. Theorem. (Integration by parts.)

Suppose that functions u and v have continuous derivatives in the interval ⟨a; b⟩. Then

(V.4.2)
∫ b

a

u · v′ dx = [u · v ]ba −
∫ b

a

u′ · v dx.
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V.4.4. Example.

∫ 2

0

e2xx dx =

∣∣∣∣∣∣u = x, v′ = e2x

u′ = 1, v =
1

2
e2x

∣∣∣∣∣∣ =
[
1

2
xe2x

]2
0

− 1

2

∫ 2

0

e2x dx = e4 −
[
1

4
e2x
]2
0

=
3

4
e4 +

1

4
.

V.4.5. Theorem. (Integration by substitution.)

Let function g have a continuous derivative in the interval ⟨a; b⟩ and map ⟨a; b⟩ into an
interval J . Let function f be continuous in J . Then

(V.4.3)
∫ b

a

f(g(x)) g′(x) dx =

∫ g(b)

g(a)

f(s) ds.

Formula (V.4.3) can be used in two ways:
a) We want to evaluate the integral on the left hand side and we transform it to the integral

on the right hand side (if the integral on the right hand side is simpler) or
b) we want to evaluate the integral on the right hand side and we transform it to the integral

on the left hand side (if the integral on the left hand side is simpler).

V.4.6. Example.

Evaluate the integral
∫ π

2

0

sin2 x · cos x dx.

If we put ⟨a; b⟩ =
〈
0;
π

2

〉
, s = g(x) = sinx, f(s) = s2, J = (−∞; +∞) then all the

assumptions of theorem V.4.5 are fulfilled. Moreover, g(0) = sin 0 = 0 and g
(π
2

)
=

sin
(π
2

)
= 1. Applying formula (V.4.3), we obtain:

∫ π
2

0

sin2 x cosx dx =

∣∣∣∣∣∣s = sinx, x = 0 =⇒ s = 0

ds = cosx dx, x =
π

2
=⇒ s = 1

∣∣∣∣∣∣ =
∫ 1

0

s2 ds =

[
s3

3

]1
0

=
1

3
.

V.4.7. Example.

Evaluate the integral
∫ 2

0

√
4− x2 dx.

This integral can be considered to be the integral on the right hand side of (V.4.3) (with the
variable denoted by x instead of s). The function f(x) =

√
4− x2 is continuous in ⟨0; 2⟩,

hence the integral exists. Put x = g(t) = 2 sin t, dx = g′(t) dt = 2 cos t dt. Then g(a) =

2 sin a = 0 and g(b) = 2 sin b = 2. We can therefore choose a = 0 and b =
π

2
. All the

assumptions of theorem V.4.5 are now fulfilled and so, applying formula (V.4.3), we get:

∫ 2

0

√
4− x2 dx =

∣∣∣∣∣∣x = 2 sin t, x = 0 =⇒ t = 0

dx = 2 cos t dt, x = 2 =⇒ t =
π

2

∣∣∣∣∣∣ =
∫ π

2

0

√
4− 4 sin2 t 2 cos t dt =

= 4

∫ π
2

0

cos2 t dt =

∫ π
2

0

2(1 + cos(2t)) dt =
[
2t+ sin(2t)

]π
2

0
= π.
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V.4.8. Remark.

If you need to evaluate the Riemann integral of function f in the interval ⟨a; b⟩ and you consider
applying integration by parts or by a substitution then you have two possibilities:

1) You can use theorem V.4.3 or theorem V.4.5. Thus, you transform the integral to another
(simpler) integral and you also deal with the limits of the integral. This approach was
explained in examples V.4.5, V.4.6 a V.4.7.

2) You can first calculate the integral as an indefinite integral and then you can apply the
Newton–Leibniz formula (V.4.1) on the interval ⟨a; b⟩.

In order to show this approach in greater detail, we evaluate the integral from example
V.4.6 once again, this time by the method we are just explaining. Thus, let us begin with
the indefinite integral

∫
sin2 x cos x dx. We obtain

∫
sin2 x cosx dx =

∣∣∣∣∣∣s = sinx

ds = cos x dx

∣∣∣∣∣∣ =
∫
s2 ds =

s3

3
+ C =

sin3 x

3
+ C.

