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I. Definite integral Contents

CHAPTER I.

Definite integral

Contents
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I.1 Existence of definite integrals

• Determine whether the definite integrals exist:

Example 1.
� 1

0

f(x) dx =

� 1

0

x+ 3

x2 + 1
dx

Solution : Yes, it exists, because the function f(x) =
x+ 3

x2 + 1
is continuous on the interval ⟨0; 1⟩ .

Example 2.
� 10

1

f(x) dx =

� 10

1

x2 + 3

x3 − 3x2 − 4x
dx

Solution : It does not exist, because the function f(x) =
x2 + 3

x3 − 3x2 − 4x
=

x2 + 3

x(x+ 1)(x− 4)

is not continuous at x = 4
(
x ∈ (1; 10)

)
and lim

x→4±
f(x) = ±∞ (f is not bounded).

Example 3.
� 1

−1

f(x) dx =

� 1

−1

e2x − 1

x
dx

Solution : The integral exists. Although the function f(x) =
e2x − 1

x
is not continuous at the point

x = 0
(
x ∈ (−1; 1)

)
, we have lim

x→0
f(x) = lim

x→0

e2x − 1

x
= 2 (f is bounded).

4.
� 1

0

sin x2

x
dx

[
yes , lim

x→0

sinx2

x
= 0

]
5.
� 2

0

xex
2

dx [yes]

6.
� π/2

0

1

1− 2 cos x
dx

[
no , lim

x→π
3
±

1

1− 2 cosx
= ±∞

]

I.2 Newton-Leibniz formula

• Compute the integrals using the Newton-Leibniz formula:

Example 7.
� π/4

0

1 + sin2 x

cos2 x
dx

1
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Solution :
� π/4

0

1 + sin2 x

cos2 x
dx =

� π/4

0

1 + 1− cos2 x

cos2 x
dx =

� π/4

0

(
2

cos2 x
− 1

)
dx =

=
[
2 tan x− x

]π/4
0

= 2 tan π
4
− π

4
= 2− π

4
.

Example 8.
� 8

3

√
1 + x dx

Solution :
� 8

3

(1 + x)1/2 dx =
2

3

[
(1 + x)3/2

]8
3
=

2

3
· (9

√
9− 4

√
4) =

38

3
.

Example 9.
� 2

0

x− 3

x2 + 4
dx

Solution :
� 2

0

x− 3

x2 + 4
dx =

1

2

� 2

0

2x

x2 + 4
dx− 3

� 2

0

1

x2 + 4
dx =

=
1

2

[
ln(x2 +4)

]2
0
− 3

2

[
arctan

x

2

]2
0
=

1

2
· (ln 8− ln 4)− 3

2
· arctan 1 =

1

2
· ln 2− 3π

8
.

Example 10.
� 5

2

5x+ 1

x2 + x− 2
dx

Solution : First decompose the integrand into partial fractions and compute the integral :

5x+ 1

x2 + x− 1
=

A

x− 1
+

B

x+ 2
, 5x+ 1 = A(x+ 2) +B(x− 1)

x = 1 : 6 = 3A =⇒ A = 2 ; x = −2 : −9 = −3B =⇒ B = 3� 5

2

5x+ 1

x2 + x− 2
dx =

� 5

2

(
2

x− 1
+

3

x+ 2

)
dx =

[
2 ln |x− 1|+ 3 ln |x+ 2|

]5
2
=

= 2 ln 4 + 3 ln 7− 2 ln 1− 3 ln 4 = 3 ln 7− ln 4 = ln
343

4
.

CAUTION ! The same integral on another interval ⟨a; b⟩ may not exist if ⟨a; b⟩
contains at least one of the numbers x = −2 or x = 1.

Example 11.
� π/2

−π/2

cos2
x

2
dx

Solution : Here we use the fact that the function f(x) = cos2
x

2
is even, i.e.� a

−a

f(x) dx = 2

� a

0

f(x) dx.

� π/2

−π/2

cos2
x

2
dx = 2

� π/2

0

cos2
x

2
dx = 2

� π/2

0

1 + cos x

2
dx =

[
x+sinx

]π/2
0

=
π

2
+1.

Example 12.
� π/2

−π/2

x2 sin x dx

Solution : Now we use the fact that the function f(x) = x2 sin x is odd, i.e.
� a

−a

f(x) dx = 0.

2
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Example 13.
� π

0

∣∣∣1
2
− cos x

∣∣∣ dx
Solution : Remove the absolute value:

1

2
− cos x ≥ 0 for x ∈

〈π
3
; π
〉

and
1

2
− cos x < 0 for x ∈

〈
0;
π

3

)
, thus for the given integral we have:

� π

0

∣∣∣1
2
− cos x

∣∣∣ dx =

� π/3

0

−
(1
2
− cos x

)
dx+

� π

π/3

(1
2
− cos x

)
dx =

=
[
sin x− 1

2
x
]π/3
0

+
[
1
2
x− sin x

]π
π/3

=
√
3
2
− π

6
+ π

2
− π

6
+

√
3
2

=
√
3 + π

6
.

14.*
� 4

−4

1√
x2 + 9

dx
[
2 ln 3

]
15.
� π

0

sin x

2 + cos x
dx

[
ln 3
]

16.
� 1

0

ex

ex + e
dx

[
ln

2e

1 + e

]
17.
� −1

−2

2

x2 − x
dx

[
2 ln

4

3

]

I.3 Integration by parts

• Compute the integrals using the integration by parts method:

Example 18.
� π/2

−π/2

|x| cosx dx

Solution : The integrand is even. Thus
� π/2

−π/2

|x| cosx dx = 2

� π/2

0

|x| cosx dx = 2

� π/2

0

x cosx dx =

=

∣∣∣∣ u = x, v′ = cosx
u′ = 1, v = sinx

∣∣∣∣ = 2
[
x sinx

]π/2
0

− 2

� π/2

0

sin x dx = 2 · π
2
+ 2
[
cos x

]π/2
0

= π − 2.

Example 19.
� e−1

0

ln(x+ 1) dx

Solution :
� e−1

0

ln(x+ 1) dx =

∣∣∣∣∣ u = ln(x+ 1), v′ = 1

u′ =
1

x+ 1
, v = x

∣∣∣∣∣ = [x ln(x+ 1)
]e−1

0
−
� e−1

0

x

x+ 1
dx =

= (e− 1) ln e−
� e−1

0

x+ 1− 1

x+ 1
dx = e− 1−

[
x− ln(x+1)

]e−1

0
= e− 1− (e− 1− ln e) = 1.

Example 20. I =

� π/2

0

e2x sin x dx

Solution :
� π/2

0

e2x sin x dx =

∣∣∣∣ u = e2x, v′ = sinx
u′ = 2e2x, v = − cosx

∣∣∣∣− [e2x cos x]π/2
0

+ 2

� π/2

0

e2x cos x dx =

=

∣∣∣∣ u = e2x, v′ = cosx
u′ = 2e2x, v = sinx

∣∣∣∣ = 1 + 2
[
e2x sin x

]π/2
0

− 4

� π/2

0

e2x sin x dx.

We obtained the equation I = 1 + 2eπ − 4I , from which 5I = 1 + 2eπ.

The result of the given example is I =
1

5
(1 + 2eπ).

3
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Example 21.* In =

� π/2

0

sinn x dx

Solution :

⋆ for n = 0 we have I0 =

� π/2

0

dx =
π

2
;

⋆ for n = 1 we have I1 =

� π/2

0

sin x dx =
[
− cosx

]π/2
0

= 1;

⋆ for n = 2 we have I2 =

� π/2

0

sin2 x dx =

� π/2

0

1− cos 2x

2
dx =

1

2

[
x− sin 2x

2

]π/2
0

=
π

4
;

⋆ for n ≥ 3 we have In =

� π/2

0

sinn−2 x · sin2 x dx =

� π/2

0

sinn−2 x(1− cos2 x) dx =

=

� π/2

0

sinn−2 x dx−
� π/2

0

sinn−2 x · cos x · cos x dx =

∣∣∣∣∣ u = cosx, v′ = sinn−2 · cosx
u′ = − sinx, v =

1

n− 1
sinn−1 x

∣∣∣∣∣ =
= In−2 −

[cos x · sinn−1 x

n− 1

]π/2
0

− 1

n− 1

� π/2

0

sinn x dx.

We obtain the equation In = In−2 − 0− 1

n− 1
In, from which we compute In =

n− 1

n
In−2.

We perform a discussion:

For

{ n = 2k we have In =
n− 1

n
In−2 =

2k − 1

2k
· 2k − 3

2k − 2
· ... · 1

2
I0 =

(2k − 1)!!

(2k)!!
· π
2
;

n = 2k + 1 we have In =
n− 1

n
In−2 =

2k

2k + 1
· 2k − 2

2k − 1
· ... · 2

3
I1 =

(2k)!!

(2k + 1)!!
· 1.

Thus we have derived the so-called Wallis formulas.

The same result also holds for
� π/2

0

cosn x dx, since
� π/2

0

sinn x dx =

� π/2

0

cosn x dx.

22.*
� π/2

0

sin7 x dx

[
16

35

]
23.*

� π/2

−π/2

sin8 x dx

[
35π

128

]

24.*
� π

0

cos6 x dx

[
5π

16

]
25.*

� π/2

−π/2

sin9 x dx
[
0
]

26.
� √

3

0

x · arctan x dx
[
2π

3
−

√
3

2

]
27.
� e

1/e

| lnx| dx
[
2− 2

e

]

28.
� 1

0

y · ln(x+ y) dx, (y > 0)
[
y(y + 1) ln(y + 1)− y2 ln y − y

]

I.4 Substitution method

• Compute the integrals using the substitution method:

Example 29.
� e3

1

1

x
√
1 + ln x

dx

4
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Solution :
� e3

1

1

x
√
1 + ln x

dx =

∣∣∣∣∣ 1 + lnx = t
dx

x
= dt

x1 = 1 =⇒ t1 = 1

x2 = e3 =⇒ t2 = 4

∣∣∣∣∣ =
=

� 4

1

dt√
t
dt = 2

[√
t
]4
1
= 2 · (2− 1) = 2.

Example 30.
� 2/π

1/π

1

x2
· sin 1

x
dx

Solution :
� 2/π

1/π

1

x2
· sin 1

x
dx =

∣∣∣∣∣∣∣
1

x
= t

−dx
x2

= dt

x1 =
1

π
=⇒ t1 = π

x2 =
2

π
=⇒ t2 =

π

2

∣∣∣∣∣∣∣ =
= −

� π/2

π

sin t dt =

� π

π/2

sin t dt =
[
− cos t

]π
π/2

= 1 .

Example 31.
� 1

0

x

1 + x4
dx

Solution :
� 1

0

x

1 + x4
dx =

∣∣∣∣ x2 = t
2x dx = dt

x1 = 0 =⇒ t1 = 0
x2 = 1 =⇒ t2 = 1

∣∣∣∣ =
=

1

2

� 1

0

d t

1 + t2
=

1

2

[
arctan t

]1
0
=

1

2
· π
4
=
π

8
.

Example 32.
� 2

0

√
4− x2 dx

Solution :
� 2

0

√
4− x2 dx =

∣∣∣∣ x = 2 sin t
dx = 2 cos t dt

x1 = 0 =⇒ t1 = 0
x2 = 2 =⇒ t2 = π/2

∣∣∣∣ =
=

� π/2

0

√
4− 4 sin2 t · 2 cos t dt = 4

� π/2

0

cos2 t dt = 4

� π/2

0

1 + cos 2t

2
dt =

= 2
[
t+

sin 2t

2

]π/2
0

= 2 · π
2
= π .

Example 33.
� 2

1

x

(x2 + 4)2
dx

Solution :
� 2

1

x

(x2 + 4)2
dx =

∣∣∣∣ x2 + 4 = t
2x dx = dt

x1 = 1 =⇒ t1 = 5
x2 = 2 =⇒ t2 = 8

∣∣∣∣ =
=

1

2

� 8

5

dt

t2
= −1

2
·
[1
t

]8
5
= −1

2
·
(1
8
− 1

5

)
=

3

80
.

34.
� π/2

0

cos x√
sin2 x+ 3

dx
[
ln
√
3
]

35.
� −1

−2

dx

x2 + 4x+ 5

[
π

4

]

36.
� 1/2

0

arcsin x√
1− x2

dx

[
π2

72

]
37.
� π/4

0

sin5 x · cos x dx
[
1

48

]

5
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38.
� π/3

0

sin3 x dx

[
5

24

]
39.
� 1/2

0

r
√
1− 4r2 dr

[
1

12

]

40.
� 4

0

1√
2x+ 1 + 1

dx
[
2(2− ln 2)

]
41.
� π/2

0

dx

2 + cos x

[√
3π

9

]

6
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CHAPTER II.

Differential calculus of functions of several variables
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II.1 Domain of the function z = f(x, y)

• Determine the domains of the functions and sketch them:

Example 42. z =
ln(x2y)√
y − x

Solution : The variables x and y must satisfy the following conditions simultaneously:

x

y

0

D2D1

x2y > 0 =⇒ y > 0, x ̸= 0
y − x > 0 =⇒ y > x

D1(f) =
{
[x; y] ∈ E2 : x < 0, y > 0

}
,

D2(f) =
{
[x; y] ∈ E2 : x > 0, y > x

}
.

For the domain of the given function we get D(f) = D1(f) ∪D2(f)

Example 43. z = arcsin
y − 1

x

Solution :

x

y

1 D2D1

The variables x and y must satisfy
the following conditions simultaneously:

−1 ≤ y − 1

x
≤ 1 and x ̸= 0 .

Thus: x > 0 : −x ≤ y − 1 ≤ x =⇒ −x+ 1 ≤ y ≤ x+ 1
x < 0 : −x ≥ y − 1 ≥ x =⇒ −x+ 1 ≥ y ≥ x+ 1

D1(f) =
{
[x; y] ∈ E2 : x < 0, x+ 1 ≤ y ≤ 1− x

}
,

D2(f) =
{
[x; y] ∈ E2 : x > 0, 1− x ≤ y ≤ x+ 1

}
.

For the domain of the given function we get D(f) = D1(f) ∪D2(f).

7
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44. z =

√
x− y2

ln(1− x2 − y2)

[
D(f) = {[x; y] ∈ E2 : 0 < x2 + y2 < 1, x ≥ y2}

]

45. z =
√

ln
16

x2 + y2
[
D(f) = {[x; y] ∈ E2 : 0 < x2 + y2 ≤ 16}

]

46. z = 3−7 ln(x+ln y)
[
D(f) = {[x; y] ∈ E2 : y > e−x}

]

47. z =
√
2x+ y − 4+

√
16− x2 − y2

[
D(f) = {[x; y] ∈ E2 : x

2 + y2 ≤ 16; y ≥ 4− 2x}
]

48. z =
3√

1− |x| − |y|
[
D(f) = {[x; y] ∈ E2 : |x|+ |y| < 1}

]

49. z =
√
xy − 4

[
D(f) = {[x; y] ∈ E2 : xy ≥ 4}

]

• Determine and sketch the domain, write the graph of the function, and sketch in E3 the surface that
is the graph of the given function:

Example 50. f(x, y) = 4−
√
x2 + y2

Solution :
x2 + y2 ≥ 0 ⇒ D(f) =

{
[x; y] ∈ E2; x

2 + y2 ≥ 0
}

⇒ D(f) = E2

y

z

x

4

The graph of the function is the set

G(f) =
{
[x; y; z] ∈ E3; [x; y] ∈ D(f), z = 4−

√
x2 + y2

}
.

Example 51. f(x, y) =
√
x− y2 + 2

Solution :

x

y

-2

x− y2 + 2 ≥ 0 ⇒
D(f) =

{
[x; y] ∈ E2; x− y2 + 2 ≥ 0

}
.

The boundary of D(f) is the parabola x+ 2 = y2

with axis along the x-axis and vertex at [−2; 0].

8
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y

z

x

-2
The graph of the function is the set
G(f) =

{
[x; y; z] ∈ E3; [x; y] ∈ D(f) ⊂ E2, z =

√
x− y2 + 2

}
,

which is the “upper” half of the paraboloid of revolution
with equation x+ 2 = y2 + z2, whose axis of rotation is the x-axis,
and vertex at [−2; 0; 0].

Example 52. f(x, y) =
√
x2 − 9y2 − 36

Solution :

x

y

-6 6

x2 − 9y2 − 36 ≥ 0 ⇒
D(f) =

{
[x; y] ∈ E2; x

2 − 9y2 − 36 ≥ 0
}

,

the boundary is the hyperbola
x2

36
− y2

4
= 1

with vertices at [−6; 0] and [6; 0]

y

z

x

6-6

The graph of the function is the set
G(f) =

{
[x; y; z] ∈ E3; [x; y] ∈ D(f) ⊂ E2, z =√

x2 − 9y2 − 36
}

and this is the “upper” half of an elliptic two-sheeted
hyperboloid with vertices at [−6; 0; 0] and [6; 0; 0]

II.2 Limit and continuity of a function

• Investigate the limits of the function at the point:

Example 53. lim
[x;y]→[0;0]

sin(x2 + y2)

x2 + y2

Solution : We use the fact that lim
[x;y]→[0;0]

(x2 + y2) = 0 and make the substitution t = x2 + y2.

Then lim
[x;y]→[0;0]

sin(x2 + y2)

x2 + y2
= lim

t→0

sin t

t
= 1

Example 54.* lim
[x; y] → [1; 1]
[x; y] ∈ M

x3 − y3

x4 − y4
, [x; y] ∈M , where M =

{
[x; y] ∈ E2 ; x− y ̸= 0

}

9
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Solution : This is the indeterminate form ”0
0
”, but an elementary simplification suggests itself, which

we perform

lim
[x; y] → [1; 1]
[x; y] ∈ M

x3 − y3

x4 − y4
= lim
[x; y] → [1; 1]
[x; y] ∈ M

(x− y)(x2 + xy + y2)

(x− y)(x+ y)(x2 + y2)
= lim
[x; y] → [1; 1]
[x; y] ∈ M

x2 + xy + y2

(x+ y)(x2 + y2)
=

3

4
.

55. lim
[x;y]→[0;0]

e2(x
2+y2) − 1

x2 + y2
[
2
] 56. lim

[x;y]→[0;0]

tan (x2 + y4)

3(x2 + y4)

[
1

3

]

Example 57. Investigate the continuity of the function f(x, y) =

{ x2y2√
x2y2 + 1− 1

, [x; y] ̸= [0; 0]

2, [x; y] = [0; 0]
at the point [0; 0].

Solution : The function f(x, y) is continuous at the point [x0; y0] if and only if lim
[x;y]→[x0;y0]

f(x, y) = f(x0, y0).

In our case lim
[x;y]→[0;0]

x2y2√
x2y2 + 1− 1

= ”0
0
” =
∣∣∣∣ substitution

x2y2 = t

∣∣∣∣ = lim
t→0

t√
t+ 1− 1

ℓ′H
=

= lim
t→0

1
1

2
√
t+1

= 2 = f(0, 0) =⇒ the given function f(x, y) is continuous at the point [0; 0].

• Determine the sets on which the given functions are defined:

58. f(x, y) =
x2 + x− 12

x2 + y4 + 1
[E2]

59. f(x, y, z) = ez
2+x · sin(x+ y) [E3]

60. f(x, y) =
1

x2 − 2y

[
D(f) =

{
[x, y] ∈ E2 : y ̸= x2

2

}]

61. f(x, y) =
x4 − y4

x2 + y2[
D(f) = E2 \[0; 0], it can be continuously extended by defining f(0, 0) = lim

[x;y]→[0;0]

x2y2

x2 + y2
= 0

]

62. f(x, y, z) =
1

ln
√
x2 + y2 + z2

[
D(f) = {[x; y; z] ∈ E3 : x

2 + y2 + z2 ̸= 1}\{[0; 0; 0]}
]

63. f(x, y, z) =
sin (x2 + y2 + z2)

2

x2 + y2 + z2

[
D(f) = E3 \[0; 0; 0], it can be continuously extended by defining

f(0, 0, 0) = 0
]

64. f(x, y, z) =
1

|xy|+ |z|
[
D(f) = {[x; y; z] ∈ E3 : xy ̸= 0 ∧ z ̸= 0

]
65. f(x, y, z) =

y + 4

x2y − xy + 4x2 − 4x

[
D(f) = {[x; y; z] ∈ E3 : x ̸= 0, x ̸= 1, y ̸= −4}

]
10
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II.3 Partial derivatives of a function

Notation for the function z = f(x, y):

first partial derivatives:
∂f

∂x
(x, y) = fx(x, y) = zx =

∂z

∂x
∂f

∂y
(x, y) = fy(x, y) = zy =

∂z

∂y

first partial derivatives at the point [a; b]:

∂z

∂x

∣∣∣
[a;b]

= fx(a, b);
∂z

∂y

∣∣∣
[a;b]

= fy(a, b)

second partial derivatives:
∂

∂x

(∂f
∂x

)
=
∂ 2f

∂x2
= fxx;

∂

∂y

(∂f
∂y

)
=
∂ 2f

∂y2
= fyy

∂

∂y

(∂f
∂x

)
=

∂ 2f

∂y ∂x
= (fx)y;

∂

∂x

(∂f
∂y

)
=

∂ 2f

∂x ∂y
= (fy)x

• Find the first-order partial derivatives of the given functions with respect to their variables.

Example 66. f(x, y) = (2x− 3y)4

Solution :
∂f

∂x
= 4(2x− 3y)3 · 2 ,

∂f

∂y
= 4(2x− 3y)3 · (−3)

Example 67. f(x, y) = 5x4y2 +
x

y
+ 2x2 − 3y

Solution :
∂f

∂x
= 20x3y2 +

1

y
+ 4x ,

∂f

∂y
= 10x4y − x

y2
− 3

Example 68. f(x, y) = yx
2+3, y > 0

Solution :
∂f

∂x
= yx

2+3 · ln y · 2x ,
∂f

∂y
= (x2 + 3) · yx2+2

Example 69. f(x, y) =
y√

x2 − y2
, for |x| > |y|

Solution :
∂f

∂x
= y · −2x

2(x2 − y2)3/2
=

−xy
(x2 − y2)

√
x2 − y2

∂f

∂y
=

√
x2 − y2 − y · −2y

2
√
x2 − y2

x2 − y2
=

x2 − y2 + y2

(x2 − y2)
√
x2 − y2

=
x2

(x2 − y2)
√
x2 − y2

.

Example 70. f(x, y, z) = (xy)z

Solution : f(x, y, z) = xyz,
∂f

∂x
= yzxyz−1,

∂f

∂y
= xyz · ln x · z, ∂f

∂z
= xyz · ln x · y .

• Compute the partial derivatives of the given function with respect to all variables:

71. f(x, y) = ln (3x− y + 2)

[
∂f

∂x
=

3

3x− y + 2
,
∂f

∂y
=

−1

3x− y + 2

]
11
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72. f(x, y) =
3x− 2y

y

[
∂f

∂x
=

3

y
,
∂f

∂y
= −3x

y2

]

73. f(x, y) = ln (xy2)

[
∂f

∂x
=

1

x
,
∂f

∂y
=

2

y

]

74. f(x, y) = cosx+
1

2
sin y − 3

[
∂f

∂x
= − sinx,

∂f

∂y
=

1

2
cos y

]

75. f(x, y) =
y√
x
− x

√
y

[
∂f

∂x
=

−y
2 ·

√
x3

−√
y,

∂f

∂y
=

1√
x
− x

2 · √y

]

76. f(x, y) = (x2 + y) e−2x

[
∂f

∂x
= 2x e−2x − 2(x2 + y) e−2x,

∂f

∂y
= e−2x

]

77. f(x, y) =
xy2

2
+ arctan

(y
x

) [
∂f

∂x
=
y2

2
− y

x2 + y2
,
∂f

∂y
= xy +

x

x2 + y2

]

78. f(x, y) = ln(xy)−
√
x2 + y2 − 20

[
∂f

∂x
=

1

x
− x√

x2 + y2 − 20
,
∂f

∂y
=

1

y
− y√

x2 + y2 − 20

]

79. f(x, y) = x3 +
y3

3
− 1

6
x2y4 − 15x

[
∂f

∂x
= 3x2 − 1

3
xy4 − 15,

∂f

∂y
= y2 − 2

3
x2y3

]

80. f(x, y) =
y2

x2 + y2

[
∂f

∂x
=

−2xy2

(x2 + y2)2
,
∂f

∂y
=

2x2y

(x2 + y2)2

]

81. f(φ, ψ) = sinφ · cosψ
[
∂f

∂φ
= cosφ cosψ,

∂f

∂ψ
= − sinφ sinψ

]

82. g(u, v) = v · tan (u2v3)
[
∂g

∂u
=

2u v4

cos2(u2v3)
,
∂g

∂v
= tan (u2 v3) +

3u2 v3

cos2(u2v3)

]

83. f(t, u, v) = ln(tu)−euv+cos(tv)

[
∂f

∂t
=

1

t
−v sin(tv),

∂f

∂u
=

1

u
−v euv, ∂f

∂v
= −u euv−t sin(tv)

]
Example 84. Determine the domain of differentiability of the function f(x, y) = x

√
x2 − y2.

Solution :
∂f

∂x
=
√
x2 − y2 +

x2√
x2 − y2

,
∂f

∂y
=

−xy√
x2 − y2

.

From theory we know that continuity of the partial derivatives is sufficient for differentiability
of functions. In this example this is the condition:

x2 − y2 > 0 =⇒ |y| < |x|.

x

y

D2D1

D1 = {[x; y] ∈ E2 : x < 0, y ∈ (x;−x)},
D2 = {[x; y] ∈ E2 : x > 0, y ∈ (−x; x)} .

12
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Example 85. Given the function f(x, y) = ln(|x|+ y) +
1√

9− x2 − y2
. Determine

a) the conditions for the domain and illustrate the domain graphically,

b) the value f(A) , where A = [−1; 2], c)
∂f

∂x
(A).

Solution :

a) conditions for the domain:

|x|+ y > 0 =⇒ y > −|x|
9− x2 − y2 > 0 =⇒ x2 + y2 < 9

x

y

3

y = −x, x > 0y = x, x < 0

b) f(−1, 2) = ln(| − 1|+ 2) +
1√

9− 1− 4
= ln 3 +

1

2

c)
∂f

∂x
(A) =

 (−x)′

|x|+ y
− 1

2
· −2x√

(9− x2 − y2)3

∣∣∣∣∣
A

= −11

24
.

86. Prove that the function z = f(x, y) = y2 sin(x2 − y2) satisfies the differential equation
y2zx + xyzy = 2xz for all [x; y] ∈ E2.

[Hint : It is enough to compute zx, zy and substitute into the equation]

• Compute the partial derivatives of the given function at the point A :

87. z =
√
x2 − y2, A = [2; 0]

[
∂z

∂x
(A) = 1,

∂z

∂y
(A) = 0

]
88. z =

y

x
, A = [3; 2]

[
∂z
∂x(A) = −2/9, ∂f

∂y (A) = 1/3

]
89. f = x2ey sin z, A = [1; 0; π/6]

[
∂f
∂x (A) = 1, ∂f

∂y (A) = 1/2, ∂f
∂z (A) =

√
3/2

]
90. f = ln(x2 − y + 3z), A = [2; 1; 1]

[
∂f
∂x (A) = 2/3, ∂f

∂y (A) = −1/6, fz(A) = 1/2

]

II.4 Total differential and tangent plane

Notation for the function z = f(x, y):
the (total) differential of the function f at the point A = [x0; y0]:

df [A] =
∂f

∂x
(A) · (x− x0) +

∂f

∂y
(A) · (y − y0)

Let dx = x− x0, dy = y − y0. Then

df [A] =
∂f

∂x
(A) · dx+ ∂f

∂y
(A) · dy

13
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Example 91. Given the function f(x, y) =
y

x
− x

y
.

a) Determine and sketch the regions in which the function is differentiable.
b) Write the differential of the function at the point A = [x0; y0].

Solution : A sufficient condition for differentiability is continuity of the partial derivatives ⇒
continuity of the functions

∂f

∂x
= − y

x2
− 1

y

∂f

∂y
=

1

x
+
x

y2
⇒ x ̸= 0 ∧ y ̸= 0.

We obtain the following sets :

D1 = {[x; y] ∈ E2 : x < 0, y < 0},

D2 = {[x; y] ∈ E2 : x < 0, y > 0},

D3 = {[x; y] ∈ E2 : x > 0, y > 0}.

D4 = {[x; y] ∈ E2 : x > 0, y < 0},

x

y

D1

D2 D3

D4

df [A] =
∂f

∂x
(A) dx+

∂f

∂y
(A) dy i.e. df [A] =

(
−y0
x20

− 1

y0

)
dx+

( 1

x0
+
x0
y20

)
dy

Example 92. Determine the total differential and the approximate increment of the function z =
y

x
at

the point A = [2; 1] for △x = 0.1 and △y = 0.2 . Compare them.

Solution : The total differential at the point A is dz[A] =
∂z

∂x
(A) dx+

∂z

∂y
(A) dy.

At the same time
∂z

∂x
= − y

x2
⇒ ∂z

∂x
(A) = −1

4

∂z

∂y
=

1

x
⇒ ∂z

∂y
(A) =

1

2

dz[A] = −1

4
dx+

1

2
dy.

If we set dx = △x = 0.1 and dy = △y = 0.2, then we obtain the required differential
of the function f at the point A for the given increments △x,△y :

dz[A] = −1

4
· 0.1 + 1

2
· 0.2 = 0.075,

while the exact increment is △z = z(x0 +△x, y0 +△y)− z(x0, y0) =
= z(2.1, 1.2)− z(2, 1) = 0.071.

Example 93. Using the total differential, compute approximately the increment of the function

z = arctan
y

x
when x changes from x0 = 1 to x1 = 1.2 and y from y0 = −3

to y1 = −3.1.
Solution : We approximately replace the increment by the differential, i.e.

△z .
= dz[A] =

∂z

∂x
(A) · dx+ ∂z

∂y
(A) · dy, where A = [1;−3], dx = 0.2, dy = −0.1.

We compute
∂z

∂x
(A) =

(
1

1 + ( y
x
)2

·
(
− y

x2

))∣∣∣∣∣
A

=
3

10
,

∂z

∂y
(A) =

(
1

1 + ( y
x
)2

· 1
x

)∣∣∣∣∣
A

=
1

10
.

Then dz[A] =
3

10
· 0.2 + 1

10
· (−0.1) = 0.06− 0.01 = 0.05.
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Example 94. Compute approximately the value of the expression ln(
√
9.03 −

√
0.99 − 1) using the

total differential of a suitably chosen function.

Solution : Let z(x, y) = ln(
√
x−√

y − 1), x0 = 9, y 0 = 1, then dx = 0.03, dy = −0.01. We use
the relation

△z = z(x+ x0, y + y0)− z(x0, y0)
.
=
∂z

∂x
(x0, y0) · dx+

∂z

∂y
(x0, y0) · dy,

from which we get

z(x+ x0, y + y0)
.
= z(x0, y0) +

∂z

∂x
(x0, y0) · dx+

∂z

∂y
(x0, y0) · dy.

Let us prepare :

z(x0, y0) = ln(
√
9−

√
1− 1) = 0,

∂z

∂x
(A) =

(
1√

x−√
y − 1

· 1

2
√
x

)∣∣∣∣
[9;1]

=
1

6
,

∂z

∂y
(A) =

(
1√

x−√
y − 1

· −1

2
√
y

)∣∣∣∣
[9;1]

= −1

2
. Now we substitute and compute the required

value ln(
√
9.03−

√
0.99− 1)

.
=

1

6
· 0.03− 1

2
· (−0.01) = 0.01 .

Example 95. Compute the approximate value of the expression 0, 983,04 using the total differential
of a suitably chosen function.

Solution : z(x, y) = xy, x0 = 1, y0 = 3, i.e. A = [1; 3], dx = −0.02, dy = 0.04,

∂z

∂x
= y · xy−1,

∂z

∂y
= xy ln x, thus

z(0.98, 3.04)
.
= z(A) + dz[A] = z(A) +

∂z

∂x
(A) · dx+ ∂z

∂y
(A) · dy =

= 1 + 3 · (−0.02) + 0 = 0.94.

Example 96. Find the equation of the tangent plane τ and the normal n to the graph of the function
z = 2x2 − 4y2 at the point T = [2; 1; ?] .
Compute approximately the value of the function at the point [2.2; 1.3].

Solution : The tangent plane τ has equation

τ : z − z0 =
∂z

∂x
(A) · (x− x0) +

∂z

∂y
(A) · (y − y0),

where A = [x0; y0] = [2; 1], and z0 = z(x0, y0). In this case z0 = 2 · 4− 4 · 1 = 4 =⇒

T = [2; 1; 4],
∂z

∂x
(A) = 4x

∣∣∣
A
= 8,

∂z

∂y
(A) = −8y

∣∣∣
A
= −8 =⇒

τ : z − 4 = 8(x− 2)− 8(y − 1) =⇒ 8x− 8y − z − 4 = 0.

The normal n is the line passing through the point T , whose direction vector is the normal
vector of the plane τ . Thus n : [x; y; z] = [2; 1; 4] + t(8;−8;−1), t ∈ R.
We compute the function value at the point [2.2; 1.3] by substituting the coordinates of the point
into the equation of the tangent plane z = 4 + 8(x− 2)− 8(y − 1) ⇒

z(2.2, 1.3) = 4+8(2.2−2)−8(1.3−1) = 4+1.6−2.4 = 3.2

Example 97. Find the equation of the tangent plane τ to the surface z = x2 + xy − y2 + x+ 3 parallel
to the given plane ϱ : 5x− 3y − z = 0.
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Solution : We must find the point A at which
∂z

∂x
= 5 ,

∂z

∂y
= −3. From this we obtain the system

of equations
{

2x+ y + 1 = 5,
x− 2y = −3.

Hence x0 = 1, y0 = 2, z0 = z(x0, y0) = 3, so

T = [1; 2; 3]. The equation of the tangent plane τ : 5x− 3y − z + d = 0, T ∈ τ
=⇒ τ : 5x− 3y − z + 4 = 0.

• Compute approximate values of the given expressions using the total differential :

98. 3
√
7.95 ·

√
8.96 [5.9742] 99.

4
√
0.97

1.023 · 3
√
0.99

[0.936]

100.
√
4.04 · ln 1.02 · arctan 0.9 [0.0314]

• Find the equation of the tangent plane τ and the equation of the normal n to the surface z = f(x, y)
at the point T :

101. z = 4
√
x2 + y2, T = [3; 4; ?]

[
12x+ 16y − 5z = 0; [x; y; z] = [3; 4; 20] + t(12; 16;−5), t ∈ R

]
102. z = xy, T = [0; 0; ?]

[
z = 0; [x; y; z] = t(0; 0; 1), t ∈ R

]
103. z = x2 · cos 1

y
, T = [1;

2

π
; ?]

[
z =

π2

4

(
y − 2

π

)
; [x; y; z] =

[
1;

2

π
; 0
]
+ t
(
0;
π2

4
;−1

)
, t ∈ R

]

104. z =
1

x
arcsin y, T =

[1
2
;

√
2

2
; ?
]  π x− 2

√
2 y + z − π + 2 = 0;

[x; y; z] =
[1
2
;

√
2

2
;
π

2

]
+ t(π;−2

√
2; 1), t ∈ R



• Find the equation of the tangent plane τ to the surface z = z(x, y) parallel to the plane ϱ :

105. z = 2x2 − y2, ϱ : 8x− 6y − z − 15 = 0
[
τ : 8x− 6y − z + 1 = 0

]
106. z = ln(x2 + 2y2), ϱ : 2x− z + 5 = 0

[
τ : 2x− z − 2 = 0

]
107. z = x2 − y2 + 6xy + 2x, ϱ : 4x+ 6y − z = 0

[
τ : 4x+ 6y − z − 1 = 0

]
II.5 Derivatives and differentials of higher orders

Example 108. Find all second-order partial derivatives of the function

f(x, y) = xy3 − y · ex+y2 .

Solution :
∂f

∂x
= y3 − y · ex+y2 ,

∂f

∂y
= 3xy2 − ex+y2 − y · ex+y2 · 2y = 3xy2 − ex+y2(1 + 2y2),

∂2f

∂x2
=
∂(∂f

∂x
)

∂x
= −y · ex+y2 ,

∂2f

∂y2
=
∂(∂f

∂y
)

∂y
= 6xy − 2yex+y2(1 + 2y2)− ex+y24y = 6xy − ex+y2(6y + 4y3),
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∂2f

∂y ∂x
=
∂(∂f

∂x
)

∂y
= 3y2 − ex+y2 − yex+y2 · 2y = 3y2 − ex+y2(1 + 2y2),

∂2f

∂x ∂y
=
∂(∂f

∂y
)

∂x
= 3y2 − ex+y2(1 + 2y2).

We see that for the given function f it holds that
∂2f

∂x ∂y
=

∂2f

∂y ∂x
at all points [x; y] ∈ E2.

Example 109. Show that the function u = u(x, t) = arctan (2x − t) satisfies the partial differential
equation
∂2u

∂x2
+ 2

∂2u

∂t ∂x
= 0 in E2.

Solution :
∂u

∂x
=

2

1 + (2x− t)2
,

∂2u

∂x2
=

−2 · 2(2x− t) · 2(
1 + (2x− t)2

)2 =
−8(2x− t)(

1 + (2x− t)2
)2 ,

∂2u

∂t∂x
=
∂(∂u

∂x
)

∂t
=

−2(
1 + (2x− t)2

)2 · 2(2x− t) · (−1) =
4(2x− t)(

1 + (2x− t)2
)2 .

After substitution it is clear that the equation holds at all points [x; t] ∈ E2.

Example 110.* Given the function f(x, y)

f(x, y) =

{
xy
x2 − 2y2

x2 + y2
for [x; y] ̸= [0; 0]

0 for [x; y] = [0; 0].

Prove that
∂2f

∂x ∂y
(0, 0) ̸= ∂2f

∂y ∂x
(0, 0).

Solution : It is easy to verify that the function f is continuous at the point [0; 0] :

lim
[x;y]→[0;0]

f(x, y) = 0 = f(0, 0). The derivatives fx(0, y), fy(x, 0), fxy(0, 0), fyx(0, 0)

are computed using the corresponding definitions :

∂f

∂x
(0, y) = lim

h→0

f(h, y)− f(0, y)

h
= lim

h→0

hy h2−2y2

h2+y2
− 0

h
= −2y,

∂f

∂y
(x, 0) = lim

k→0

f(x, k)− f(x, 0)

k
= lim

k→0

xk x2−2k2

x2+k2
− 0

k
= x,

∂2f

∂y ∂x
(0, 0) = lim

k→0

fx(0, k)− fx(0, 0)

k
= lim

k→0

−2k

k
= −2,

∂2f

∂x ∂y
(0, 0) = lim

h→0

fy(h, 0)− fy(0, 0)

h
= lim

h→0

h

h
= 1,

∂2f

∂x ∂y
(0, 0) ̸= ∂2f

∂y ∂x
(0, 0).
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Let the scalar field φ(x, y, z) and the vector field f⃗ = (U ;V ;W ) be given, both having contin-
uous second-order partial derivatives in the region D ⊂ E3.

Denote:

∇ =
( ∂
∂x

;
∂

∂y
;
∂

∂z

)
, gradφ = ∇φ =

(∂φ
∂x

;
∂φ

∂y
;
∂φ

∂z

)
,

div f⃗ = ∇· f⃗ =
∂U

∂x
+
∂V

∂y
+
∂W

∂z
, curl f⃗ = ∇× f⃗ =

(∂W
∂y

− ∂V

∂z
;
∂U

∂z
− ∂W

∂x
;
∂V

∂x
− ∂U

∂y

)

Example 111. Given the scalar field φ(x, y, z) = xy2 + z3 − xyz + 3.
Compute gradφ, curl gradφ.

Solution : The function φ(x, y, z) = xy2 + z3 − xyz + 3 is differentiable in the region E3. Then

gradφ =
(∂φ
∂x

;
∂φ

∂y
;
∂φ

∂z

)
= (y2 − yz; 2xy − xz; 3z2 − xy)

curl gradφ =

=
(∂(3z2 − xy)

∂y
− ∂(2xy − xz)

∂z
;
∂(y2 − yz)

∂z
− ∂(3z2 − xy)

∂x
;
∂(2xy − xz)

∂x
− ∂(y2 − yz)

∂y

)
=

=
(
−x− (−x); −y + y; 2y − z − (2y − z)

)
= 0⃗

NOTE: The second-order partial derivatives of the function φ are continuous in E3.

Example 112. Given the vector field f⃗ = (U ;V ;W ) =

(
xy; x2 − z2;

y

x+ z

)
.

Compute div f⃗ , curl f⃗ , div curl f⃗ .

Solution : The vector field f⃗ = (U ;V ;W ) =

(
xy; x2 − z2;

y

x+ z

)
is defined on the set

D(f) = {[x; y; z] ∈ E3 : x+ z ̸= 0}.

Partial derivatives:
∂U

∂x
= y,

∂V

∂x
= 2x,

∂W

∂x
= − y

(x+ z)2

∂U

∂y
= x,

∂V

∂y
= 0,

∂W

∂y
=

1

x+ z

∂U

∂z
= 0,

∂V

∂z
= −2z,

∂W

∂z
= − y

(x+ z)2

div f⃗ = y + 0− y

(x+ z)2
, curl f⃗ =

( 1

x+ z
+ 2z;

y

(x+ z)2
− 0; 2x− x

)
,

div curl f⃗ = div
( 1

x+ z
+ 2z;

y

(x+ z)2
; x
)
= − 1

(x+ z)2
+

1

(x+ z)2
+ 0 = 0

NOTE: The coordinate functions U, V,W have continuous second-order partial derivatives in D.