Using formula (V.4.1), we obtain:
∫ π

2

0

sin2 x cos x dx =

[
1

3
sin3 x

]π
2

0

=
1

3
.

You will see after having solved a large number of problems individually that the first
method, based on the direct application of the integration by parts or the integration by
substitution is usually technically easier and less laborious.

V.4.9. Problems.

Evaluate the following integrals.∫ 1

−1

(3x2 − 4x+ 7) dxa)
∫ 1

0

(8t3 − 12t2 + 5) dtb)
∫ 2

1

4

s2
dsc)∫ 27

1

x−
4
3 dxd)

∫ 2

0

√
4− s2 dse)

∫ 1

0

u arctanu duf)∫ π

0

cos2 x dxg)
∫ 1

0

9w e3w dwh)
∫ e

1
e

| ln r| dri)

∫ 1

0

√
x

4− x
dxj)

∫ π
2

0

sin3 φ cos2 φ dφk)
∫ π

2

0

dθ

3 + 2 sin θ
l)

Evaluate the area of the domain between the graph of function f and the x–axis.

f(x) = x2 − 4x+ 3, 0 ≤ x ≤ 3m) f(x) = 1−
(
x2

4

)
, −2 ≤ x ≤ 3n)

f(x) = 5− 5x
2
3 , −1 ≤ x ≤ 8o) f(x) = 1−

√
x, 0 ≤ x ≤ 4p)

Find the mean value of function f on a given interval.

f(x) =
√
3x on ⟨0; 3⟩q) f(x) =

√
ax on ⟨0; a⟩r)

f(x) = mx+ b on ⟨−1; 1⟩s) f(x) = mx+ b on ⟨−k; k⟩t)
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R e s u l t s :

18a) 4b) 2c)

2d) πe)
1

4
π − 1

2
f)

1

2
πg) 2e3 + 1h) 2(1− e−1)i)

2π

3
−

√
3j)

2

15
k)

2√
5
· arctan

(
1√
5

)
l)

0m)
41

12
n) −58o)

−4

3
p) 2q)

2

3
ar)

bs) b.t)

V.5.∗ Numerical integration
It is well known from the theory of the indefinite integral that an antiderivative to a given

function f often exists, but it cannot be obtained by standard integration procedures and it
cannot be expressed in a “closed form”, i.e. by a formula which prescribes a finite number of
operations. By analogy, it often happens that the Riemann integral

∫ b

a
f dx exists, but it can-

not be evaluated by a standard integration based on the application of the antiderivative and
the Newton–Leibniz formula. However, there exist approximate methods (often also called
numerical methods), which enable us to evaluate the integral only approximately, but with an
error as small as we wish. We shall explain two such methods in this section. All these meth-
ods require the performance of a relatively high number of arithmetic operations in order to
achieve higher accuracy (i.e. a smaller error). They can therefore be practically realized only
on computers.

Both the methods are based on the partition

D : a = x0 < x1 < x2 . . . < xn−1 < xn = b

of the interval ⟨a; b⟩ onto n sub–intervals ⟨xk−1; xk⟩ (k = 1, 2, . . . , n) of the same length h.
Hence

h =
b− a

n
a xk = a+ k · h (k = 1, 2, . . . , n).

We shall denote yk = f(xk).

x0 = ax0 = a x1 x2 x3 . . . . . . . . . . . . . . . . . xn−1 xn = b

y0

y1

y2

y3

yn−1

yn

f

h

Fig. 41
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V.5.1. Trapezoidal Rule.

We approximate function f by a linear function on each sub–interval ⟨xk−1; xk⟩. The linear
function is uniquely determined by the requirement that its graph (a straight line) passes through
two chosen points. Let us choose the points [xk−1; yk−1] and [xk; yk]. Then the considered linear

function is: y = yk−1 +
yk − yk−1

h
· (x − xk−1). Its integral in the interval ⟨xk−1; xk⟩ (let us

denote it by Ik) represents the area of the trapezoid (see Fig. 41) and so Ik = h · yk−1 + yk
2

. If
we add all the numbers I1, I2, . . . , In, we obtain

(V.5.1) Ln =
h

2
· ( y0 + 2y1 + 2y2 + · · ·+ 2yn−1 + yn ).

Ln is the approximate value of the Riemann integral
∫ b

a
f dx. The geometric sense of Ln is

shown in Fig. 41 – it is the sum of the areas of n trapezoids constructed on the intervals ⟨x0; x1⟩,
⟨x1; x2⟩ . . . , ⟨xn−1; xn⟩.

It can naturally be expected that the finer the partition of the interval ⟨a; b⟩, the better is the
approximation of the Riemann integral

∫ b

a
f dx. In other words, the accuracy of the approxi-

mation should increase with increasing n (i.e. with decreasing h). This expectation is correct.
It can be proved that if function f has a continuous second derivative f ′′ in ⟨a; b⟩ and M2 is the
maximum of |f ′′| in ⟨a; b⟩ then the following error estimate holds:

(V.5.2)
∣∣∣∣Ln −

∫ b

a

f(x) dx

∣∣∣∣ ≤ b− a

12
h2M2.

(Estimate (V.5.2) is called an error estimate because it provides an upper estimate of the error
we make if we replace the exact value of the integral

∫ b

a
f dx by its approximate value Ln.)

V.5.2. Simpson’s Rule.

Let us now choose an integer n so that it is even and let us approximate function f by a quadratic
polynomial on each of the sub–intervals ⟨x0; x2⟩, ⟨x2; x4⟩, . . . , ⟨xn−2; xn⟩. The quadratic poly-
nomial on the sub–interval ⟨xk−2; xk⟩ (k = 2, 4, . . . , n) is uniquely determined if we require
that its graph (a parabola) passes through three chosen points. Let the three chosen points be
[xk−2; yk−2], [xk−1; yk−1], [xk; yk]. The coefficients and the integral of such a quadratic polyno-
mial in the interval ⟨xk−2; xk⟩ can be relatively easily evaluated – you can verify for yourself

that the integral is Ik = h · yk−2 + 4yk−1 + yk
3

. Summing all the numbers I2, I4, . . . , In, we
obtain

(V.5.3) Sn =
h

3
· (y0 + 4y1 + 2y2 + 4y3 + · · ·+ 2yn−2 + 4yn−1 + yn ).

Sn is an approximate value of the Riemann integral
∫ b

a
f dx. It can be proved that if the fourth

derivative f (4) of function f is continuous in ⟨a; b⟩ and M4 is the maximum of |f (4)| in ⟨a; b⟩
then the following error estimate holds:

(V.5.4)
∣∣∣∣Sn −

∫ b

a

f dx

∣∣∣∣ ≤ b− a

180
h4M4.
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V.6. The improper Riemann integral
We have assumed that

(V.6.1) ⟨a; b⟩ is a bounded interval and
(V.6.2) f is a bounded function in this interval
in the definition of the Riemann integral

∫ b

a
f dx (see Section V.2). However, there often

arises the necessity to evaluate definite integrals where either the domain of integration (i.e. an
interval) or the integrand (i.e. a function), or both, are unbounded. Such integrals are called
improper integrals. We will explain the definition of the improper Riemann integral in this
section. Let us begin with a simple example.

V.6.1. Example.

The Riemann integral
∫ +∞

1

1

x
dx does not exist because the domain of integration is not a

bounded interval. However, the question of the area of the region

R =

{
[x; y] ∈ E2; x ∈ ⟨1;+∞), 0 ≤ y ≤ 1

x

}
is quite reasonable. (R is a subset of plane E2, corresponding to x ∈ ⟨1;+∞), bounded above

by the graph of the function
1

x
and bounded below by the x–axis. Sketch a picture.) The answer

can be found in this way: Let us choose t ∈ ⟨1;+∞). The area of the region

R(t) =

{
[x; y] ∈ E2; x ∈ ⟨1; t⟩, 0 ≤ y ≤ 1

x

}
,

i.e. of the part of the plane which corresponds to x ∈ ⟨1; t⟩ and which is bounded above by the

graph of the function
1

x
and bounded below by the x–axis, is

s(R(t)) =

∫ t

1

1

x
dx =

[
ln x

]t
1
= ln t− ln 1 = ln t.

The area of the whole region R can now be naturally defined by the equation

s(R) = lim
t→+∞

s(R(t)) = lim
t→+∞

ln t = +∞.

This approach is the motivation for the following definition.