113.* Let the scalar field φ(x, y, z) in the region D ⊂ E3 have continuous partial derivatives
of order 2. Prove that curl gradφ = 0⃗ in D.
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114.* Let the vector field f⃗(U, V,W ) in the region D ⊂ E3 have continuous partial derivatives
of order 2. Prove that div curl f⃗ = 0 in D.

• Find the differentials of the stated order :

Example 115.* z = sin(2x+ y), d2z =?

Solution : The differential of order n is dnf =
( ∂
∂x

· dx+ ∂

∂y
· dy

)n
f , then

d2z =
(
dx

∂

∂x
+ dy

∂

∂y

)2
z =

∂2z

∂x2
(dx)2 + 2

∂2z

∂x ∂y
dx dy +

∂2z

∂y2
(dy)2 =

= −4 sin(2x+ y) (dx)2 − 4 sin(2x+ y) dx dy − sin(2x+ y) (dy)2 =

= − sin(2x+ y) (2dx+ dy)2.

Example 116.* z = x3 − y3 − xy + y2, d3z =?

Solution : d3z =
∂3z

∂x3
(dx)3 + 3

∂3z

∂x2 ∂y
(dx)2dy + 3

∂3z

∂x∂y2
dx (dy)2 +

∂3z

∂y3
(dy)3

zx = 3x2 − y, zy = −3y2 − x+ 2y,

zxx = 6x, zyy = −6y + 2, zxy = −1,

zxxx = 6, zyyy = −6, zxxy = zxyy = 0,

d3z = 6(dx)3 − 6(dy)3.

Example 117.* u = e2x−3y, d2u[A] = ?, d3u[A] = ?, dnu[A] = ?, A = [0; 0]

Solution : d2u[A] =
(
e2x−3y(2dx− 3dy)2

)∣∣∣
A
= (2dx− 3dy)2,

d3u[A] =
(
e2x−3y(2dx− 3dy)3

)∣∣∣
A
= (2dx− 3dy)3,

dnu[A] =
(
e2x−3y(2dx− 3dy)n

)∣∣∣
A
= (2dx− 3dy)n.

Differentials can be used in the important Taylor theorem : Let f(x, y) be a function (n + 1) times
differentiable at every interior point of the rectangle M centered at the point A = [x0; y0].
Then for every point [x; y] ∈ M there exists a point [ξ; η] ∈ M such that

f(x, y) = f(A) + df [A] +
d2f(A)

2!
+ · · ·+ dnf(A)

n!
+Rn+1,

where df [A] = df(x0, y0) =
∂f

∂x
(A) · (x− x0) +

∂f

∂y
(A) · (y − y0),

d2f(A) =
∂2f

∂x2
(A) · (x− x0)

2 + 2 · ∂2f

∂x ∂y
(A) · (x− x0) · (y − y0) +

∂2f

∂y2
(A) · (y − y0)

2,

...

dnf(A) =
n∑

k=0

( n
k

) ∂n f

∂xk ∂yn−k
(A) · (x− x0)

k · (y − y0)
n−k,

Rn+1 =
1

(n+ 1)!
dn+1f(ξ, η).

Example 118.* Write the Taylor expansion of the function f(x, y) = x3 − 3xy2 + y2 + 4x− 5y
in a neighborhood of the point A = [2;−1] and use the result to compute an ap-
proximate value of the function f at the point [2.1;−1.1].
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Solution : f(A) = 16, dx = x− x0 = x− 2, dy = y − y0 = y + 1,

fx(A) = (3x2 − 3y2 + 4)
∣∣∣
A
= 13

fy(A) = (−6xy + 2y − 5)
∣∣∣
A
= 5

}
=⇒ dz(A) = 13 dx+ 5 dy = 13(x− 2) + 5(y + 1),

fxx(A) = (6x)
∣∣∣
A
= 12

fyy(A) = (−6x+ 2)
∣∣∣
A
= −10

fxy(A) = (−6y)
∣∣∣
A
= 6

 =⇒
d2z(A) = 12 (dx)2 + 12 dx dy − 10 (dy)2 =

= 12(x− 2)2 + 12(x− 2)(y + 1)− 10(y + 1)2 ,

fxxx(A) = 6

fyyx(A) = −6

fyxx(A) = fyyy(A) = 0

 =⇒ d3z(A) = 6 (dx)3 − 18 dx (dy)2 = 6(x− 2)3 − 18(x− 2)(y + 1)2,

f(x, y) = 16+13(x−2)+5(y+1)+6(x−2)2+6(x−2)(y+1)−5(y+1)2+(x−2)3−3(x−2)(y+1)2,

R4 = 0, because derivatives of order 4 and higher are zero
f(2.1,−1.1) = 16 + 13 · 0.1 + 5 (−0.1) + 6 · 0.12 − 6 · 0.12 − 5 · 0.12 + 0.13 − 3 · 0.13 =

= 17.3− 0.552 = 16.748.

Example 119.* Write the fourth-degree Taylor expansion of the function f(x, y) = cos(x2 + y2)
in a neighborhood of the point [0; 0].

Solution : We use the Taylor formula for cos z
.
= 1− z2

2
+
z4

4!
, into which we substitute

z = x2 + y2 : cos(x2 + y2)
.
= 1− (x2 + y2)2

2!
+

(x2 + y2)4

4!
;

T4(x, y) = 1− 1

2
(x4 + 2x2y2 + y4).

• Find the second-order partial derivatives of the given function:

120. ϕ(s, t) = ln(s3 + t)
[
ϕss =

3s(2t− s3)

(s3 + t)2
, ϕtt =

−1

(s3 + t)2
, ϕst = ϕts =

−3s2

(s3 + t)2

]
121. ϕ(x, t) =

cos x2

t

[
ϕxx =

−1

t
(4x2 cosx2 + 2 sinx2), ϕtt =

2

t3
cosx2, ϕxt = ϕtx =

2x

t2
sinx2

]
122. f(x, y) = eax+by

[
fxx = a2eax+by, fyy = b2eax+by, fxy = fyx = ab eax+by

]
123. Verify that the function u(x, t) = sin(x−ct) and the function u(x, t) = sin(ωct) ·sin(ωx)

satisfy the differential equation
∂2u

∂t2
= c2

∂2u

∂x2
(the so-called wave equation).

124. Verify that the function u(x, y) = ex sin y satisfies the differential equation
∂2u

∂x2
+
∂2u

∂y2
= 0 (Laplace’s equation).
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• Expand the function f(x, y) according to Taylor’s theorem in a neighborhood of the point A:

125.* f(x, y) = x3 + 5x2 − 6xy + 2y2, A = [1;−2][ f(x, y) = 26 + 25(x− 1)− 14(y + 2) + 8(x− 1)2

+2(y + 2)2 − 6(x− 1)(y + 2) + (x− 1)3

]
126.* f(x, y) = x2 + 3xy − y3 + 1, A = [2;−1]

[ f(x, y) = (x− 2) + 3(y + 1) + (x− 2)2+
+3(y + 1)2 + 3(x− 2)(y + 1)− (y + 1)3

]

II.6 Gradient. Directional derivative

• Determine the angle between the gradients of the given functions at the point A :

Example 127. f(x, y, z) = xy + yz, g(x, y, z) = sin(xz) + x+ y − z

y
− 1, A = [1; 1; 0]

Solution : grad f =
(∂f
∂x

;
∂f

∂y
;
∂f

∂z

)
= (yxy−1; xy ln x+ z; y) =⇒ grad f(A) = (1; 0; 1)

grad g =
(
z cos(xz) + 1; 1 +

z

y2
; x cos(xz)− 1

y

)
=⇒ grad g(A) = (1; 1; 0)

Let φ = ∢(grad f(A), grad g(A)). Then

cosφ =
grad f(A) · grad g(A)

∥grad f(A)∥ · ∥grad g(A)∥
=

(1; 0; 1) · (1; 1; 0)√
2 ·

√
2

=
1

2
=⇒ φ =

π

3
.

Example 128. f(x, y) = arctan
x

y
, g(x, y) = y

√
x, A = [1; 1]

Solution : grad f(A) = ∇ f(A) =
(1
2
;−1

2

)
, grad g(A) =

(1
2
; 1
)
,

cosφ =
grad f(A) · grad g(A)

∥grad f(A)∥∥grad g(A)∥
=

(
1
2
;−1

2

)
·
(
1
2
; 1
)√

1
2

√
5
4

= −
√
2

2
√
5
. =⇒

φ = arccos
(
−
√
10

10

)
.

Example 129. Determine at which points of D(f) ≡ E3 the gradient of the function
f(x, y, z) = x2 + y2 + z2 − 2xyz is equal to the zero vector.

Solution : grad f = (2x− 2yz; 2y − 2xz; 2z − 2xy) = (0; 0; 0) =⇒ x− yz = 0
y − xz = 0
z − xy = 0

It is clear that one of the points is the point A1 = [0; 0; 0]. We compute the others from the system :

x = yz
y − yz2 = 0 =⇒ z = ±1
z − y2z = 0 =⇒ y = ±1

}
=⇒

A2 = [1; 1; 1], A3 = [−1; 1;−1],

A4 = [−1;−1; 1], A5 = [1;−1;−1].

Example 130. Determine at which points of D(f) ≡ E2 the gradient of the function
f(x, y) = (x2 + y2)3/2 has magnitude 9.
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Solution :
∥grad f(x, y)∥ = ∥(3x

√
x2 + y2, 3y

√
x2 + y2)∥ =

√
9x2(x2 + y2) + 9y2(x2 + y2) = 9,

9x2(x2 + y2) + 9y2(x2 + y2) = 81,

(x2 + y2)2 = 9 =⇒ x2 + y2 = 3.

Therefore the required points lie on the circle with center [0; 0] and radius
√
3.

• Compute the directional derivative of the function f in the direction s⃗ at the point A :

Example 131. f(x, y) = 2x4 + xy + y3, s⃗ = (3;−4), A = [1; 2]

Solution :
∂f

∂s⃗
(A) = grad f(A) · s⃗

∥s⃗ ∥
, grad f = (8x3 + y, x+ 3y2),

grad f(A) = (10; 13),
∂f

∂s⃗
(A) = (10; 13) · (3;−4)√

9 + 16
=

30− 52

5
= −22

5
.

Example 132. f(x, y, z) = x2 + 2y2 − z2, A = [−3; 2; 4]; the direction s⃗ is the vector
−→
AB,

where B = [−2; 4; 2].

Solution : s⃗ =
−→
AB = (1; 2;−2),

∂f

∂s⃗
(A) = (2x; 4y;−2z)

∣∣∣
A
· s⃗

∥s⃗ ∥
= (−6; 8;−8) · (1; 2;−2)√

1 + 4 + 4
=

=
1

3
(−6 + 16 + 16) =

26

3
.

Example 133. Determine the derivative of the function z = x2 + ln(x + y2) at the point A = [3; 2
√
3]

in the direction of the tangent to the parabola y2 = 4x. Consider the vector forming an
acute angle with the vector ı̂.

Solution : We obtain the coordinates of the direction vector of the tangent from its slope

x

y

A

s⃗

s⃗

α
β

y = 2
√
x, y′ =

1√
x
,

kA = y′(A) =
1√
3
= tan α =⇒ α =

π

6
,

s⃗ = (cosα; sinα) =
(√3

2
;
1

2

)
, ∥s⃗ ∥ = 1.

Now let us prepare grad z(A) =
(
2x+

1

x+ y2
;

2y

x+ y2

)∣∣∣∣
A

=
(91
15

;
4
√
3

15

)
, so

the required derivative will be
∂z

∂s⃗
(A) = grad z(A) · s⃗

∥s⃗ ∥
=
(91
15

;
4
√
3

15

)
·
(√3

2
;
1

2

)
=

95
√
3

30
.

Example 134. Determine in which direction the derivative of the function f(x, y) = x3y +
x

y2
+ 2y

at the point A = [−1; 1] is maximal and compute this derivative.

Solution : From general theory we know that the derivative is maximal in the direction of the gradient.
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grad f(A) =

(
3x2y +

1

y2
; x3 − 2x

y3
+ 2

)∣∣∣∣
A

= (4; 3) =⇒ s⃗ = (4; 3).

∂f

∂s⃗
(A) = grad f(A) · s⃗

∥s⃗ ∥
=

16 + 9

5
= 5

Example 135. Given the function z =
√
2x+ y, the point A = [1; 2], and the vector s⃗ = (−1; 1).

Determine
a) at which points the function z is differentiable, b)

∂z

∂s⃗
(A),

c) the tangent plane to the graph of the function z at the point T = [1; 2; ?].

Solution : a)
∂z

∂x
=

1√
2x+ y

,
∂z

∂y
=

1

2
√
2x+ y

=⇒ 2x+ y > 0 =⇒ y > −2x,

b)
∂z

∂s⃗
(A) =

(1
2
;
1

4

)
· (−1; 1)√

2
=

−1

4
√
2
,

c) T = [1; 2; 2], τ : z − 2 =
1

2
(x− 1) +

1

4
(y − 2).

Example 136. Determine the vector s⃗ in whose direction the rate of change of the function values of the
function f(x, y, z) = x2 + y2 + z2 − 2xyz at the point A = [1;−1; 2] is maximal, and
compute this maximal rate.

Solution : The function increases maximally, or decreases maximally, in the direction s⃗, or (−s⃗),
where

s⃗ = grad f(A) = (6;−6; 6) =⇒ ŝ =
s⃗

∥s⃗ ∥
=

(1;−1; 1)√
3

,

∂f

∂s⃗
(A) = (6;−6; 6) · (1;−1; 1)√

3
=

18√
3
= 6

√
3 and

∂f

∂(−s⃗ )
(A) = −6

√
3.

Example 137. Determine at which points the gradient of the function f(x, y, z) = x2 + y2 + z2 − 2xyz
is perpendicular to the x-axis.

Solution : ı̂ = (1; 0; 0) is the direction vector of the x-axis, grad f = (2x−2yz; 2y−2xz; 2z−2xy),

ı̂ ⊥ grad f means ı̂ · grad f = 0. Hence 2x− 2yz = 0

so the required points lie on the surface x = yz.

Example 138. Determine the angle of the vectors grad f(A) and grad g(A), where
f(x, y, z) = x− 3y +

√
3xy + z3, g(x, y, z) = z

√
x2 + y2 + xyz, A = [3; 4; 0].

Solution : grad f(A) =

(
1 +

1

2

√
3y

x
;−3 +

1

2

√
3x

y
; 3z2

)∣∣∣∣∣
A

=
(
2;−9

4
; 0
)

grad g(A) =

(
zx√
x2 + y2

+ yz;
zy√
x2 + y2

+ xz;
√
x2 + y2 + xy

)∣∣∣∣∣
A

= (0; 0; 17)

cosφ =
(2;−9

4
; 0) · (0; 0; 17)

∥(2;−9
4
; 0)∥ ∥(0; 0; 17)∥

= 0 =⇒ φ =
π

2
=⇒ grad f(A) ⊥ grad g(A)
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• Determine the gradients of the given functions

139. f(x, y) =
1√

(x2 + y2)3

[
grad f(x, y) =

(
−3x√

(x2 + y2)5
;

−3y√
(x2 + y2)5

)]

140. f(x, y) = sin(x2 y) +
x2

3

[
grad f(x, y) =

(
2xy cos (x2y) +

2x

3
; x2 cos (x2y)

)]
141. f(x, y) = ln (x+

√
x2 + y2)[

grad f(x, y) =

(
1

x+
√
x2 + y2

·

(
1 +

x√
x2 + y2

)
;

1

x+
√
x2 + y2

· y√
x2 + y2

)]

142. f(x, y, z) = x2 yz + ln y − 15

[
grad f(x, y, z) =

(
2xyz; x2z +

1

y
; x2 y

)]
143. f(u, v, t) = t

√
u2 + v2

[
grad f(u, v, t) =

(
tu√

u2 + v2
;

tv√
u2 + v2

;
√
u2 + v2

)]
• Determine the gradients of the given functions at the point A

144. f(x, y) = arccotan (x− 2y), A = [4; 1]

[
grad f(A) =

(
−1

5
;
2

5

)]
145. (x, y, z) = x

√
yz, A = [−2; 1; 4]

[
grad f(A) =

(
2; −2; −1

2

)]

146. f(x, y, z) =
x2

z
+
z2

2y
− 4

x
, A = [1; 2;−3]

[
grad f(A) =

(
10

3
; −9

8
; −29

18

)]
147. At which points is the gradient of the function f(x, y) = ln

(
x+

1

y

)
the vector

(
1;−16

9

)
?[

at the points
[
−1

3
;
3

4

]
and

[7
3
;−3

4

]]
148. At which point is the gradient of the function f(x, y, z) = x2 + y2 − 2z2 + xy + 3y + 8z

a) perpendicular to the z-axis; b) parallel to the z-axis; c) equal to the zero vector? a) at the points of the plane z = 2 i.e. [x; y; 2]
b) at the points of the line x = 1, y = −2, z = t, t ∈ R

c)
[
1;−2; 2

]


149. Find the angle φ of the gradients of the function f(x, y) = arcsin
x− 1

y
, y ̸= 0, at the points

A = [1; 1], B = [3; 4].
[
φ = arccos

2√
5

]

• Given a function f(x, y), a point A, and a vector s⃗. Determine at which points the function f

is differentiable, compute
∂f

∂s⃗
(A) and write the equation of the tangent plane to the graph of the

function f at the point T = [A; f(A)] :

150. f(x, y) = |x|+ y, A = [1; 0], s⃗ = (−1; 1)
[{

[x; y] ∈ E2 : x ̸= 0
}
,
∂f

∂s⃗
(A) = 0, x+ y − z = 0

]
151. f(x, y) = x2 + 3xy + y2, A = [1; 0], s⃗ = (1; 2)

[
E2,

∂f

∂s⃗
(A) =

8√
5
, 2x+ 3y − z − 1 = 0

]
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152. Determine in which direction the derivative of the function f(x, y) = ln
x+ y

x− y
, at the point

A = [3; 0] is maximal and compute this derivative.
[
s⃗ = grad f(A) =

(
0;

6

9

)
,
∂f

∂s⃗
(A) =

2

3

]
153. Determine the derivative of the function f(x, y) = x2−y2 at the pointA = [2; 3] in the direction

s⃗, forming the angle α =
π

3
with the vector ı̂.

(
α =

π

3
is the direction angle

) [∂f
∂s⃗

(A) = 2− 3
√
3
]

154.* Determine the derivative of the function f(x, y, z) = x2 − 3xy + y2z − 5z at the point

A = [1;−2;−1] in the direction s⃗, whose direction angles are α =
π

3
, β =

3π

4
, γ ∈

(
0;
π

2

)
.[∂f

∂s⃗
(A) =

7−
√
2

2

]
Example 155. Given the function z = f(x, y) =

√
18− x2 − 2y2

a) Write a sufficient condition for differentiability of a function of n variables in an open set
M ⊂ En. Determine and sketch in E2 the set D in which the function z = f(x, y) is
differentiable. Justify!

b) Determine and sketch the graph of the function z =
√
18− x2 − 2y2.

c) Compute the derivative of the function f at the point A = [1;−2] in the direction deter-
mined by the vector s⃗ =

−→
AB, where the point B = [0; 0]. Describe the behavior of the

function f at the point A in the given direction (the function increases or decreases, how
quickly (estimate)).

d) Write the equation of the tangent plane and the parametric form of the normal to the graph
of the function z = f(x, y) at the point of contact T = [1;−2; ?].

e) Write the equations of the level curves (i.e. f(x, y) = k) of this function for k = 0, k = 3.
Sketch the level curves.

Solution:

a)
∂f

∂x
=

1

2
√

18− x2 − 2y2
· (−2x),

∂f

∂y
=

1

2
√

18− x2 − 2y2
· (−4y) ⇒

18− x2 − 2y2 > 0 ⇒ D =
{
[x; y] ∈ E2 : 18− x2 − 2y2 > 0

}
,

i.e. the interior of the ellipse with center at the origin, semiaxes: a = 3
√
2, b = 3,

JUSTIFICATION: in the region D the given function has continuous partial derivatives

Projection of the surface onto the (xy)-plane

x
y

z

⇒ x

D

y

b)

The graph is the ”upper” half
(i.e. z ≥ 0) of the ellipsoid x2 + 2y2 + z2 = 18

x
y

z
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c) gradf(A) = (−1/3; 4/3), s⃗ = (−1; 2),
∂f

∂s⃗
(A) =

3
√
5

5
, the given function is

at the point A increasing in the given direction, the tangent direction forms an angle of about 50◦

with the direction s⃗
d) A = [1;−2] ∈ D(f), T = [1;−2; ?] lies on the surface ⇒ zT = f(A) = 3

The tangent plane τ has equation z − z0 =
∂z

∂x
(A) · (x− x0) +

∂z

∂y
(A) · (y − y0),

∂z

∂x
(A) = −1

3
,

∂z

∂y
(A) =

4

3
⇒

τ : z = 3− 1

3
(x− 1) +

4

3
(y + 2), after rearrangement to general form x− 4y + 3z = 18,

normal n : [x; y; z] = [1;−2; 3] + t (1;−4; 3), t ∈ R
e)

The level curves are ellipses:
x2 + 2y2 = k

x2+2y2 = 18 (boundary ofD(f), for k=0),
x2 + 2y2 = 9 (for k = 3). x

y

k = 0

k = 3

Example 156. Given the function z = f(x, y) = −
√

5y − x2.
a) Write (and justify) at which points [x; y] ∈ E2 the function z = f(x, y) is differentiable.

Sketch the set of these points.
b) Compute the first-order partial derivatives of the given function at the point A = [4; 5].

Describe the behavior of the given function at the point A (the function increases or de-
creases, in which direction, and estimate how quickly).

c) Determine the direction s⃗ in which the function f decreases most rapidly at the point A.
Compute the derivative of the function f at the point A in this direction s⃗.

d) Write the differential of the function f at the pointA = [4; 5]. Using it, compute the
approximate value of the function f at the point [4.3; 5.3 ].
e)Sketch the graph of the function z = f(x, y).

Solution :
a) On the set D = {[x; y] ∈ E2 : 5y − x2 > 0} the given function has continuous partial
derivatives.

D is the ”interior” of the parabola with
vertex at the origin and axis along the y-axis

x

y

b)
∂f

∂x
(A) =

4

3
, the given function is increasing at the point A in the positive direction of

the x-axis, and does so at an angle of about 50◦ − 55◦,
∂f

∂y
(A) = −5

6
, the given function is decreasing at the point A in the positive direction of

the y-axis, the angle between the tangent vector and the vector ȷ̂ is about 40◦.

c) s⃗ = −gradf(A) = (−4/3; 5/6),
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∂f

∂s⃗
(A) =

gradf(A) · (−gradf(A))

∥ − gradf(A)∥
= −∥gradf(A)∥ = −

√
89/6

.
= −1.6,

the function is decreasing at the point A in the direction of the vector s⃗ and the angle between
the tangent and the vector s⃗ is about 60◦

d) df [A] =
4

3
dx− 5

6
dy, f(4.3, 5.3 ) .= f(A) +

4

3
· 3

10
− 5

6
· 3

10
= −2.85.

e) The graph is the ”lower” half (z ≤ 0) of the paraboloid of revolution y = (x2 + z2)/5,
the axis of rotation is along the y-axis.

x
y

z

x y

z

157. a) Determine and sketch in E2 the regions in which the function z = ln(xy − 4)
is differentiable and justify.

b) Determine the gradient of this function f at the point A = [−2; −4]. Describe what
the computed vector represents.

c) Determine the magnitude of the derivative of the given function at the point A in the
direction of the gradient.

d) Determine the vector s⃗ in whose direction the derivative of the given function at the
point A is zero. Verify it by computation.

e) Write the equations of the level curves of this function for k = 0 and for k = ln 4.[
a)D1 =

{
[x; y] ∈ E2 : x < 0, y < 4/x

}
, D2 =

{
[x; y] ∈ E2 : x > 0, y > 4/x

}
,
]

[
b)gradf(A) = (−1;−1/2) gives the direction of maximal increase of the given function at the point A

][
c)s⃗ · gradf(A) = 0 ⇒ s⃗ ⊥ gradf(A), e.g. s⃗ = (1/2;−1), d)y = 5/x, y = 8/x.

]
158. Given the function f(x, y) = x2 − y2 +6xy+2x, the point A = [−1; 2] and the direction

s⃗ = (2;−2).

a) Compute
∂f

∂s⃗
(A). Is it the direction of maximal increase of the function

f at the point A?
b) Determine all points at which grad f(x, y) = 0⃗.
c) Find the point of contact and the equation of the tangent plane τ to the graph of the

function f parallel to the plane ϱ : 4x+ 6y − z + 3 = 0. [
a)
∂f

∂s⃗
(A) = 11

√
2, NO

]
[
b) x = −1/10, y = −3/10, c) T = [1; 0; 3], 4x+ 6y − z − 1 = 0.

]
159. Given the function z = f(x, y) = y2 sin(x2 − y2).

a) Determine where the function is differentiable and compute
∂f

∂x
,
∂f

∂y
.

b) Write the equation of the tangent plane to the graph of the function f at the point
of contact [1; 1; ?].

c) Using the differential, compute an approximate value of the function f
at the point [0.9; 1.1].

[a)∂f∂x = 2xy2 cos(x2 − y2), ∂f
∂y = 2y sin(x2 − y2)− 2y3 cos(x2 − y2)]
[ b) z = 2x− 2y, c) f(0.9; 1.1 )

.
= −0.4.]
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II.7 Derivative of a composite function

Let the differentiable functions z = f(x, y), x = x(u, v), y = y(u, v) be given. Then

∂z

∂u
=
∂f

∂x
· ∂x
∂u

+
∂f

∂y
· ∂y
∂u
,

∂z

∂v
=
∂f

∂x
· ∂x
∂v

+
∂f

∂y
· ∂y
∂v
.

• Compute the derivatives of the given differentiable functions.
Example 160. Let the differentiable functions z = f(x, y), x = u cos v, y = u sin v be given.

a) Compute the derivatives of the composite function
∂z

∂u
,

∂z

∂v
.

b) Verify them by direct computation for z = f(x, y) = ex ln y.
Solution :

a) The dependence between the variables can be represented
by an oriented graph, from which we build
the formulas for the individual derivatives.
∂z

∂u
=
∂f

∂x
· cos v + ∂f

∂y
· sin v,

∂z

∂v
= −∂f

∂x
· u sin v + ∂f

∂y
· u cos v

x y

z

u v
b1) Substitute for x and y and obtain the function z(u, v) = eu cos v ln(u sin v), then
∂z

∂u
= eu cos v · cos v · ln(u sin v) + eu cos v · 1

u sin v
· sin v,

∂z

∂v
= eu cos v · (−u sin v) · ln(u sin v) + eu cos v · 1

u sin v
· u cos v .

b2) Substitute into the formulas from a) for
∂f

∂x
,

∂f

∂y
∂z

∂u
=
∂f

∂x
· cos v + ∂f

∂y
· sin v = ex ln y · cos v + ex

y
sin v,

∂z

∂v
=
∂f

∂x
· u sin v + ∂f

∂y
· u cos v = −ex ln y · u sin v + ex

y
u cos v.

Substituting for x and y gives the same result as in b1).

Example 161. w = f(x4 + y4 − 2z4). Compute the expression V =
1

4x3
∂w

∂x
+

1

4y3
∂w

∂y
+

1

4z3
∂w

∂z
.

Solution : Let u = x4 + y4 − 2z4 ⇒ w = f(u) be a function of one variable.

u

w

x y z

∂w

∂x
=
df

du
· ∂u
∂x

= f ′(u) · 4x3,

∂w

∂y
=
df

du
· ∂u
∂y

= f ′(u) · 4y3,

∂w

∂z
=
df

du
· ∂u
∂z

= f ′(u) · (−8z3).

After substitution we easily compute that V = 0.
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162. Verify that the function y = f(x+ at) + g(x− at) satisfies the partial differential equation
∂2y

∂t2
− a2

∂2y

∂x2
= 0, where the constant a ∈ R. Assume that f and g have

continuous second-order partial derivatives.
[
Hint: u = x+ at, v = x− at, y = f(u) + g(v)

]
163. Verify that the function z = f

(y
x

)
satisfies the equation x · ∂z

∂x
+ y · ∂z

∂y
= 0.

Assume that f is a differentiable function.

164. Let the functions z = f(u, v), u = x2 − y2, v = exy be given. Compute the differential

expression W = y · ∂z
∂x

+ x · ∂z
∂y

, where f is a differentiable function.
[
W = (x2+ y2) exy

∂f

∂v

]
165. Let the function f(u, v) = xy be given, where x = u2+v2, y = uv+v2. Compute

∂f

∂u
and

∂f

∂v

at the point A, whose coordinates are u = 1, v = −1.
[∂f
∂u

(A) =
∂f

∂v
(A) = − ln 2

]

II.8 Implicitly defined functions

Example 166. Prove that the equation x3 + y3 = 2x2 + xy − 1 implicitly defines a unique function
y = f(x) in a neighborhood of the point A = [1; 0]. Determine f ′(1) and f ′′(1).

Solution : Let F (x, y) = x3 + y3 − 2x2 − xy + 1. This function is continuous and has continuous
first- and second-order partial derivatives in E2, thus also in a neighborhood of the pointA, verify
this. For the existence and uniqueness of the implicit function y = f(x) with continuous first
and second derivatives it is now sufficient that F (A) = F (1, 0) = 0 and Fy(A) = (3y2 − x)

∣∣∣
A
=

−1 ̸= 0. Next we compute

y′ = f ′(x) = −Fx

Fy

= −3x2 − 4x− y

3y2 − x
, f ′(1) = −Fx(A)

Fy(A)
= −3− 4

−1
= −1,

y′′ = f ′′(x) =
d

dx

(
f ′(x)

)
= −(6x− 4− y′)(3y2 − x)− (3x2 − 4x− y)(6y · y′ − 1)

(3y2 − x)2

f ′′(1) = −(6− 4 + 1)(−1)− (3− 4)(−1)

1
= 4.

Example 167. Write the equation of the tangent t and the normal n at the point A = [1; 1] to the curve
defined implicitly by the equation F (x, y) ≡ x3y + y3x+ x2y − 3 = 0 ,

Solution : Since F (1, 1) = 0 and Fy(A) =
(
x3 + 3y2x+ x2

)∣∣∣
[1;1]

= 5 ̸= 0, the equation

F (x, y) = 0 indeed defines the function y = y(x), whose graph passes through the point A.

y′(1) = −Fx(A)

Fy(A)
=

(
−3x2y + y3 + 2xy

x3 + 3y2x+ x2

) ∣∣∣∣
A

= −6

5

t : y = y0 + y′(x0)(x− x0), where A = [x0; y0], y = 1− 6

5
(x− 1) =⇒ 6x+ 5y − 11 = 0,

n : y = y0 −
1

y′(x0)
(x− x0), y = 1 +

5

6
(x− 1) =⇒ 5x− 6y + 1 = 0.

Example 168. The equation ln
√
x2 + y2 = arctan

y

x
implicitly defines the function y = f(x) for

x ̸= 0. Determine y′ and y′′.
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Solution : We may use the known formula y′ = −Fx

Fy

, Fy ̸= 0 or we may differentiate the given

equation directly and keep in mind that y depends on x, i.e. y = y(x).
Let us differentiate directly :

1√
x2 + y2

· 2x+ 2yy′

2
√
x2 + y2

=
1

1 + ( y
x
)2

· y
′x− y

x2
=⇒ x+ yy′

x2 + y2
=
y′x− y

x2 + y2
=⇒

x+ yy′ = y′x− y =⇒ x+ y = y′(x− y) =⇒ y′ =
x+ y

x− y
, x ̸= y, x ̸= 0.

We compute the second derivative similarly :(x+ y

x− y

)′
=

(1 + y′)(x− y)− (x+ y)(1− y′)

(x− y)2
=
x− y − x− y + y′(x− y + x+ y)

(x− y)2

y′′ =
−2y + 2xy′

(x− y)2
=

−2y + 2x · x+y
x−y

(x− y)2
=

2(x2 + y2)

(x− y)3
, x ̸= y, x ̸= 0.

Example 169. Show that the equation x2 + 2xy + y2 − 4x + 2y − 3 = 0 implicitly defines a function
y = f(x) whose graph passes through the point A = [0; 1] . Determine whether the
function f is convex in a neighborhood of the point x0 = 0. Write the equation of the
tangent to the graph of the function at the point A.

Solution : F (x, y) = x2+2xy+y2−4x+2y−3 is differentiable in E2 (thus also in a neighborhood
of the point A) and has continuous second-order partial derivatives in E2. Furthermore:

F (A) = F (0, 1) = 0, Fy(A) = (2x+ 2y + 2)
∣∣∣
A
= 4 ̸= 0,

y′ = −Fx

Fy

= −2x+ 2y − 4

2x+ 2y + 2
= −x+ y − 2

x+ y + 1
=⇒ y′(0) =

1

2
,

y′′ = −(1 + y′)(x+ y + 1)− (x+ y − 2)(1 + y′)

(x+ y + 1)2
= − 3(1 + y′)

(x+ y + 1)2
=⇒

y′′(0) = −
3(1 + 1

2
)

(0 + 1 + 1)2
= −9

8
< 0. The function y = f(x) is concave in a neighborhood of the

point x0,

since y′′(0) < 0. The tangent at the point A has equation y − 1 =
1

2
x.

Example 170. Prove that the relation F (x, y, z) = z3 + 3x2z − 2xy = 0 implicitly defines a unique
function z = f(x, y) in a neighborhood of the point A = [−1;−2; 1]. Determine
grad f(−1,−2).

Solution : The function F has continuous partial derivatives in a neighborhood of the point A,
F (A) = F (−1,−2, 1) = 0, Fz(A) = (3z2 + 3x2)

∣∣∣
A
= 6 ̸= 0.

Thus the existence and uniqueness of the function z = f(x, y) are proved in a neighborhood of the
point A, which has continuous first-order partial derivatives in a neighborhood of the point [−1;−2].

Now grad f(−1,−2) =

(
∂f

∂x
(A);

∂f

∂y
(A)

)
, where

∂f

∂x
= −Fx

Fz

= − 6xz − 2y

3z2 + 3x2
=⇒ ∂f

∂x
(−1,−2) =

1

3
,

∂f

∂y
= −Fy

Fz

= − −2x

3z2 + 3x2
=⇒ ∂f

∂y
(−1,−2) = −1

3
,

grad f(−1,−2) =
(1
3
;−1

3

)
=

1

3
(1;−1).

30



II. Differential calculus of functions of several variables Contents

Example 171. In a neighborhood of the point [2;−2; 1] the function z = f(x, y) is given in implicit form

by the equation ln z+x2yz+8 = 0.Determine
∂z

∂s⃗
(A), where s⃗ =

−→
AB,A = [2;−2], B =

[3;−3].

Solution : Let F (x, y, z) = ln z+ x2yz+8. The functions Fx = 2xyz, Fy = x2z, Fz =
1

z
+ x2y are

continuous in a neighborhood of the point [2;−2; 1].
At points where F (x, y, z) = 0 and Fz(x, y, z) ̸= 0 we have:
∂f

∂x
= −Fx

Fz

= − 2xyz
1
z
+ x2y

=⇒ ∂f

∂x
(A) = −8

7
,
∂f

∂y
= −Fy

Fz

= − x2z
1
z
+ x2y

=⇒ ∂f

∂y
(A) =

4

7
,

∂f

∂s⃗
(A) = grad f(A) · s⃗

∥s⃗ ∥
=
(
−8

7
;
4

7

)
· (1;−1)√

2
=

−12

7
√
2
=

−6
√
2

7
.

Let the surface z = z(x, y) and the point of contact T = [A; f(A)] be given, where A = [x0; y0], then

the tangent plane τ : z = z0 +
∂f

∂x
(x0, y0) (x− x0) +

∂f

∂y
(x0, y0) (y − y0)

the normal n : X = T + t n⃗, t ∈ R, where n⃗ =

(
∂f

∂x
(x0, y0);

∂f

∂y
(x0, y0); −1

)
Example 172. Write the equation of the tangent plane τ and the normal n to the surface z = z(x, y)

defined implicitly by the equation F (x, y, z) ≡ x2 + y2 + z2 − 25 = 0
at the point A = [3; 0; 4].

Solution : We know that a normal vector to the surface has the expression

n⃗ =
(∂z
∂x

;
∂z

∂y
; −1

)
=
(
−Fx

Fz

;−Fy

Fz

;−1
)
∼ n⃗ = (Fx;Fy;Fz).

If the surface is expressed in implicit form, then the latter notation is more convenient. Thus
n⃗ = (2x; 2y; 2z) ∼ (x; y; z)

∣∣
A
= (3; 0; 4),

τ : 3(x− 3) + 0 · y + 4(z − 4) = 0 =⇒ 3x+ 4z − 25 = 0,
n : [x; y; z] = [3; 0; 4] + t(3; 0; 4), t ∈ R.

Example 173. Write the equation of the tangent plane to the surface defined implicitly by the equation
F (x, y, z) ≡ x(y + z) + z2 − 5 = 0 parallel to the plane ϱ : 3x− 3y + 6z = 2.

Solution : n⃗ = (3;−3; 6) ∼ (1;−1; 2)
n⃗ = (Fx;Fy;Fz) = (y + z; x; x+ 2z) = k(1;−1; 2), k ∈ R\{0}

y + z = k
x = −k

x+ 2z = 2k

}
and from this system we must determine the coordinates of the point of contact A.

We get x = −k, y = −k
2
, z =

3

2
k. We know that the required point must lie on the given

surface, so we substitute into F (x, y, z) = 0 and determine the parameter k , and thus also the
coordinates of the required point. We obtain successively

−k
(
−k
2
+

3

2
k
)
+
(3
2
k
)2

= 5 ⇒ −k2 + 9

4
k2 = 5 ⇒ k2 = 4 ⇒ k = ±2,

A1 = [−2;−1; 3], A2 = [2; 1;−3],

τ1 : x− y + 2z − 5 = 0, τ2 : x− y + 2z + 5 = 0.
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Example 174.* Determine the equation of the tangent at the point A = [−2; 1; 6] to the
curve in E3, which is the intersection of two surfaces given implicitly by
the equations
2x2 + 3y2 + z2 = 47 , x2 + 2y2 = z.

Solution : We determine the tangent plane at the pointA to the first surface τ1 : −4x+3y+6z−47 = 0
and the tangent plane to the second surface τ2 : −4x + 4y − z − 6 = 0. The direction vector
of the required tangent is s⃗ = n⃗1 × n⃗2 = (−27;−28;−4) ∼ (27; 28; 4) and the equation of the
tangent is

[x; y; z] = [−2; 1; 6] + t(27; 28; 4), t ∈ R.

We give another possible procedure. With the given expression of the curve as the intersection of
two surfaces we assume that the only independent variable is x. Then y and z will be functions of the
variable x, i.e. y(x), z(x). The required tangent vector s⃗ will be (1, y′(x), z′(x)).

Therefore we differentiate the given system with respect to x :

4x+ 6yy′ + 2zz′ = 0

2x+ 4yy′ = z′
or equivalently

2x+ 3yy′ + zz′ = 0

2x+ 4yy′ = z′
.

We are interested in the tangent vector at the given point, so we substitute the coordinates of the
point A and obtain successively the mutually equivalent systems

−4 + 3y′ + 6z′ = 0

−4 + 4y′ − z′ = 0

}
⇒

3y′ + 6z′ = 4

4y′ − z′ = 4

}
⇒

y′ =

∣∣∣ 4 6
4 −1

∣∣∣∣∣∣ 3 6
4 −1

∣∣∣ =
−28

−27
=

28

27
,

z′ =

∣∣∣ 3 4
4 4

∣∣∣
−27

=
−4

−27
=

4

27

.

The required tangent vector is s⃗ =
(
1;

28

27
;
4

27

)
∼ (27; 28; 4). The parametric form

of the tangent is thus again [x; y; z] = [−2; 1; 6] + t(27; 28; 4), t ∈ R.

Example 175. a) Find the unit vector n̂ of the normal at the point A = [1;−1; 1]
to the surface expressed implicitly in the form F (x, y, z) ≡ x2 + y2 + z2 − 3 = 0.

b) Compute
∂g

∂n̂
(A), where g(x, y, z) = xy2z3.

Solution : a) n⃗ = (Fx;Fy;Fz) = (2x; 2y; 2z) ∼ (x; y; z), n̂(A) =
n⃗(A)

∥n⃗(A)∥
=

1√
3
(1;−1; 1)

b)
∂g

∂n̂
(A) = grad g(A) · n̂(A) = (1;−2; 3) · (1;−1; 1)√

3
= 2

√
3.
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• Write the equation of the tangent t and the normal n to the curve defined implicitly by the equation
F (x, y) = 0 at the point A :

176. F (x, y) ≡ arcsin x+ xy2 = 0, A = [0; 2] [t : x = 0, n : y = 2]

177. F (x, y) ≡ x2y + xy2 − axy − a3 = 0, A = [a; a] [t : y = −x+ 2a, n : y = x]

178. Prove that the equation ln(x+ y) + 2x+ y = 0 defines the function y = f(x) satisfying
f(−1) = 2. Write the equation of the tangent to the curve y = f(x) at the point A = [−1; 2].