V.6.2. The improper Riemann integral with the singular upper limit.

Assume that function f is defined in the interval ⟨a; b) and it is integrable in each interval ⟨a; t⟩
(for a ≤ t < b). If

a) at least one of the conditions (V.6.1) and (V.6.2) is not fulfilled and
b) the limit

lim
t→b−

∫ t

a

f(x) dx,

exists

then the value of the limit is called the improper Riemann integral with the singular
upper limit.
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The improper Riemann integral is denoted in the same way as the “usual” Riemann integral,
i.e.

∫ b

a
f(x) dx. Thus, we can write:∫ b

a

f(x) dx = lim
t→b−

∫ t

a

f(x) dx.

The improper Riemann integral with the singular lower limit can be defined by analogy.
(Try to write the definition for yourself.)

While the value of the “proper” Riemann integral can only be a finite number, the value of
an improper Riemann integral can be finite or infinite. If the improper integral

∫ b

a
f dx is finite

then we say that the integral converges. If
∫ b

a
f dx = ±∞, we say that the integral diverges.

V.6.3. Example.

Let us evaluate the improper Riemann integral
∫ 2

−5

1√
2− x

dx.

The function f(x) =
1√
2− x

is unbounded in the interval ⟨−5; 2⟩. (This is due to its behavior

in the neighborhood of the upper limit 2, namely lim
x→2−

1√
2− x

= +∞.) Hence the Riemann

integral of function f in ⟨−5; 2⟩ does not exist. However, f is a continuous function in the
interval ⟨−5; 2) and so it is integrable in each interval ⟨−5; t⟩ (where −5 ≤ t < 2). The
antiderivative to f in ⟨−5; 2) is F (x) = −2

√
2− x. Thus,∫ t

−5

1

x
dx = F (t)− F (1) = −2

√
2− t+ 2

√
2− (−5) = −2

√
2− t+ 2

√
7.

Since lim
t→2−

−2
√
2− t+ 2

√
7 = 2

√
7, we have:

∫ 2

−5

1√
2− x

dx = 2
√
7.

V.6.4. The improper Riemann integral with both singular limits.

The definition of the improper Riemann integral can be extended to the cases when both the
limits are singular: Assume that c ∈ (a; b) and the two integrals

∫ c

a
f dx and

∫ b

c
f dx exist

(the first as the improper integral with the singular lower limit a and the second as the improper
integral with the upper limit b). If the sum of the integrals has a sense (i.e. if it is not for instance
−∞+∞) then we put ∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx.

The integral
∫ b

a
f dx is an improper integral with both singular limits.

The definition can be further extended to situations when some points inside the interval
(a; b) are singular. However, we do not deal with such cases in this textbook.

V.6.5. Remark.

If the improper integral
∫ b

a
f dx exists and the interval (a; b) is unbounded then we sometimes

speak about the improper integral due to the limit. If function f is unbounded then we speak
about the improper integral due to the function. These two effects can also be combined (the
function is unbounded in the neighborhood of one limit and the second limit is infinite) or can
be cumulated (the function is unbounded in the neighborhood of an infinite limit).
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V.6.6. The evaluation of the improper Riemann integral.

We shall assume for simplicity that f is a continuous function in the interval (open or closed)
with the end points a, b (where a < b) in this paragraph.

According to theorem IV.1.3, function f has an antiderivative in the interval between a and
b. Let us denote it by F . (There exist in fact infinitely many antiderivatives and they all differ
by additive constants – see theorem IV.1.5. However, we shall need only one of them.) It can
be shown that the integral

∫ b

a
f dx exists as an improper integral and

(V.6.1)
∫ b

a

f(x) dx = lim
t→b−

F (t)− lim
t→a+

F (t),

if the right hand side has a sense (i.e. if both the limits exist and their difference has a sense).

V.6.7. Example.

The integral
∫ +∞

0

1√
x
dx is an improper integral with both singular limits: 0 is a singular

limit because the function
1√
x

is not bounded in its right neighborhood and +∞ is a singular

limit because it is not a finite number. The antiderivative to
1√
x

in (0;+∞) is for instance the

function 2
√
x. Then∫ +∞

0

1√
x
dx = lim

t→+∞
2
√
t− lim

t→0+
2
√
t = +∞− 0 = +∞.

V.6.8. Problems.

Evaluate the improper integrals.∫ +∞

0

dx

1 + x2
a)

∫ +∞

−∞

dx

4 + x2
b)

∫ −2

−∞

dx

x2
c)∫ +∞

2

dx

x2 − 1
d)

∫ +∞

0

x2 e−x dxe)
∫ 5

0

1√
x
dxf)∫ +∞

−∞

dx

x2 + 4x+ 9
g)

∫ ∞

0

x e−x2

dxh)
∫ 5

1

(x− 1)a dx ; a > −1i)

R e s u l t s :
π

2
a)

π

2
b)

1

2
c) −1

2
ln

1

3
d)

2e) 2
√
5f)

π√
20

g)
1

2
h)

4a+1

a+ 1
.i)

V.7. Some geometric and physical applications of the definite integral

The simple geometric and physical sense of the definite integral has already been discussed
in paragraphs V.1.1, V.1.3 and V.2.4. We will show more possible applications of the definite
integral in geometry and physics in this section.
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We assume that f is a non–negative and continuous function in the interval ⟨a; b⟩ every-
where in this section.

V.7.1. The volume of a circular body.

Let us denote, as in paragraph V.1.1, by R the region which is bounded by the graph of function
f , by the x–axis and by the straight lines x = a, x = b. (See Fig. 39.) The revolution of region
R about the x–axis leads to a circular body. Its volume is:

(V.7.1) V = π

∫ b

a

f 2(x) dx.

We can arrive at formula (V.7.1) by a similar consideration as in paragraph V.1.2, where
we have derived the expression of the area of region R by the definite integral of function f .
The interval ⟨a; b⟩ can be divided into infinitely many “infinitely short” parts. A typical part
is the interval with the end points x and x + dx where x ∈ ⟨a; b). The region between the
graph of function f on the interval ⟨x;x + dx⟩ and the line segment with the end points x
and x + dx on the x–axis is an “infinitely narrow” rectangle whose sides have the lengths dx
and f(x). Its revolution about the x–axis leads to an “infinitely thin” cylinder whose volume
is dV = π f 2(x) dx. The volume of the whole circular body is the sum of infinitely many
“infinitely small” numbers dV . Thus, we obtain formula (V.7.1).

Other formulas, shown in this section, can be obtained by analogy. This is why we do not
show the ideas which stand in the background.

V.7.2. The area of a circular surface.

The revolution of the graph of function f about the x–axis creates a circular surface. Its area is

s = 2π

∫ b

a

f(x)

√
(f ′(x))2 + 1 dx.

V.7.3. The length of a curve.

The graph of function f in the interval ⟨a; b⟩ is a curve. Its length is

ℓ =

∫ b

a

√
(f ′(x))2 + 1 dx.

V.7.4. The static moments, the center of mass and the moments of inertia of a curve.

Suppose that the curve from the preceding paragraph (i.e. the graph of function f ) is covered by
a mass with a constant longitudinal density ρ. The total mass of the curve is in this case equal
to the product of ρ with the length of the curve:

m = ρ ℓ = ρ

∫ b

a

√
(f ′(x))2 + 1 dx.

The so called static moments of the curve with respect to the x– and y–axes are the integrals

mx = ρ

∫ b

a

f(x)

√
(f ′(x))2 + 1 dx, my = ρ

∫ b

a

x

√
(f ′(x))2 + 1 dx.

The coordinates x
T

and y
T

of the center of mass of the considered curve satisfy:

x
T
=

mx

m
, y

T
=

my

m
.

The so called moments of inertia of the curve according to the x– and y–axes are

Jx = ρ

∫ b

a

f 2(x)

√
(f ′(x))2 + 1 dx, Jy = ρ

∫ b

a

x2
√
(f ′(x))2 + 1 dx.
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V.7.5. The static moments, the center of mass and the moments of inertia of a planar
region.

Let R be a region from paragraph V.7.1. Suppose that R is covered by a mass with a constant
planar density ρ. The total mass of region R is

m = ρ

∫ b

a

f(x) dx.

The static moments of region R with respect to the x– and y–axes are

mx =
1

2
ρ

∫ b

a

f 2(x) dx, my = ρ

∫ b

a

x f(x) dx.