[t : y = 2− 3
2(x+ 1)]

• A function of one variable y = f(x) is defined implicitly by the equation F (x, y) = 0.

a) Compute the first-order partial derivatives of the function F .

b) Verify that the equation F (x, y) = 0 implicitly determines in a neighborhood of the point
[x0; y0] the function y = f(x), which has a continuous derivative f ′(x) in a neighborhood of
the point x0.

c) Determine the value of the derivative f ′(x0) and write the equation of the tangent and the
normal to the graph of the function f at the point of contact [x0; y0]. Describe the behavior of
this function at the point x0, i.e. increasing or decreasing.

d) Use the tangent equation to compute approximately the value y = f(x) at the given point x1.

Sketch the tangent.

179. F (x, y) = x2y − x3 − 2 · √y + 1, [x0; y0] = [1; 4], x1 = 0.8
a)Fx = 2xy − 3x2, Fy = x2 − 1

√
y

c) f ′(1) = −10, t : y = 4− 10(x− 1), n : y = 4 +
1

10
(x− 1),

the functionf is at the pointx0 = 1 decreasing
d) f(0.8)

.
= 6


0

1

2

3

4

5

6

7

–0.5 0.5 1 1.5 2

x

y

[1, 4]

180. F (x, y) = y ex + y2 − 2x2y − 2, [x0; y0] = [0; 1], x1 = −0.3


a)Fx = y ex − 4xy, Fy = ex + 2y − 2x2

c) f ′(0) = −1/3, t : y = 1− x/3, n : y = 1 + 3x,
the functionf is at the pointx0 = 0 decreasing

d) f(−0.3)
.
= 1.1


0

0.2

0.4

0.6

0.8

1

1.2

–1 –0.8 –0.6 –0.4 –0.2 0.2 0.4 0.6 0.8 1

x

y

181. F (x, y) = ln(x− y) + 2x+ y2 − 2 = 0, [x0; y0] = [1; 0], x1 = 1.1
a)Fx =

1

x− y
+ 2, Fy = − 1

x− y
+ 2y

c) f ′(1) = 3, t : 3x− y = 3, n : x+ 3y = 1,
the functionf is at the pointx0 = 1 increasing

d) f(1.1)
.
= 0.3


–3

–2

–1

0

1

0.2 0.6 11.2

x

y
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182. F (x, y) = xyex−y − 2

e
= 0, [x0; y0] = [1; 2], x1 = 1.1


a)Fx = (y + xy) ex−y, Fy(x, y) = (x− xy) ex−y

c) f ′(1) = 4, t : y = 2 + 4(x− 1), n : x+ 4y = 9,
the functionf is at the pointx0 = 1 increasing

d) f(1.1)
.
= 2.4


1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

–0.4 –0.2 0 0.2 0.4 0.6 0.8 1 1.2

x

y

[1,2]

• A function of one variable y = f(x) is defined implicitly by the equation F (x, y) = 0.
a) Verify (all assumptions) that the equation F (x, y) = 0 implicitly determines the function
y = f(x), whose graph passes through the point [x0; y0] and has continuous first

and second derivatives in a neighborhood of the point x0.
b) Determine the values of the derivatives f ′(x0) and f ′′(x0).
c) Write the Taylor polynomial of degree 2, T2(x) of the function f centered at the point x0.

Using T2(x) compute approximately the value f(x) for the given x1 .
d) Sketch the graph of the function f in a neighborhood of the point [x0; y0].

183. F (x, y) = x3 + 2x2y + y4 − 1 = 0, [x0; y0] = [2;−1], x1 = 2.2
b)f ′(2) = f ′′(2) = −1,

c)T2(x) = 1− x− (x− 2)2

2
,

f(2.2)
.
= −1.22


–2.5

–2

–1.5

–1

–0.5

–0.5 0.5 1 1.5 2 2.5 3

x
y

[2,-1]

184. F (x, y) = x3 +
y2

2
− x2y − 1 = 0, [x0; y0] = [1; 2], x1 = 1.2


b)f ′(1) = f ′′(1) = 1,

c)T2(x) = 1 + x+
(x− 1)2

2
,

f(1.2)
.
= 2.22


1

1.5

2

2.5

3

3.5

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

x

y

[1,2]

185. F (x, y) = x3 + xy2 + xy − 7 = 0, [x0; y0] = [1; 2], x1 = 0.9
b)f ′(1) = −9

5
, f ′′(1) =

138

125
,

c)T2(x) = 2− 9

5
(x− 1)− 69

125
(x− 1)2,

f(1.2)
.
=

27319

12500


1

2

3

4

5

6

–0.5 0 0.5 1 1.5 2 2.5 3

x

y

[1,2]

186. F (x, y) = x2 + 2y2 − 2xy − y = 0, [x0; y0] = [1; 1], x1 = 1.2

 b)f ′(1) = 0, f ′′(1) = −2,
a local maximum occurs at the point

c)T2(x) = 1− (x− 1)2, f(1.2)
.
= 0.96


–0.5

0

0.5

1

1.5

0.5 1 1.5 2 2.5

x

y [1;1]

• Write the equation of tangent plane τ and the normal n to the surface F (x, y, z) = 0 at the point A :

187. x2 + 2y2 + 3z2 − 21 = 0, A = [1; 2; 2]
[τ : x+ 4y + 6z − 21 = 0, n : [x; y; z] = (1; 2; 2) + t(1; 4; 6), t ∈ R]
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188. x3 + y3 + z3 + xyz − 6 = 0, A = [1, 2,−1]
[τ : x+ 11y + 5z − 18 = 0, n : [x; y; z] = (1; 2;−1) + t(1; 11; 5), t ∈ R]

189. xyz2 − x− y − z = 0, A = [1,−1,−1]
[τ : −2x+ z + 3 = 0, n : [x; y; z] = (1;−1;−1) + t(−2; 0; 1), t ∈ R]

• Write the equation of such a tangent plane to the surface F (x, y, z) = 0, that is parallel
to the plane ϱ.

190. x2 + y2 + z2 − 1 = 0, ϱ : x+ 2y + z = 0[
x+ 2y + z ±

√
6 = 0, points of contact T1,2 = [± 1√

6
;± 2√

6
;± 1√

6
]
]

191. x2 + 2y2 + 3z2 − 21 = 0, ϱ : x+ 4y + 6z = 0
[
x+ 4y + 6z ± 21 = 0, T1,2 = [±1;±2;±2]

]
192. Let the function z = f(x, y) be given implicitly by ez−xyz = e.Determine fx(A), fy(A), fxy(A),

where the point A = [0; e; 1]
[
fx(A) = 1, fy(A) = 0, fxy(A) = 1/e

]
193. Two surfaces are given in implicit form by the equations x+ 2y − ln z + 4 = 0

and x2 − xy − 8x+
1

2
z2 +

11

2
= 0. Determine the mutual position of the tangent planes

to both surfaces at the common point T = [2;−3; 1].[
x+ 2y − z + 5 = 0 is the common tangent plane

]
• A function of two variables z = f(x, y) is defined implicitly by the equation F (x, y, z) = 0.

a) Verify (all assumptions) that the equation F (x, y, z) = 0 implicitly determines the function
z = f(x, y), whose graph passes through the point A = [x0; y0; z0] and has continuous
first-order partial derivatives in a neighborhood of the point [x0; y0].

b) Compute the derivatives
∂f

∂x
and

∂f

∂y
and determine grad f (x0, y0).

c) Write the equation of the tangent plane τ and the equation of the normal n to the graph of
the function f at the point A (i.e. also to the surface described by the equation F (x, y, z) = 0).

d) Determine the differential of the function f at the point [x0; y0]. Compute approximately the
value of the function f at the given point [x1; y1].

e) Determine the derivative of the function f at the point [x0; y0] in the direction u⃗.
Write the direction s⃗, in which the function f at the point [x0; y0] decreases most rapidly.
Compute the derivative of the function f at the point [x0; y0] in the direction s⃗.

194. F (x, y, z) = 2x3yz − x+ y3 + z3 − 2 = 0, A = [1; 2;−1], [x1; y1] = [0.9; 2.1], u⃗ = (2; 4)

b)
∂f

∂x
= − 6x2yz − 1

2x3y + 3z2
,
∂f

∂y
= −2x3z + 3y2

2x3y + 3z2
, grad f (1, 2) =

(
13

7
;−10

7

)
c) τ : 13x− 10y − 7z = 0, n : [x; y; z] = [1; 2;−1] + t(13;−10;−7), t ∈ R

d) df [A] =
13

7
(x− 1)− 10

7
(y − 2), f(0.9, 2.1)

.
= −93

70

.
= −1.328

e)
∂f

∂u⃗
(1, 2) = − 1√

5
=

√
5

5
, s⃗ = (−13; 10),

∂f

∂s⃗
(1, 2) = −

√
269

7


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195. F (x, y, z) = x3 + 3xy2z + 2yz3 = 0, A = [1;−1;−1], [x1; y1] = [0.9;−1.1], u⃗ = (1;−2)
b)
∂f

∂x
= − 3x2 + 3y2z

3xy2 + 6yz2
,
∂f

∂y
= − 6xyz + 2z3

3xy2 + 6yz2
, grad f (1,−1) =

(
0;

4

3

)
c) τ : 4y − 3z + 1 = 0, n : [x; y; z] = [1;−1;−1] + t(0; 4;−3), t ∈ R

d) df [A] =
4

3
(y + 1), f(0.9,−1.1)

.
= −1.13

e)
∂f

∂u⃗
(1,−1) = − 8

3
√
5
, s⃗ =

(
0;−4

3

)
,

∂f

∂s⃗
(1,−1) = −4

3


196. F (x, y, z) = zex+y − xy + z2 − 6 = 0, A = [0; 0; 2], [x1; y1] = [−0.2; 0.1], u⃗ = (−1; 2)

b)
∂f

∂x
= −ze

x+y − y

ex+y + 2z
,
∂f

∂y
= −ze

x+y − x

ex+y + 2z
, grad f (0, 0) =

(
−2

5
; −2

5

)
c) τ : 2x+ 2y + 5z = 10, n : [x; y; z] = [0; 0; 2] + t(2; 2; 5), t ∈ R

d) df [A] = −2

5
(x− 0)− 2

5
(y − 0), f(−0.2, 0.1)

.
= 2.04

e)
∂f

∂u⃗
(0, 0) = − 2

5
√
5
, s⃗ =

(
2

5
;
2

5

)
,

∂f

∂s⃗
(0, 0) = −

√
8

5



II.9 Extrema of functions

Theorem (necessary condition for a local extremum). Let the function f(x, y) be differen-
tiable at the point A. If the function f has a local extremum at the point A, then gradf(A) = 0⃗.

Denote the leading principal minors of the matrix of second derivatives by

∆1 (A) =
∂2f

∂x2
(A), ∆2(A) =

∣∣∣∣∣∣∣∣
∂2f

∂x2
(A),

∂2f

∂x ∂y
(A)

∂2f

∂y ∂x
(A),

∂2f

∂y2
(A)

∣∣∣∣∣∣∣∣
Theorem (sufficient conditions for a local extremum of a function of two variables).
Let the function f(x, y) have continuous second-order partial derivatives at the point A.

Suppose that at the point A the necessary condition gradf(A) = 0⃗ is satisfied.
Then the following hold:
If ∆1 (A) > 0 and ∆2 (A) > 0, then the function f has a strict local minimum at the point A.
If ∆1 (A) < 0 and ∆2 (A) > 0, then the function f has a strict local maximum at the point A.
If ∆2 (A) < 0, then the function f does not have a local extremum at the point A.

Procedure for computing local extrema

Step 1: Using the necessary condition, determine the so-called critical points, i.e.
a) points at which the function f(x, y) is not differentiable,

b) points that are solutions of the system of equations
∂f

∂x
= 0,

∂f

∂y
= 0.

Step 2: At points b) proceed according to the sufficient condition.
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• Find the local extrema of the function:

Example 197. f(x, y) =
√
x2 + y2

Solution : The given function is defined on E2. The partial derivatives
∂f

∂x
=

x√
x2 + y2

,
∂f

∂y
=

y√
x2 + y2

do not exist at the point A = [0; 0], which is the only

critical point. Therefore there may be a local extremum at the point A, since the function f is not
differentiable at the point A. However, we cannot decide using the above sufficient condition, so we
use the definition of a local extremum. For every point in a punctured neighborhood P (A) of the point
A, it holds that f(X) > f(A). Thus the function f has a strict local minimum at the point A = [0; 0]
with value f(0, 0) = 0.

NOTE. The inequality f(X) > f(A) holds in any punctured neighborhood P (A). Therefore the
function f has a strict global minimum at the point A = [0; 0] as well.

x

z

y

The example has an illustrative geo-
metric interpretation. It is enough to
realize what surface is the graph of the
function z = f(x, y) =

√
x2 + y2.

Example 198. f(x, y) = x3 − x2 +
1

2
y2 − xy − 6x

Solution : The function f(x, y) has continuous first- and second-order partial derivatives.

1) According to the necessary condition
∂f

∂x
= 0,

∂f

∂y
= 0 we obtain the system:

∂f

∂x
= 3x2 − 2x− y − 6

∂f

∂y
= y − x

 =⇒ 3x2 − 2x− y − 6 = 0
y − x = 0

}
we substitute

3(x2 − x− 2) = 0
y = x

}
=⇒ (x− 2)(x+ 1) = 0

y = x

}
=⇒

and we obtain two critical points [2; 2], [−1;−1].

Let us prepare the second derivatives

∂2f

∂x2
= 6x− 2

∂2f

∂y∂x
= −1 =

∂2f

∂x∂y

∂2f

∂y2
= 1


=⇒ ∆1(x, y) = 6x− 2, ∆2(x, y) =

∣∣∣∣ 6x− 2 −1
−1 1

∣∣∣∣ = 6x− 3

2) From the sufficient condition
∆2 ∆1 conclusion

[2; 2] 9 10 strict local minimum, f(2, 2) = −10
[−1;−1] -9 not an extremum
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Example 199. f(x, y) = 2x3 + xy2 + 5x2 + y2

Solution : Here we have a function of two variables in explicit form. The function f is differentiable
on E2, therefore the necessary condition for the existence of local extrema is: ∂f

∂x
= 0, ∂f

∂y
= 0.

∂f
∂x

= 6x2 + y2 + 10x =⇒ 6x2 + y2 + 10x = 0
∂f
∂y

= 2xy + 2y =⇒ y(x+ 1) = 0 =⇒ either y = 0 or x = −1

y = 0 : 6x2 + 10x = 0 =⇒

{
x1 = 0 =⇒ A1 = [0; 0]

x2 = −5

3
=⇒ A2 =

[
−5

3
; 0
]

x = −1 : y2 + 6− 10 = 0 =⇒ y2 = 4 =⇒

{
y = 2 =⇒ A3 = [−1; 2]
y = −2 =⇒ A4 = [−1;−2]

Now let us prepare the second-order derivatives:

A1 A2 A3 A4

fxx = 12x+ 10 10 -10 -2 -2
fyy = 2x+ 2 2 −4/3 0 0
fxy = 2y = fyx 0 0 4 -4

If ∆2(Ai) =

∣∣∣∣ fxx fxy

fyx fyy

∣∣∣∣ 〈 > 0, then a local extremum exists at the point Ai.

< 0, then no local extremum exists at the point Ai .

For A1 : ∆2(A1) =
∣∣∣ 10 0

0 2

∣∣∣ > 0, ∆1(A1) = fxx(A1) > 0, we obtain a local minimum

f(A1) = 0.

For A2 : ∆2(A2) =

∣∣∣∣∣ −10 0

0 −4

3

∣∣∣∣∣ > 0, ∆1(A2) = fxx(A2) < 0, there is a local maximum

z(A2) =
125

27
.

For A3, A4 we have ∆2(A3) = ∆2(A4) = −16 < 0, and therefore at the points A3 and A4 local
extrema do not exist.

Example 200. The function y = f(x) is expressed in implicit form by
F (x, y) = x2 + 2xy − y2 + 8 = 0.

Solution : We compute y′ :

y′ = −Fx

Fy

=
x+ y

y − x
for x ̸= y.

Set y′ = 0, i.e. x+ y = 0 =⇒ y = −x. Substitute into the equation to
determine the coordinates of possible local extrema

x2 − 2x2 − x2 + 8 = 0 =⇒ 2x2 = 8 =⇒ x1,2 = ±2, y1,2 = ∓2.

We obtained two points A = [2;−2] and B = [−2; 2]. Now we compute

y′′ =
(1 + y′)(y − x)− (x+ y)(y′ − 1)

(y − x)2
, so
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y′′(A) =
−4

16
< 0 =⇒ f(2) = −2 is a local maximum and

y′′(B) =
4

16
> 0 =⇒ f(−2) = 2 is a local minimum.

Example 201.* f(x, y, z) = x3 + y2 + z2 + 12xy + 2z

Solution :

∆3 =

∣∣∣∣∣∣∣
fxx fxy fxz

fyx fyy fyz

fzx fzy fzz

∣∣∣∣∣∣∣ , ∆2 =

∣∣∣∣∣ fxx fxy

fyx fyy

∣∣∣∣∣ , ∆1 = fxx

According to Sylvester’s theorem (criterion):

If ∆2(P ) > 0,
{ ∆3(P ) > 0,∆1(P ) > 0, then f(P ) is a strict local minimum.

∆3(P ) < 0,∆1(P ) < 0, then f(P ) is a strict local maximum.
If ∆2(P ) < 0, then at the point P no local extremum exists.

The computation proceeds as follows:

fx = 3x2 + 12y = 0 i.e. x2 + 4y = 0,

fy = 2y + 12x = 0 i.e. y = −6x,

}
,

then x2 − 24x = 0 ⇒ and
x1 = 0, x2 = 24,

fz = 2z + 2 = 0, i.e. z = −1

A = [0; 0;−1], B = [24;−144;−1]

fxx = 6x, fyy = 2, fzz = 2, fxy = 12, fxz = 0, fyz = 0.

Since ∆2(A) =

∣∣∣∣ 0 12
12 2

∣∣∣∣ < 0, at the point A no local extremum occurs.

Since ∆2(B) =

∣∣∣∣ 144 12
12 2

∣∣∣∣ = 144 > 0, ∆3(B) =

∣∣∣∣∣∣
144 12 0
12 2 0
0 0 2

∣∣∣∣∣∣ = 288 > 0 and

∆1(B) = 144 > 0, the value f(B) = f(24,−144,−1) = −6913 is a local minimum.
We may also verify directly that the quadratic form d2f [B] is positive definite :

d2f [B] = 144 (dx)2 + 24 dx dy + 2 (dy)2 + 2 (dz)2 = (12 dx+ dy)2 + (dy)2 + 2 (dz)2 > 0

• Find local extrema of the given functions with the given constraint:

Example 202. z = 2(x2 + y2), if x+ y = 2.

Solution : Geometrically, this means finding the extrema of the z-coordinate on the intersection curve
of the paraboloid of revolution z = 2(x2 + y2) with the plane x+ y = 2.

From the constraint x+ y = 2 express, for example, y = 2− x and substitute into the given
function z(x, y) = 2(x2 + y2). Thus we obtain z̃(x) = z(x, 2− x) = 2(x2 + (2− x)2), so that
z̃(x) = 4(x2 − 2x+ 2).
For the one-variable function z̃(x) we seek a local extremum. Thus
z̃′(x) = 4(2x− 2) = 0. Hence x1 = 1, y1 = 2− 1 = 1 and z̃′′(x) = 8 > 0 ⇒

z(1, 1) = 4 is a local minimum.
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Example 203. z =
x

3
+
y

4
, if x2 + y2 = 1.

Solution : Geometrically, this means finding the extrema of the z-coordinate on the intersection curve

of the plane z =
x

3
+
y

4
with the circular cylinder x2 + y2 = 1.

qx

z

y
x

z

y

Since from the constraint x2 + y2 = 1 we cannot uniquely express either x or y, we switch

to polar coordinates
{ x = r cos t
y = r sin t

, where r = 1, thus
{ x = cos t
y = sin t

.

Then z̃ = z(cos t, sin t) =
cos t

3
+

sin t

4
and further z̃′ =

d z

d t
=

− sin t

3
+

cos t

4
= 0, so that

4

3 5

t

tan t =
3

4
.

As we see in the figure, sin t = ± 3

5
, cos t = ± 4

5
.

For sin t1 =
3

5
, cos t1 =

4

5
we have t1 ∈

(
0;
π

2

)
and for sin t2 = −3

5
, cos t2 = −4

5
we have t2 ∈

(
π;

3π

2

)
.

Further, z̃′′ =
d2z̃

d t2
= −cos t

3
− sin t

4
=⇒ z̃′′(t1) < 0, z̃′′(t2) > 0.

We have arrived at the local maximum z̃(t1) = z
(4
5
,
3

5

)
=

4

15
+

3

20
=

5

12

and the local minimum z̃(t2) = z
(
−4

5
,−3

5

)
= − 5

12
.

Example 204. z = sin2 x+ sin2 y, if y = x− π

4
.

Solution :
z̃(x) = z(x, x− π/4) = sin2 x+ sin2(x− π

4
), z̃′(x) = 2 sin x cos x+ 2 sin(x− π

4
) cos(x− π

4
) =

= sin 2x+ sin(2x− π

2
) = sin 2x+ sin 2x cos

π

2
− cos 2x sin

π

2
= sin 2x− cos 2x

If we set z̃′(x) = 0, we obtain sin 2x = cos 2x and further

2x =
π

4
+ kπ, x =

π

8
+ k

π

2
, so that k1 = 2n, k2 = 2n+ 1.

We compute the second derivative: z̃′′(x) = 2 cos 2x+ 2 sin 2x,
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z̃′′
(π
8
+ 2n · π

2

)
= 2 ·

√
2

2
+ 2 ·

√
2

2
= 2

√
2 > 0,

z̃′′
(π
8
+ (2n+ 1) · π

2

)
= −2 ·

√
2

2
− 2 ·

√
2

2
= −2

√
2 < 0.

Thus z̃
(π
8
+ nπ

)
= 2 sin2 π

8
= 1− cos

π

4
= 1−

√
2

2
is a local minimum

and z̃
(π
8
+ (2n+ 1)

π

2

)
= sin2 5π

8
+ sin2 π

8
=

1

2

(
1− cos

5π

4
+ 1− cos

π

4

)
=

=
1

2

(
2 +

√
2

2
−

√
2

2

)
= 1 is a local maximum.

Example 205.* z = x2 + 2y2, if x2 − 2x+ 2y2 + 4y = 0.

Solution : Here we use the Lagrange function:

If the function z = f(x, y) and the constraint g(x, y) = 0 are given,
then the Lagrange function has the form

L(x, y, λ) = f(x, y) + λ g(x, y).

Its stationary points are obtained by solving the system



∂L

∂x
= 0

∂L

∂y
= 0

∂L

∂λ
= g(x, y) = 0.

The function z = f(x, y) can have extrema under the constraint g(x, y) = 0 only at points [x; y]
for which there exists λ ∈ R such that [x; y;λ] is a critical point of the function L(x, y, λ).

In our example we have L(x, y, λ) = x2 + 2y2 + λ(x2 − 2x+ 2y2 + 4y)

∂L

∂x
= 2x+ λ(2x− 2) = 0 and hence x =

λ

1 + λ
,

∂L

∂y
= 4y + λ(4y + 4) = 0 and hence y =

−λ
1 + λ

.

Therefore x2 − 2x+ 2y2 + 4y = 0, so that
λ2

(1 + λ)2
− 2λ

1 + λ
+

2λ2

(1 + λ)2
− 4λ

1 + λ
= 0,

3λ2

(1 + λ)2
=

6λ

1 + λ
, λ ̸= −1 and subsequently

3λ2

1 + λ
= 6λ, 3λ2 + 6λ = 0 =⇒ λ · (λ+ 2) = 0.

Here we have λ1 = −2, so x1 = 2, y1 = −2, A1 = [2;−2] or

λ2 = 0 so x2 = 0, y2 = 0, A2 = [0; 0]. Further,

Lxx = 2 + 2λ, Lyy = 4 + 4λ, Lxy = 0 and hence

∆(A1) =

∣∣∣∣ −2 0
0 −4

∣∣∣∣ > 0, Lxx(A1) < 0, L(A1) = 12 is a local maximum,

∆(A2) =

∣∣∣∣ 2 0
0 4

∣∣∣∣ > 0, Lxx(A2) > 0, L(A2) = 0 is a local minimum.
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Example 206. In the plane x+ 2y − z + 3 = 0 find the point whose sum of squares of distances
from the points A = [1; 1; 1] and B = [2; 2; 2] is minimal.

Solution : Denote the required point by P = [x; y; z] and form the sum |
−→
AP |2 + |

−−→
BP |2, which we

write using the coordinates of the points

f(x, y, z) = (x− 1)2 + (y − 1)2 + (z − 1)2 + (x− 2)2 + (y − 2)2 + (z − 2)2.

The point P must lie in the plane x + 2y − z + 3 = 0. Thus this plane equation represents the
constraint, which must be satisfied.

If we express, for example, z = x+ 2y + 3 and substitute into f(x, y, z), then the function
f(x, y, x+ 2y + 3) becomes a function of two variables x and y :

f̃(x, y) = f(x, y, x+2y+3) = (x−1)2+(y−1)2+(x+2y+2)2+(x−2)2+(y−2)2+(x+2y+1)2,

f̃x = 2(x− 1) + 2(x+ 2x+ 2) + 2(x− 2) + 2(x+ 2y + 1) = 8(x+ y),

f̃y = 2(y − 1) + 4(x+ 2y + 2) + 2(y − 2) + 4(x+ 2y + 1) = 4(2x+ 5y) + 6.

Set
f̃x = 0, then
f̃y = 0, so

x+ y = 0 =⇒ y = −x,
4x+ 10y = −3 =⇒ −6x = −3,

}
x1 =

1

2
, y1 = −1

2
.

We therefore have z1 =
5

2
, P =

[1
2
;−1

2
;
5

2

]
.

Further,

f̃xx(P ) = 8

f̃xy(P ) = 8

f̃yy(P ) = 20

 thus ∆2(P ) =
∣∣∣ 8 8
8 20

∣∣∣∣∣ > 0,∆(P )f̃xx > 0

and f(P ) =
27

2
is a local minimum.

Theorem (Sufficient condition for the existence of absolute extrema of a function on a
given set). If the function f(x, y) is continuous on a nonempty set M that is bounded and
closed, then f attains a maximum and a minimum on the set M .

A special case is the so-called constrained extremum, namely when M = {[x; y] ∈ E2 : g(x, y) =
0}, where g is a given function. Whenever possible, we express one variable from the constraint
g(x, y) = 0 and substitute it into the given function f . Thus we obtain the problem of determining
extrema of a function of one variable.

Procedure for computing absolute extrema.
Recall that M0 is the interior and ∂M is the boundary of the set M .
Step 1: Verify that the assumptions of the theorem just stated are satisfied, thereby justifying

the
existence of absolute extrema.

Step 2: Determine all critical points X of the function f in M0.
Step 3: Determine all points X ∈ ∂M at which the function f may attain

absolute extrema.
Step 4: Determine the values of the function f at all computed points. The greatest value

equals maxMf and the smallest value equals minMf .
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• Determine the absolute (global) extrema of the function z = f(x, y) on the set M :

Example 207. f(x, y) = x2 + y2 + xy − x− y, M = {[x; y] ∈ E2 : x ≥ 0, y ≥ 0, x+ y ≤ 1}
Solution : We verify the existence of absolute extrema: The given set M is closed and bounded.

The given function f is continuous on E2, hence also on M . This is sufficient for the existence
of absolute extrema.

1) determine stationary points in the interior of the set M and their function values:
∂f

∂x
≡ 2x+ y − 1 = 0

∂f

∂y
≡ 2y + x− 1 = 0

}
x = y =

1

3
=⇒

A1 =
[1
3
;
1

3

]
∈M, f(A1) = −1

3
;

O

C

M

B
x

y

2) determine suspicious points on the boundary of M , i.e. on the individual sides of the
triangle.

OB : y = 0 =⇒ h1(x) = f(x, 0) = x2 − x, h′1(x) = 2x− 1 = 0 =⇒ x =
1

2
,

A2 =
[1
2
; 0
]
∈M, f(A2) = −1

4
,

OC : x = 0 =⇒ h2(y) = f(0, x) = y2 − y, h′2(y) = 2y − 1 = 0 =⇒ y =
1

2
,

A3 =
[
0;

1

2

]
∈M, f(A3) = −1

4
,

BC : y = 1− x =⇒ h3(x) = f(x, 1− x) = x2 + (1− x)2 + x(1− x)− x− 1 + x = −x2 − x,

h′3(x) = −2x− 1 = 0 =⇒ x = −1

2
,

[
−1

2
;
3

2

]
̸∈M ;

3) determine the values of the function f(x, y) at the vertices O,B,C
f(O) = f(0, 0) = 0, f(B) = f(1, 0) = 0, f(C) = f(0, 1) = 0.

From all the computed function values, choose the smallest and the largest.

The global maximum occurs at the points O,B,C, fmax(O) = fmax(B) = fmax(C) = 0

and similarly the global minimum at the point A1, fmin(A1) = −1

3
.

x

z

y

M
0

1
1

x

z

y

Example 208. z = f(x, y) = x2 + y2 − 6x+ 6y, M = {[x; y] ∈ E2 : x
2 + y2 ≤ 4}

Solution : Geometrically, this means finding extrema of the z-coordinate on the paraboloid bounded
by the intersection of the paraboloid z = x2+y2−6x+6y with the cylindrical surface x2+y2 = 4.
1) Stationary points in the interior of the set M :
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∂f
∂x

= 2x− 6 = 0 =⇒ x1 = 3
∂f
∂y

= 2y + 6 =⇒ y1 = −3
=⇒ A = [3;−3], A ̸∈M.

2) Points on the boundary of the set M are written in parametric form:
x = 2 cos t
y = 2 sin t

}
, t ∈ ⟨0; 2π⟩

Then successively:
f̃ = f(2 cos t, 2 sin t) = 4− 12 cos t+ 12 sin t,

d f̃

d t
= 12 sin t+ 12 cos t = 0,

=⇒ sin t = − cos t, t1 =
3

4
π, t2 =

7

4
π,

t1 =
3

4
π =⇒ B = [−

√
2;
√
2], z(B) = 4 + 12

√
2 is the global maximum and

t2 =
7

4
π =⇒ C = [

√
2;−

√
2], z(C) = 4− 12

√
2 is the global minimum.

A

M

y

x
x

z

y x

z

y

• A function f = f(x, y) is given.
a) State the necessary condition for a local extremum of a differentiable function of n variables

at a point A.
b) State the sufficient conditions for a local minimum (respectively maximum) of the

function f(x, y) at the point A.
c) Investigate the local extrema of the given function f , i.e. determine their location, type, and

function value.

209. f(x, y) = x2 + 12y2 − 6xy + 4x [Strict local min. at the point [−8;−2], f(−8,−2) = −16]

210. f(x, y) = x3 + y2 − 12x+ 6y

[
Strict local min. at the point [2;−3], f(2,−3) = −25,

at the point [−2;−3] there is no extremum.

]
211. f(x, y) = 2y − y2 − x ex [ Strict local max. at the point [−1; 1], f = 1 + 1/e]

212. f(x, y) = x3 + y2 − 2x2 − 2xy + 6

[
Strict local min. at the point[2; 2], f(2, 2) = 2,

at the point[0; 0] there is no extremum.

]
213. f(x, y) = x3 + 3y2 − 6xy − 9x+ 8

[
Strict local min. at the point[3; 3], f(3, 3) = −19,

at the point[−1;−1] there is no extremum.

]
214. f(x, y) = x2 + 2x+ y4 − 4y + 7 [Strict local min. at the point [−1; 1], f(−1, 1) = 3]

215. f(x, y) = xy +
50

x
+

20

y
[Strict local min. at the point [5; 2], (f(5, 2) = 30)]

216. f(x, y) = x2 + xy + y2 − 6 lnx

[
fmin(2,−1) = 3− 6 ln 2,
the point [−2; 1] ̸∈ D(f)

]
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• Determine the local extrema of the function:

217. f(x, y) = x2 + y − x
√
y − 6x+ 12 [fmin(4, 4) = 0]

218. f(x, y) = x2 + y2 + 6x− 4y [fmin(−3, 2) = −13]

219. f(x, y) = ln(1− x2 − y2) [fmax(0, 0) = 0]

220. f(x, y) = x3 + 8y3 − 6xy + 5 [fmin

(
1,

1

2

)
= 4, at the point [0; 0] there is no extremum]

221. f(x, y) = ex/2(x+ y2)

[
fmin(−2, 0) = −2

e

]

222. f(x, y) = x3 + y3 +
9

2
x2 − 3y − 12x

[
fmin(1, 1) = −17

2
, fmax(−4,−1) = 58

at the points[1;−1], [−4; 1] there are no extrema

]
223.* x2 + y2 + z2 − 4x+ 6y − 2z + 13 = 0 [zmin(2,−3) = 0, zmax(2,−3) = 2]

224.* x2 + xy − z2 + z + y + 5 = 0

[
at the stationary points [−1; 2; 3], [−1; 2;−2]

there are no extrema

]
225.* f(x, y, z) = x2 + y2 + z2 − 6x+ 2y + 6z [f(2,−1,−3)) = −14, local min.]

226.* f(x, y, z) = x2 + 2y2 + z3 − 12yz − 6x

[
f(3, 36, 12) = −873, local min.,

at the point [3; 0; 0] there is no extremum

]
227.* f(x, y) = ln(xy) + x2 + y2 − 4x− 4y + 7

local max. at the pointA1 =
[
1−

√
2

2
; 1−

√
2

2

]
,

local min. at the pointA2 =
[
1 +

√
2

2
; 1 +

√
2

2

]
,

other stationary pointsA3 =
[
1 +

√
2

2
; 1−

√
2

2

]
, A4 =

[
1−

√
2

2
; 1 +

√
2

2

]



228. a) Investigate the local extrema of the function f(x, y) = 2x2 + y2 − xy + 3x+ y + 1.
b) Justify the existence and find the absolute extrema of this function on the segment AB,

where A = [0; 2], B = [1; 1]. [
a) local fmin(−1,−1) = −1,

b) fmin(1/2, 3/2) = 6, fmax(0, 2) = fmax(1, 1) = 7

]
• A function f and a set M are given.

a) Justify the existence of absolute extrema of the function f on the given set M .
b) Investigate the absolute extrema, i.e. determine their location and compute the value of the

maximum and minimum of the function f on the set M .

229. f(x, y) = x+ ln x− y2, M = { [x; y] ∈ E2 ; y = x+ 1, 1/4 ≤ x ≤ 1}[
fmin(1, 2) = −3, fmax(1/2, 3/2) = −7/4− ln 2

.
= −2, 4,

f(1/4, 5/4) = −21/16− ln 4
.
= −2, 7 is not an extremum

]
230. f(x, y) = x2 + xy − 3x− y, M = { [x; y] ∈ E2 ; x+ y ≤ 3, x ≥ 0, y ≥ 0 }.

[fmin(0, 3) = −3, fmax(0, 0) = fmax(3, 0) = 0]

231. f(x, y) = x2 − 2x+ y2, M = { [x; y] ∈ E2 ; x
2 + y2 ≤ 9, y ≥ 0 } fmin(1, 0) = −1, fmax(−3, 0) = 15

To investigate boundary points, you may use
polar coordinates, but the problem can also be solved without them.


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• Determine the global extrema of the function z = f(x, y) on the set M :

232. f(x, y) = x2 + y2 − xy, M = {[x; y] ∈ E2 : |x|+ |y| ≤ 1} [ global min. f(0, 0) = 0

global max. f(1, 0) = f(0, 1) =
= f(−1, 0) = f(0,−1) = 1

]

233. f(x, y) = x2 − y2, M = {[x; y] ∈ E2 : x
2 + y2 ≤ 4} (use polar coordinates)[

global min. f(0,±2) = −4

global max. f(±2, 0) = 4

]
234. f(x, y) = xy(x− a)(y − b), M = {[x; y] ∈ E2 : 0 ≤ x ≤ a, 0 ≤ y ≤ b}[

global max. f(
a

2
,
b

2
) =

a2b2

16
global min. f(0, 0) = f(a, 0) = f(0, b) = f(a, b) = 0

]

235. f(x, y) = xy(2− x− y), M = {[x; y] ∈ E2 : x ≥ 0, y ≥ 0, x+ y ≤ 1}[
global max. f(

1

2
,
1

2
) =

1

4
global min. f(x, 0) = f(0, y) = 0

]

236. f(x, y) = x2 + y2 − xy + x+ y − 1, M = {[x; y] ∈ E2 : x ≤ 0, y ≥ 0, x− y + 3 ≥ 0}[
global min. f(−1

2
, 0) = −5

4
global max. f(0, 3) = 11

]
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CHAPTER III.

Double and triple integrals

Contents
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III.1 Existence

Let D be a measurable (in the Jordan sense) set in E2 (resp. E3) and let the function f be
bounded on D. Assume that the set of points of discontinuity of the function f in D has
measure 0. Then f is integrable on D, i.e. the integral

�
D

f(x, y) dx dy (resp.
�

D

f(x, y, z) dx dy dz) exists.

Example 237. Decide whether the given integral
�

D

1

x2 + y2
dx dy exists, if :

a) D = {[x; y] ∈ E2 : x
2 + (y − 1)2 ≤ 1

4
};

b) D = {[x; y] ∈ E2 : x
2 + y2 ≤ 1};

c) D = {[x; y] ∈ E2 : x
2 + (y − 1)2 ≤ 2}.

Solution : We will use the fact that the double and triple (proper) integral is defined only for functions
bounded on a bounded set D and we will also use the existence theorem.

a)

x

y

0

The set D is measurable, hence D is bounded and its

boundary has measure 0, and f(x, y) =
1

x2 + y2
is

continuous and bounded on D. The integral exists.

b)

x

y

1

The set D is measurable, but f(x, y) is not bounded on D,

because [0; 0] ∈ D and lim
[x;y]→[0;0]

1

x2 + y2
= ∞.

The integral does not exist.
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c)

x

y

1
f(x, y) is again not bounded on D ([0; 0] ∈ D),
the integral does not exist.

Example 238. Let the set D = {[x; y] ∈ E2 : x
2 + y2 ≤ 4} be given. Investigate whether the

double integrals exist:

a)
�

D

sin(x2 + y2)

x2 + y2
dx dy, b)

�
D

x dx dy

x2 + y2
, c)

�
D

dx dy

x2 + y2 + 1
,

d)
�

D

1

1 + xy
dx dy, e)

�
D

1

(x+ y)2
dx dy.

Solution :

a) it exists, lim
[x;y]→[0;0]

sin(x2 + y2)

x2 + y2
= 1 <∞ ⇒ the function is bounded,

b) it does not exist, lim
[x;y]→[0;0]

x

x2 + y2
= ∞,

c) it exists,
1

x2 + y2 + 1
is continuous on D ⊂ E2,

d) it does not exist, because for example lim
[x;y]→[−1;1]

∣∣∣ 1

1 + xy

∣∣∣ = ∞,

0

y

y = 1/x

x

2

e) it does not exist, because for example lim
[x;y]→[1;−1]

1

(x+ y)2
= ∞.

Example 239. Investigate whether the triple integrals exist:

a)
�

W

dx dy dz

(1 + x+ z)3
, W = {[x; y; z] ∈ E3 : 0 ≤ x ≤ 2, −1 ≤ y ≤ 0, −2 ≤ z ≤ 2},

b)
�

W

(x+ yz) dx dy dz, W = {[x; y; z] ∈ E3 : x
2 ≤ y ≤ 2, z ≥ 3},

c)
�

W

1

x2 + y2 + z2 − 9
dx dy dz, W = {[x; y; z] ∈ E3 : 1 < x2 + y2 + z2 < 4}.

Solution :

a) it does not exist, the function
1

(1 + x+ z)3
is not bounded on W, {1 + x+ z = 0} ∩W ̸= ∅,

b) it does not exist, because the set W is not bounded in E3,

c) it exists; W is a measurable set in E3 : x
2 + y2 + z2 − 9 ̸= 0 inW, thus the integrand

is continuous on W ;
1

8
<

∣∣∣∣ 1

x2 + y2 + z2 − 9

∣∣∣∣ < 1

5
for every point [x; y; z] ∈ W ,

hence the function is bounded on W .
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III.2 Fubini’s theorem for the double integral

The set M = {[x; y] ∈ E2; a ≤ x ≤ b, ϕ1(x) ≤ y ≤ ϕ2(x)}, where the functions ϕ1(x), ϕ2(x)
are continuous on ⟨a; b⟩ and ϕ1(x) ≤ ϕ2(x), is called an elementary region of integration with
respect to the x-axis.
Let M be an elementary region of integration with respect to the x-axis. Let the function
f(x, y) be continuous on M . Then�

D

f(x, y) dx dy =

� b

a

(� ϕ2(x)

ϕ1(x)

f(x, y) dy
)
dx

.

NOTE: Analogously for an elementary region with respect to the y-axis.

• Compute double integrals over the given rectangular sets:

Example 240. I =

�
D

dx dy

x2 − 2xy + y2
, D = {[x; y] ∈ E2 : 3 ≤ x ≤ 4, 0 ≤ y ≤ 2}

Solution :

0

y

x

x = 3 x = 4

y = 2

y = 0
D

The rectangle D is bounded by the curves
x = 3, x = 4, y = 0, y = 2.