The coordinates x
T

and y
T

of the center of mass of region R satisfy:

x
T
=

mx

m
, y

T
=

my

m
.

The moments of inertia of the region with respect to the x– and y–axes are

Jx =
1

3
ρ

∫ b

a

f 3(x) dx, Jy =
1

2
ρ

∫ b

a

x2 f(x) dx.

V.7.6. The static moments and the center of mass of a circular body.

Suppose that the circular body created by region R revolving about the x–axis contains a mass
which is distributed with a constant volume density ρ. The total mass of the body is equal to the
product of ρ and the volume of the body:

m = ρ V = ρ

∫ b

a

f 2(x) dx.

The static moments of the body according to the xy–, xz– and yz–planes are

mxy = 0, mxz = 0, myz = πρ

∫ b

a

x f 2(x) dx.

The coordinates x
T

, y
T

and z
T

of the center of mass of the body satisfy:

x
T
=

myz

m
, y

T
=

mxz

m
= 0, z

T
=

mxy

m
= 0.

The moment of inertia of the body with respect to the axis of revolution x is

Jx =
1

2
ρ π

∫ b

a

f 4(x) dx.

V.7.7. Remark.

You will see in the Mathematics II course how we can evaluate the lengths of more general
curves, the areas of more general surfaces and the volumes of more general bodies. You will
also learn how we can evaluate the mass, the static moments, the moments of inertia and the
coordinates of the center of mass of curves, surfaces or bodies in the case of a generally non–
constant density.
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– mezi přı́mkou a rovinou . . . . . . . . . . 41
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– eliptický . . . . . . . . . . . . . . . . . . . . . . . . 47
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– logaritmická . . . . . . . . . . . . . . . . . . . . . 79
– zprava . . . . . . . . . . . . . . . . . . . . . . . . . . 75
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– sudá . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
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– rotačnı́ . . . . . . . . . . . . . . . . . . . . . . . . . . 45
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lineárnı́ operátor . . . . . . . . . . . . . . . . . . . 24
lineárnı́ zobrazenı́ (transformace) . . . . 24
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– rozšı́řená . . . . . . . . . . . . . . . . . . . . . . . . 19
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– množiny . . . . . . . . . . . . . . . . . . . . . . . . 58
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střednı́ hodnota . . . . . . . . . . . . . . . . . . . 139
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– vektorový . . . . . . . . . . . . . . . . . . . . . . . 39
kvadrika . . . . . . . . . . . . . . . . . . . . . . . . . . 43
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restrikce (zúženı́) funkce . . . . . . . . . . . 57
Riemann, G. . . . . . . . . . . . . . . . . . . . . . 137
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věta
– Darbouxova . . . . . . . . . . . . . . . . . . . . . 71
– Frobeniusova . . . . . . . . . . . . . . . . . . . . 22
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– opačný . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
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[Re-CZ] K. Rektorys: Přehled užité matematiky, SNTL, Praha 1963, 1968.

Index 160 List of selected symbols


	Linear algebra
	Vector spaces
	Matrices and determinants
	Systems of linear algebraic equations
	*Linear mappings of Rn into Rm
	Eigenvalues and eigenvectors of square matrices
	Survey of equivalent properties of a square matrix

	Analytic geometry in E3
	Some basic notions
	Straight lines in E3
	Planes in E3
	*Quadric surfaces in E3

	Differential calculus
	Sequences of real numbers
	Functions – basic notions
	Some concrete functions
	Limit and continuity of a function
	Derivative of a function
	Applications of derivatives, behavior of a function
	The osculating circle, Taylor's theorem
	*Parametric representation of functions
	*Approximate solution of the nonlinear equation  f(x)=0
	*Complex and vector–valued functions of a real variable

	Indefinite integral
	Antiderivative, indefinite integral
	Integration by parts
	Integration by substitution
	Integration of simple rational functions
	Integration of functions of the type  n xm x
	Integration of some other types of functions
	*Separable differential equations

	Definite (Riemann's) integral
	Historical approach
	Definition of the Riemann integral
	Important properties of the Riemann integral
	Evaluation of the Riemann integral
	*Numerical integration
	The improper Riemann integral
	Some geometric and physical applications of the definite integral

	Index + Vocabulary
	List of selected symbols
	Bibliography