I =

� 2

0

(� 4

3

dx

(x− y)2

)
dy =

� 2

0

[ −1

x− y

]4
3
dy =

� 2

0

( −1

4− y
+

1

3− y

)
dy =

=

� 2

0

( 1

y − 4
− 1

y − 3

)
dy =

[
ln |y − 4| − ln |y − 3|

]2
0
= ln 2− ln 1− ln 4 + ln 3 =

= ln
2 · 3
4

= ln
3

2
.

Example 241. I =

�
D

dx dy

(x− 2y + 3)2
, D = {[x; y] ∈ E2 : 0 ≤ x ≤ 2, 0 ≤ y ≤ 1}

Solution :

I =

� 1

0

(� 2

0

1

(x− 2y + 3)2
dx

)
dy =

� 1

0

[ −1

x− 2y + 3

]2
0
dy =

� 1

0

( −1

5− 2y
+

1

3− 2y

)
dy =

=

� 1

0

( 1

2y − 5
− 1

2y − 3

)
dy =

[1
2
ln |2y − 5| − 1

2
ln |2y − 3|

]1
0
=

1

2
ln

9

5
.

Example 242.
�

D

y2 sin2 x dx dy, D = {[x; y] ∈ E2 : 0 ≤ x ≤ π

2
, 1 ≤ y ≤ 2}

Solution :
�

D

y2 sin2 x dx dy =

� π/2

0

sin2 x dx ·
� 2

1

y2 dy =

� π/2

0

1− cos 2x

2
dx ·

[y3
3

]2
1
=

=
1

2

[
x− sin 2x

2

]π/2
0

·
(8
3
− 1

3

)
=

1

2
· π
2
· 7
3
=

7π

12
.
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NOTE: If the function is of the form f(x, y) = g(x) · h(y) and the set D is a rectangle

D = ⟨a; b⟩ × ⟨c; d⟩, then
�

D

f(x, y) dx dy =

� b

a

g(x) dx ·
� d

c

h(y) dy.

Example 243. I =

�
D

xy ex
2

y2 + 3
dx dy, D = {[x; y] ∈ E2 : 0 ≤ x ≤ 2, 0 ≤ y ≤ 3}

Solution :

I =

� 2

0

xex
2

dx ·
� 3

0

y

y2 + 3
dy =

∣∣∣∣ x2 = t
2x dx = dt

∣∣∣∣ = 1

2

� 4

0

et dt · 1
2

[
ln |y2 + 3|

]3
0
=

=
1

2

[
et
]4
0
· 1
2

(
ln 12− ln 3

)
=

1

2
(e4 − 1) · 1

2
ln

12

3
=

1

4
(e4 − 1) ln 4 =

1

2
(e4 − 1) ln 2.

• The set D ⊂ E2 is bounded by the given curves. Sketch it and express it as an elementary
region of integration.

Example 244. 2x− y = 1, 2x− y = 5, x = 0, x = 2

Solution :

-1

-5

y

x

x = 2

y = 2x− 1

y = 2x− 5

x = 0

D :

{
0 ≤ x ≤ 2

2x− 5 ≤ y ≤ 2x− 1

↑ The arrow indicates a possible direction of the inner
integration when computing the double integral
over D using Fubini’s theorem.

The set D is an elementary region of integration
with respect to the x-axis.

↑

Example 245. y = 0, x = 2y, x = 4

Solution :

→ x = 2y

y

y = 0

x = 4

y =
x

22−

0

1) ↑

D :

{
0 ≤ y ≤ 2

2y ≤ x ≤ 4

or

2) →

D :

 0 ≤ x ≤ 4

0 ≤ y ≤ x

2

↑

D is an elementary region of integration with respect to the x-axis 1) ↑ and also with respect
to the y-axis 2) →
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Example 246. y = 18− x2, y = x2

Solution :

18
y

y = x2

x

y = 18− x2

−3 30

9

18− x2 = x2 =⇒ x2 = 9 =⇒ x1,2 = ±3

↑ D :

{
−3 ≤ x ≤ 3

x2 ≤ y ≤ 18− x2

Example 247. xy = 4, y = x, y = 4x, (x ≥ 0)

Solution :

→

y = 4xy

y = x

x

xy = 4

[0; 0]

D2

[1; 4]

[2; 2]

D1

D = D1 ∪D2

→

D1 :

{ y

4
≤ x ≤ y

0 ≤ y ≤ 2
D2 :


y

4
≤ x ≤ 4

y

2 ≤ y ≤ 4

• Change the order of integration:

Example 248. I =

� 1

0

(� 1−x

0

f(x, y) dy
)
dx

Solution :

1)

{
0 ≤ x ≤ 1

0 ≤ y ≤ 1− x

↑
→

y

1

x

y = 1− x

0

2)

{
0 ≤ y ≤ 1

0 ≤ x ≤ 1− y
→

↑

I =

� 1

0

(� 1−y

0

f(x, y) dx
)
dy.
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Example 249. I =

� 1

0

(� x

x2

f(x, y) dy
)
dx

Solution :

1)

{
0 ≤ x ≤ 1

x2 ≤ y ≤ x

↑
→

y y = x2

x

[1; 1]

y = x
2)

{
0 ≤ y ≤ 1

y ≤ x ≤ √
y

→

↑

I =

� 1

0

(� √
y

y

f(x, y) dx
)
dy.

Example 250. I =

� 4

0

(� √
4x

√
4x−x2

f(x, y) dy
)
dx

Solution :

1)

{
0 ≤ x ≤ 4

√
4x− x2 ≤ y ≤

√
4x

↑

The set D ⊂ E2 is bounded by the curves:
y =

√
4x− x2 , which is the equation of the “upper” half

of the
circle (x− 2)2 + y2 = 4,

y =
√
4x , which is the equation of the “upper” branch of

the
parabola y2 = 4x,

x = 4, x = 0.

2) In the direction of the x-axis, split the set D into three parts so that these parts are
elementary regions of integration.

→ D = D1 ∪D2 ∪D3

→

y [4; 4]

x

D3

D1

D2

0 4

D1 :

 0 ≤ y ≤ 2

y2

4
≤ x ≤ 2−

√
4− y2

D2 :

 2 ≤ y ≤ 4

y2

4
≤ x ≤ 4

D3 :

{
0 ≤ y ≤ 2

2 +
√

4− y2 ≤ x ≤ 4

↑

I =

� 2

0

(� 2−
√

4−y2

y2

4

f(x, y) dx
)
dy +

� 4

2

(� 4

y2

4

f(x, y) dx
)
dy +

� 2

0

(� 4

2+
√

4−y2
f(x, y) dx

)
dy.
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Example 251. I =

� 4

0

(� y
2

0

f(x, y) dx
)
dy +

� 6

4

(� 6−y

0

f(x, y) dx
)
dy

Solution :

D = D1 ∪D2

D1 :

{
0 ≤ y ≤ 4

0 ≤ x ≤ y

2

D2 :

{
4 ≤ y ≤ 6

0 ≤ x ≤ 6− y

y

y = 2x

x

y = 6− x

0

D2
6

4

D1

The new direction of inner integration
allows the entire set D to be expressed
without prior splitting:

D :

{
0 ≤ x ≤ 2

2x ≤ y ≤ 6− x

I =

� 2

0

(� 6−x

2x

f(x, y) dy
)
dx.

• Using Fubini’s theorem, convert the double integral
�

D

f(x, y) dx dy into iterated

integrals for both orders of integration, if the set D ⊂ E2 is bounded by the curves:

Example 252. x = 0, y = x2, x+ y = 2 (x ≥ 0)

Solution :

y
y = x2

x

x+ y = 2

2

[1; 1]

x = 0

�
D

f(x, y) dx dy =

� 1

0

(� 2−x

x2

f(x, y) dy
)
dx =

=

� 1

0

(� √
y

0

f(x, y) dx
)
dy +

� 2

1

(� 2−y

0

f(x, y) dx
)
dy.

Example 253. x = y2 − 4, x = −3y

Solution : By solving the system
{ x = y2 − 4
x = −3y

we obtain the intersection points of the parabola

x = y2 − 4

with the line given by the equation x = −3y.

y
x = y2 − 4

x

x = −3y

[−3; 1]

[12;−4]

�
D

f(x, y) dx dy =

� 1

−4

(� −3y

y2−4

f(x, y) dx
)
dy =

=

� −3

−4

(� √
x+4

−
√
x+4

f(x, y) dy
)
dx+

+

� 12

−3

(� −x
3

−
√
x+4

f(x, y) dy
)
dx.
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• Sketch the set D ⊂ E2 bounded by the given curves and compute the given integrals :

Example 254.
�

D

x2

y2
dx dy, D : xy = 1, y = 4x, x = 3

Solution :

x

y

xy = 1

x = 1

y = 4x

1
2 3

�
D

x2

y2
dx dy =

� 3

1/2

(� 4x

1/x

x2

y2
dy
)
dx =

� 3

1/2

x2
[
−1

y

]4x
1/x

dx =

=

� 3

1/2

x2
(
− 1

4x
+ x
)
dx =

� 3

1/2

(
x3 − x

4

)
dx =

=
[x4
4

− x2

8

]3
1/2

=
1225

64

Example 255.
�

D

x3y2 dx dy, D : x2 + y2 = a2, x = 0 (x ≥ 0)

Solution :

x

y

a

−a

a

�
D

x3y2 dx dy =

� a

−a

(� √
a2−y2

0

x3y2 dx
)
dy =

� a

−a

y2
[x4
4

]√a2−y2

0
dy =

=

� a

−a

y2

4
(a2 − y2)2 dy =

1

4
· 2
� a

0

y2(a4 − 2a2y2 + y4) dy =

=
1

2

[
a4
y3

3
− 2a2

y5

5
+
y7

7

]a
0
=

1

2
a7
(1
3
− 2

5
+

1

7

)
=

4

105
a7

Example 256.
�

D

dx dy

x2 + 1
, D : y = 2x− x2, y = −x

Solution : y = 2x − x2 or equivalently y − 1 = −(x − 1)2 is the equation of a parabola with
vertex [1; 1].

The intersection points of the parabola with the line y = −x are found by determining their
x-coordinates :{ y = 2x− x2

y = −x after substitution
−x = 2x− x2 =⇒ x(x− 3) = 0

=⇒ x1 = 0, x2 = 3

y

x
2

y = 2x− x2

y = −x

3

�
D

dx dy

x2 + 1
=

� 3

0

(� 2x−x2

−x

dy

x2 + 1

)
dx =

� 3

0

1

x2 + 1
(2x− x2 + x) dx =

=

� 3

0

−x2 + 3x

x2 + 1
dx = −

� 3

0

x2 + 1− 3x− 1

x2 + 1
dx =

= −
� 3

0

(
1− 3

x

x2 + 1
− 1

x2 + 1

)
dx = −

[
x− 3

2
ln |x2 + 1|−

−arctanx
]3
0
=

3

2
ln 10 + arctan 3− 3
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Example 257. I =

�
D

(x+ y) dx dy, D : y2 − x2 ≤ 1, y ≥ 0, x ∈ ⟨−2, 2⟩

Solution : y2 − x2 = 1 is the equation of a hyperbola.

y

2-2

1

y2 − x2 = 1

x0

I =

� 2

−2

(� √
1+x2

0

(x+ y) dy
)
dx =

� 2

−2

[
xy +

y2

2

]√1+x2

0
dx =

=

� 2

−2

(
x
√
1 + x2 +

1 + x2

2

)
dx =

� 2

−2

x
√
1 + x2 dx︸ ︷︷ ︸

= 0 (odd function)

+

+
2

2

� 2

0

(1 + x2)︸ ︷︷ ︸
even function

dx =
[
x+

x3

3

]2
0
=

14

3

Example 258. I =

�
D

(1 + x) y dx dy, D : y = x2 − 4, y = −3x, x ≤ 0

Solution : Determine the x-coordinates of the intersection points of the parabola and the line:{ y = x2 − 4
y = −3x

. After substitution
x2 + 3x− 4 = 0
x1 = 1, x2 = −4

y

y = −3x

-4
1

y = x2 − 4

x

I =

� 0

−4

(� −3x

x2−4

(1 + x)y dy
)
dx =

1

2

� 0

−4

(1 + x)
[
y2
]−3x

x2−4
dx =

=
1

2

� 0

−4

(1 + x)(9x2 − (x2 − 4)2) dx =

=
1

2

� 0

−4

(−x5 − x4 + 17x3 + 17x2 − 16x− 16) dx =

=
1

2

[
−x

6

6
− x5

5
+

17x4

4
+

17x3

3
− 8x2 − 16x

]0
−4

=
−1376

15

Example 259.
�

D

(x+ 1) dx dy, D : y = 2x, 2y = x, y = 2

Solution :

y = 2x
2y = x

[1;2]

y = 2

[4; 2]

x

y
�

D

(x+1) dx dy =

� 2

0

(� 2y

y/2

(x+1) dx
)
dy =

� 2

0

[x2
2
+x
]
dy =

� 2

0

[4y2
2

+2y− y2

8
−y

2

]
dy =

� 2

0

[15
8
y2 +

3

2
y
]
dy · · · = 8
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Example 260.
�

D

1

y
dx dy, D : xy = 1, y = x, x = 4, x ≥ 0

Solution :

1

xy = 1

x = 2

y = x

x

y

�
D

1

y
dx dy =

� 4

1

(� x

1/x

1

y
dy
)
dx =

� 4

1

[
ln |y|

]x
1/x

dx =

=

� 4

1

(
ln x − ln

1

x

)
dx = 2

� 4

1

ln x dx =

(integration by parts)

=

∣∣∣∣∣ u = lnx, v′ = 1

u′ =
1

x
, v = x

∣∣∣∣∣ = 2
[
x lnx− x

]4
1
= 8 ln 4− 6

261.
�

D

dx dy

(x+ y)2
, D : x = 3, x = 4, y = 1, y = 2

[
ln

25

24

]

262.
�

D

cos(x+ y) dx dy, D : x = 0, y = π, y = x [-2]

263.
�

D

(x2 + y2) dx dy, D : y = 0, y = 1− x, y = 1 + x
[1
3

]

264.
�

D

(x+ 2y) dx dy, D : x = y2 − 4, x = 5 [50,4]

265.
�

D

xy dx dy, D : y = x− 4, y2 = 2x [90]

266.
�

D

1

y + 1
dx dy, D : x = 0, y = 2, y = 4, y2 = x

[
4 + ln

5

3

]

267.
�

D

x

y2
dx dy, D : y2 = x, y2 = 4x, y = 2

[5
4

]

268.
�

D

(xy + y) dx dy, D : x = 1, x = 2, xy = 4, y = 0
[
4 + 8 ln 2

]
269. Convert the double integral in both ways into an iterated integral (i.e. both orders of integration)

and compute the integral. D = {[x; y] ∈ E2 : y ≥ ln x, x ≥ 1, y ≤ 1}, f(x, y) = 1/x
[1
2

]
• A bounded set D ⊂ E2 is given by inequalities or boundary curves, and a function f(x, y) is given.

a) Sketch the set D with labeled axes, scale, labels of the curves, and marked points that are
important

for solving the problem.
b) Verify that the assumptions for applying Fubini’s theorem are satisfied.
c) Express the set D as an elementary region of integration with respect to a suitably chosen axis.
d) Compute

�
D
f(x, y) dx dy.
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270. D = {[x; y] ∈ E2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 2x+ 1}, f(x, y) = x2y

 c)x ∈ ⟨0; 1⟩
y ∈ ⟨0; 2x+ 1⟩

d)
16

15



271. D = {[x; y] ∈ E2 : x+ y ≤ π, x− y ≤ π, x ≥ 0} f(x, y) = sin(x+ y)

 c)x ∈ ⟨0; 1⟩
y ∈ ⟨x− π;−x+ π⟩

d)π



272. D ⊂ E2 is bounded by the curves: y = x/2, y = 3x, y = 2 f(x, y) = x
√
y

c) y ∈ ⟨0; 2⟩
x ∈ ⟨y/3; 2y⟩

d)
40
√
2

9



273. D = {[x; y] ∈ E2 : x ≥ 0, x+ y ≤ 2, x ≤ y2} f(x, y) = xy

 c)x ∈ ⟨0; 1⟩
y ∈ ⟨

√
x; 2− x⟩

d)
7

24



274. D = {[x; y] ∈ E2 : y ≥ x2, y ≤ 12− x2} f(x, y) = |x|

 c) −
√
6 ≤ x ≤

√
6

x2 ≤ y ≤ 12− x2

d) 36



275. D ⊂ E2 is bounded by the curves: y =
√
x, y = 2

√
x, x = 1 f(x, y) = 2xy

 c) 0 ≤ x ≤ 1√
x ≤ y ≤ 2

√
x

d) 1



276. D ⊂ E2 is bounded by the curves: y = x, y = 1/x, y = 2 f(x, y) = xy2
c) 1 ≤ y ≤ 2
1/y ≤ x ≤ y

d)
13

5


57
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III.3 Substitution method for the double integral

Let there exist a one-to-one regular mapping of the region B(u, v) ⊂ E2 onto the region D ⊂
E2 defined by the equations x = ϕ1(u, v), y = ϕ2(u, v). Then

�
D

f(x, y) dx dy =

�
B(u,v)

f
(
ϕ1(u, v), ϕ2(u, v)

)
|J | du dv, where J =

∣∣∣∣∣∣∣
∂ϕ1

∂u

∂ϕ1

∂v
∂ϕ2

∂u

∂ϕ2

∂v

∣∣∣∣∣∣∣

Example 277. Decide whether the integral
�

D

arctan
y

x
dx dy exists, where D = {[x; y] ∈ E2 :

x2 + y2 ≤ 1, y ≥ 0, x ≥ 0}. If so, compute it.

Solution :

1

y = (x2 − 1)
1
2

x

y

D1 D

The set D is measurable in E2.
The function f(x, y) = arctan

y

x
is not defined on the set

D∗ = {[x; y] ∈ E2 : x = 0}. The set of discontinuity points
of the function f in D, i.e. D1 = {[x; y] ∈ D : x = 0, y ∈
⟨0; 1⟩} is a set of measure zero in E2.
Furthermore, the function f is bounded on the set D \ D1,
therefore the given integral exists.

Here we use the transformation to polar coordinates.
�

D

arctan
y

x
dx dy =

∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

0 ≤ r ≤ 1
0 ≤ φ ≤ π

2

∣∣∣∣∣∣ =
� π

2

0

(� 1

0

φ · r dr
)
dφ =

=

� π
2

0

φdφ ·
� 1

0

r dr =
[φ2

2

]π
2

0
·
[r2
2

]1
0
=
π2

16
.

• Compute the integrals :

Example 278.
�

D

√
x2 + y2 dx dy, D = {[x; y] ∈ E2 : x

2 + y2 − bx ≤ 0}, b > 0

Solution :

D :
(
x− b

2

)2
+ y2 ≤ b2

4

b0 x

y

�
D

√
x2 + y2 dx dy =

∣∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

x2 + y2 ≤ bx =⇒ r2 ≤ br cosφ

0 ≤ r ≤ b cosφ =⇒ cosφ ≥ 0

−π
2
≤ φ ≤ π

2

∣∣∣∣∣∣∣ =
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=

� π/2

−π/2

(� b cosφ

0

r · r dr
)
dφ =

� π/2

−π/2

[r3
3

]b cosφ
0

dφ =
1

3

� π/2

−π/2

b3 cos3 φdφ =

=
2

3
b3
� π/2

0

cos3 φdφ =
2

3
b3 · 2

3 · 1
· 1 =

4

9
b3.

Example 279.
�

D

ln(1 + x2 + y2) dx dy, D = {[x; y] ∈ E2 : x2 + y2 ≤ a2, x ≤ 0}

Solution :
�

D

ln(1 + x2 + y2) dx dy =

∣∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

0 ≤ r ≤ a
π

2
≤ φ ≤ 3π

2

∣∣∣∣∣∣∣ =
=

� 3π/2

π/2

� a

0

ln(1 + r2) · r dr dφ =

� 3π/2

π/2

dφ ·
� a

0

ln(1 + r2)r dr =

∣∣∣∣ 1 + r2 = t
2r dr = dt

∣∣∣∣ =
= π · 1

2
·
� 1+a2

1

ln t dt =
π

2

[
t ln t− t

]1+a2

1
=
π

2

(
(1 + a2) ln(1 + a2)− a2

)
.

Example 280.*
�

D

x3 dx dy, where D ⊂ E2 is the set bounded by the curves xy = 1, xy = 3,

y =
x2

2
, y = 2x2.

Solution :

xy = 3

xy = 1

y = 2x2 2y = x2

x

y
We use the transformation

{ xy = u
y

x2
= v

D =⇒ D∗, where

D∗ = {[u, v] ∈ E2 : 1 ≤ u ≤ 3,
1

2
≤ v ≤ 2}.

Now we compute x and y in terms of u and v, and also the Jacobian

y =
u

x
, y = vx2,

u

x
= vx2 =⇒ x3 =

u

v
, x = 3

√
u

v
=⇒ y = v

3

√
u2

v2
=

3
√
u2v ;

J =

∣∣∣∣∣∣∣
∂x

∂u

∂y

∂u
∂x

∂v

∂y

∂v

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1

3
u−

2
3v−

1
3 −1

3
u

1
3v−

4
3

2

3
u−

1
3v

1
3

1

3
u

2
3v−

2
3

∣∣∣∣∣∣∣ =
1

9
v−1 +

2

9
v−1 =

1

3v
̸= 0.

Using the substitution theorem we obtain�
D

x3 dx dy =

�
D∗

u

v
· J du dv =

� 2

1/2

(� 3

1

u

v
· 1

3v
du
)
dv =

1

3

� 2

1/2

1

v2
dv ·

� 3

1

u du=

=
1

3

[
−1

v

]2
1
2

·
[u2
2

]3
1
=

1

3
· 3
2
· 4 = 2.
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Example 281.*
�

D

(2x− y) dx dy, D ⊂ E2 is bounded by the lines x+ y = 1, x+ y = 4,

y = x, y = 5x

Solution :

x+ y = 4

x+ y = 1

y = 5x

y = x

x

y
The most convenient substitution is the following
x+ y = u

y

x
= v

}
, D =⇒ D∗, where

D∗ = {[u, v] ∈ E2 : 1 ≤ u ≤ 4, 1 ≤ v ≤ 5}.

Then
x =

u

1 + v

y =
uv

1 + v

 ; J =

∣∣∣∣∣∣∣
1

1 + v

−u
(1 + v)2

v

1 + v

u

(1 + v)2

∣∣∣∣∣∣∣=
u

(1 + v)3
+

uv

(1 + v)3
=

u

(1 + v)2
̸= 0;

�
D

(2x−y) dx dy =

�
D∗

( 2u

1 + v
− uv

1 + v

)
·J du dv =

� 5

1

(� 4

1

( 2u

1 + v
− uv

1 + v

) u

(1 + v)2
du
)
dv =

=

� 4

1

u2 du ·
� 5

1

2− v

(1 + v)3
dv =

[u3
3

]4
1
·
� 5

1

−v + 1− 3

(1 + v)3
dv = 21 ·

� 5

1

(
− 1

(1 + v)2
+

3

(1 + v)3

)
dv =

= 21 ·
[ 1

1 + v
− 3

2(1 + v)2

]5
1
= 21

(1
6
− 3

2 · 36
− 1

2
+

3

2 · 4

)
= 0.

Example 282.
�

D

√
1 + 4x2 + 9y2 dx dy, D = {[x; y] ∈ E2 : 4x

2 + 9y2 ≤ 36, y ≥ 0}

Solution :

2

3

y

0 x

We use the transformation to generalized
polar coordinates (elliptic) :
x = 3r cosφ
y = 2r sinφ

}
, J = 3 · 2 · r, 0 ≤ r ≤ 1, 0 ≤ φ ≤ π.

�
D

√
1 + 4x2 + 9y2 dx dy =

� π

0

(� 1

0

√
1 + 4 · 9r2 cos2 φ+ 9 · 4r2 sin2 φ · 6r dr

)
dφ =

=

� π

0

dφ ·
� 1

0

√
1 + 36r2 · 6r dr = π · 1

12

[
(1 + 36r2)3/2

3
2

]1
0

=
π

18
(37

√
37− 1).

283.
�

D

(x− 2y + 3) dx dy, D = {[x; y] ∈ E2 : x2 + y2 ≤ a2} [3πa2]

284.
�

D

x dx dy, D = {[x; y] ∈ E2 : (x− 2)2 +
(y − 1)2

4
≤ 1}

(Use the coordinates x = 2 + r cosφ, y = 1 + 2r sinφ.) [4π]

285.
�

D

√
x2 + y2 dx dy, D = {[x; y] ∈ E2 : x2 + y2 ≤ 2x}

[32
9

]
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286.
�

D

(x2 + y) dx dy, D = {[x; y] ∈ E2 : xy = 1, xy = 4, y = x, y = 9x}

(Use the coordinates xy = u,
y

x
= v.)

[
J =

1

4v
,
19

3

]

• Compute the integrals
�

D

f(x, y) dx dy , where the set D and the function f(x, y) are given

287. D = {[x; y] ∈ E2 :
x2

9
+
y2

4
≤ 1, x ≥ 0} f(x, y) = xy2

[48
5

]
288. D = {[x; y] ∈ E2 : x2 + 9y2 ≤ 9, x ≥ 0}, f(x, y) = y2

[3π
8

]
289. D = {[x; y] ∈ E2 : x2 + 4y2 ≤ 4, y ≥ 0}, f(x, y) = y

√
x2 + 4y2 [2]

290. D = {[x; y] ∈ E2 : 36x2 + y2 ≤ 9, x ≥ 0, y ≥ 0}, f(x, y) = xy
[ 9

32

]
291. D = {[x; y] ∈ E2 : x2 + y2 ≤ 4x, y ≥ 0}, f(x, y) = xy

[32
3

]
292. D =

{
[x; y] ∈ E2 : x2 + y2 ≤ 4, x ≥ 0

}
, f(x, y) = e−x2−y2 [π(1− e−4)]

III.4 Applications of double integrals

• Determine the area of the plane figure D ⊂ E2 bounded by the given curves :

Example 293. y = x2, x+ 2y = 3, y = 0

Solution :
y

1

3

y = x2

x

x+ 2y = 3

A =

�
D

1 dx dy =

� 1

0

(� 3−2y

√
y

1 dx
)
dy =

� 1

0

[
x
]3−2y

√
y
dy =

=

� 1

0

(
3− 2y −√

y
)
dy =

[
3y − y2 −

2y
√
y

3

]1
0
=

4

3
.

Example 294. xy = 1, xy = 4, y = x, x = 8

Solution :

y
y = 4

x

y = 1
x

2

21

y = x

x

x = 8

A =

�
D

1 dx dy =

� 2

1

(� x

1
x

1 dy
)
dx+

� 8

2

( � 4
x

1
x

1 dy
)
dx =

=

� 2

1

(
x− 1

x

)
dx+

� 8

2

(4
x
− 1

x

)
dx =

[x2
2

− ln |x|
]2
1
+

+3
[
ln |x|

]8
2
= 2− ln 2− 1

2
+ 3(ln 8− ln 2) =

3

2
+ ln

83

2 · 23
=

=
3

2
+ ln 32.
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Example 295. Determine the area of the plane figure bounded by the x-axis and one arc
of the cycloid with parametric equations x = a(t− sin t), y = a(1− cos t).

Solution :

y

x

2πa

y = φ(x) One arc of the cycloid is traced out by a point of a
circle rolling along the line y = 0, i.e. t ∈ ⟨0; 2π⟩.

A =

�
D

1 dx dy =

∣∣∣∣ 0 ≤ x ≤ 2πa
0 ≤ y ≤ φ(x)

∣∣∣∣ = � 2πa

0

(� φ(x)

0

1 dy
)
dx =

� 2πa

0

φ(x) dx =

=

∣∣∣∣∣∣∣
substitution :
x = x(t) = a(t− sin t) ⇒ dx = a(1− cos t) dt
y = y(t) = a(1− cos t)
x ∈ ⟨0; 2πa⟩ ⇒ t ∈ ⟨0; 2π⟩

∣∣∣∣∣∣∣ =
� 2π

0

a(1− cos t) · a(1− cos t) dt =

= a2
� 2π

0

(1− cos t)2 dt = a2
� 2π

0

(
1− 2 cos t+ cos2 t

)
dt = a2

[
t− 2 sin t

]2π
0
+

+ a2
� 2π

0

1 + cos 2t

2
dt = a2 · 2π +

a2

2

[
t+

sin 2t

2

]2π
0

= 2πa2 + a2π = 3πa2.

Example 296. Determine the area of the plane figure D bounded by the astroid
x2/3 + y2/3 = a2/3.

Solution :
y

x

a

A =

�
D

1 dx dy

We use the transformation to the coordinates:
x = r cos3 φ
y = r sin3 φ(
r cos3 φ

)2/3
+
(
r sin3 φ

)2/3
= a2/3 =⇒ r2/3 = a2/3 =⇒

∣∣∣∣ 0 ≤ r ≤ a
0 ≤ φ ≤ 2π

∣∣∣∣ , J =

∣∣∣∣ cos3 φ −3r cos2 φ sinφ
sin3 φ 3r sin2 φ cosφ

∣∣∣∣ = 3r sin2 φ cos4 φ+ 3r sin4 φ cos2 φ =

= 3r sin2 φ cos2 φ.

A =

�
D

1 dx dy =

� 2π

0

(� a

0

3r sin2 φ cos2 φdr
)
dφ = 4

� π
2

0

sin2 φ cos2 φdφ · 3
� a

0

r dr =

= 4

� π
2

0

sin2 2φ

4
dφ · 3

[r2
2

]a
0
=

� π
2

0

1− cos 4φ

2
dφ · 3

2
a2 =

3

4
a2
[
φ− sin 4φ

4

]π
2

0
=

=
3

4
a2 · π

2
=

3

8
πa2.
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• Determine the area of the plane figure bounded by the closed curve :

Example 297.
(
x2 + y2

)2
= a2(x2 − y2) (Bernoulli’s lemniscate)

Solution :

y

x
a

A =

�
D

1 dx dy =

∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

∣∣∣∣∣∣ .

After substitution into the equation we obtain successively: r4 = a2r2(cos2 φ − sin2 φ), r2 =
a2 cos 2φ,

0 ≤ r ≤ a
√
cos 2φ =⇒ cos 2φ ≥ 0, φ ∈ ⟨−π

4
,
π

4
⟩ ∪ ⟨3π

4
,
5π

4
⟩.

A =

�
D

1 dx dy = 4

� π
4

0

( � a
√
cos 2φ

0

r dr
)
dφ = 4

� π
4

0

[r2
2

]a√cos 2φ

0
dφ = 2

� π
4

0

a2 cos 2φdφ =

= 2a2
[sin 2φ

2

]π
4

0
= a2.

Example 298.*
(
x2 + 9y2

)2
= x2y

Solution : A =

�
D

1 dx dy =

∣∣∣∣∣∣∣
x = r cosφ

y =
r

3
sinφ

J =
1

3
r

∣∣∣∣∣∣∣
r4 = r2 cos2 φ · r

3
sinφ

0 ≤ r ≤ 1

3
cos2 φ sinφ

cos2 φ sinφ ≥ 0 ⇒ 0 ≤ φ ≤ π

A =

�
D

1 dx dy =

� π

0

( � 1
3
cos2 φ sinφ

0

1

3
r dr

)
dφ =

1

3

� π

0

[r2
2

] 1
3
cos2 φ sinφ

0
dφ =

=
1

6

� π

0

1

9
cos4 φ sin2 φdφ =

1

54
· 2 ·

� π
2

0

cos4 φ (1− cos2 φ) dφ =

=
1

27

� π
2

0

(cos4 φ− cos6 φ) dφ = (Wallis formula) =
1

27

(3 · 1
4 · 2

· π
2
− 5 · 3 · 1

6 · 4 · 2
· π
2

)
=

π

864
.

Example 299.* (x3 + y3) = 3axy (Descartes’ folium)

Solution :
y

x−a
−a

A =

�
D

1 dx dy =

∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

0 ≤ r ≤ r(φ)
φ1 ≤ φ ≤ φ2

∣∣∣∣∣∣ =
=

� φ2

φ1

(� r(φ)

0

r dr
)
dφ =

1

2

� φ2

φ1

r2(φ) dφ.

Now we determine r(φ) and substitute it into the last integral.

x3 + y3 = 3axy =⇒ r3 cos3 φ+ r3 sin3 φ = 3ar2 cosφ sinφ, hence
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r(φ) =
3a cosφ sinφ

cos3 φ+ sin3 φ
, 0 ≤ φ ≤ π

2
, r(0) = r(

π

2
) = 0.

A =
1

2

� π
2

0

( 3a cosφ sinφ

cos3 φ+ sin3 φ

)2
dφ =

9a2

2

� π
2

0

cos2 φ sin2 φ(
cos3 φ+ sin3 φ

)2dφ =

(we divide the numerator and denominator by cos6 φ )

=
9 a2

2

� π
2

0

tan2 φ(
tan3 φ+ 1

)2 · dφ

cos2 φ
=

∣∣∣∣∣ tan φ = u
1

cos2 φ
dφ = du

∣∣∣∣∣ = 9 a2

2 · 3

� ∞

0

3u2

(u3 + 1)2
du =

=
3

2
a2 lim

C→+∞

� C

0

3u2

(u3 + 1)2
du =

3 a2

2
lim

C→+∞

[ −1

u3 + 1

]C
0
=

3 a2

2
lim

C→+∞

( −1

C3 + 1
+ 1
)
=

=
3 a2

2
.

Example 300. Determine the area of the plane figure bounded by the curves
x2 + y2 + x = 0, x2 + y2 + 4x = 0, y = x, y = 0.

Solution :

x2 + y2 + x = 0 =⇒
(
x+

1

2

)2
+ y2 =

1

4
x2 + y2 + 4x = 0 =⇒ (x+ 2)2 + y2 = 4

y

x

−4 −1

A =

�
D

1 dx dy =

∣∣∣∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

x2 + y2 + x = 0 =⇒ r = − cosφ
x2 + y2 + 4x = 0 =⇒ r = −4 cosφ

− cosφ ≤ r ≤ −4 cosφ

π ≤ φ ≤ 5

4
π

∣∣∣∣∣∣∣∣∣ =
=

� 5
4
π

π

( � −4 cosφ

− cosφ

r dr
)
dφ =

1

2

� 5
4
π

π

[
r2
]−4 cosφ

− cosφ
dφ =

1

2

� 5
4
π

π

(
16 cos2 φ− cos2 φ

)
dφ =

=
15

2

� 5
4
π

π

cos2 φdφ =
15

2

� 5
4
π

π

1 + cos 2φ

2
dφ =

15

4

[
φ+

sin 2φ

2

] 5
4
π

π
=

=
15

4

(5
4
π +

sin 5
2
π

2
− π − sin 2π

2

)
=

15

4

(π
4
+

1

2

)
=

15(π + 2)

16
.

Example 301. A parabolic segment with a chord perpendicular to the axis is given. The length
of the chord is a, the height of the segment is h, and the surface density is ϱ = 1.
Determine:
a) the moment of inertia of the segment with respect to the chord,
b) the center of mass of the segment.

Solution :

x

y

a
2

h

0

The analytic equation of this parabola is y − h = px2.

If we use the point
[a
2
; 0
]
, then −h = p

a2

4
=⇒ p =

−4h

a2
=⇒

y = h− 4h

a2
x2.
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a) The moment of inertia with respect to the chord is now the moment of inertia with respect to
the x-axis.

Jx =

�
D

y2 dx dy =

∣∣∣∣∣∣ D : 0 ≤ y ≤ h− 4h

a2
x2

−a
2
≤ x ≤ a

2

∣∣∣∣∣∣ =
� a

2

−a
2

( � h− 4h
a2

x2

0

y2 dy
)
dx =

=
1

3

� a
2

−a
2

[
y3
]h− 4h

a2
x2

0
dx =

1

3

� a
2

−a
2

(
h− 4h

a2
x2
)3
dx =

h3

3

� a
2

−a
2

(
1− 4x2

a2

)3
dx =

=
2h3

3

� a
2

0

(
1− 12x2

a2
+

48x4

a4
− 64x6

a6
) dx =

2h3

3

[
x− 4x3

a2
+

48x5

5a4
− 64x7

7a6

]a
2

0
=

=
2h3

3

(a
2
− a

2
+

3a

10
− a

14

)
=
h3a

3

(3
5
− 1

7

)
=

16h3a

105
.

b) T =
[
0; yT

]
, yT =

mx

m

m =

�
D

dx dy =

� a
2

−a
2

(� h− 4h
a2

x2

0

dy
)
dx = 2

� a
2

0

(
h− 4h

a2
x2
)
dx =

= 2

� a
2

−a
2

(
1− 4x2

a2

)
dx = 2h

[
x− 4x3

3a2

]a
2

0
= 2h

(a
2
− a

6

)
=

2

3
ha,

mx =

�
D

y dx dy =

� a
2

−a
2

( � h− 4h
a2

x2

0

y dy
)
dx = · · · = 2

5
h2a,

yT =
2
5
h2a

2
3
ha

=
3

5
h,

[
T =

[
0;

3

5
h
]]

.

Example 302. Determine the center of mass of a planar lamina bounded by the curves x2 + y2 −
2x = 0, x2 + y2 − 4x = 0, if the surface density is ϱ = 10.

Solution :
x2 + y2 − 2x = 0 =⇒ (x− 1)2 + y2 = 1
x2 + y2 − 4x = 0 =⇒ (x− 2)2 + y2 = 4

T =
[
xT ; 0

]
, xT =

my

m
, m = ϱ · P

m = 10 ·A = 10
(
π · 22 − π · 12

)
= 30π,

where A = is the area of the given lamina

x

y

42

my =

�
D

x ϱ dx dy =

�
D

10x dx dy =

∣∣∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

x2 + y2 ≥ 2x =⇒ r ≥ 2 cosφ
x2 + y2 ≤ 4x =⇒ r ≤ 4 cosφ

2 cosφ ≤ r ≤ 4 cosφ

−π
2
≤ φ ≤ π

2

∣∣∣∣∣∣∣∣ =
= 10

� π
2

−π
2

(� 4 cosφ

2 cosφ

r2 cosφdr
)
dφ = 10

� π
2

−π
2

cosφ ·
[r3
3

]4 cosφ
2 cosφ

dφ =
10

3

� π
2

−π
2

56 cos4 φdφ =

=
20

3
· 56
� π

2

0

cos4 φdφ =
1120

3
· 3 · 1
4 · 2

· π
2
= 70π,
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xT =
70π

30π
,

[
T =

[7
3
; 0
]]

.

Example 303. Determine the coordinates of the center of mass of a circular sector (see figure), if ϱ =
const.

Solution :

x

y

aα

α

T =
[
xT ; 0

]
, m =

πa2

2π
· 2αϱ = a2αϱ,

my =

�
D

xϱ dx dy =

=

∣∣∣∣∣∣
x = r cosφ
y = r sinφ
J = r

0 ≤ r ≤ a
−α ≤ φ ≤ α

∣∣∣∣∣∣ = ϱ

� α

−α

(� a

0

r2 cosφdr
)
dφ = ϱ

[r3
3

]a
0
·
[
sinφ

]α
−α

=

=
2

3
ϱ a3 sinα, xT =

2

3
· a sinα

α

[
T =

[
2

3
· a sinα

α
; 0

]]

Example 304. Determine the moment of inertia with respect to the origin of the coordinate system
of a homogeneous planar lamina with surface density ϱ = k bounded by the curves
x2 + y2 = 1, x2 + y2 = 4.

Solution :

x

y

21

J0 = k

�
D

(x2 + y2) ϱ(x, y) dx dy =

�
D

(x2 + y2) dx dy =

=(polar coordinates) =k
� 2π

0

� 2

1

r3 dr dφ =
15

2
kπ.

Example 305. Determine the position of the center of mass of the figure bounded by the cardioid
r = a(1 + cosφ), φ ∈ ⟨0; 2π⟩, a > 0, ϱ = 1.

Solution :

x

y

a
r = a(1 + cosφ)

T =
[
xT ; 0

]
, xT =

my

m

m =

�
D

ϱ dx dy =

� φ2

φ1

(� r(φ)

0

1 · r dr
)
dφ =

=

� 2π

0

( � a(1+cosφ)

0

r dr
)
dφ =

1

2

� 2π

0

[
r2
]a(1+cosφ)

0
dφ =

=
1

2
a2
� 2π

0

(1 + cosφ)2 dφ =
1

2
a2
� 2π

0

(1 + 2 cosφ+ cos2 φ) dφ =

=
1

2
a2
[
φ+ 2 sinφ

]2π
0

+
1

2
a2
� 2π

0

1 + cos 2φ

2
dφ = a2π + a2

π

2
=

3

2
a2π,
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my =

�
D

x dx dy =
[
polar coordinates

]
=

� 2π

0

(� a(1+cosφ)

0

r2 cosφdr
)
dφ =

=
1

3

� 2π

0

cosφ · a3(1 + cosφ)3 dφ =
a3

3

� 2π

0

(
cosφ+ 3 cos2 φ+ 3 cos3 φ+ cos4 φ

)
dφ =

=
5

4
a3π, xT =

5 a

6
,

[
T =

[
5

6
a; 0

]]

• A bounded set D ⊂ E2 and a function f(x, y) are given.
a) Sketch the set D.
b) Verify that the assumptions for applying Fubini’s theorem are satisfied.
c) Give at least two examples of possible physical meanings of the given integral.

State whether it represents mass (for what density), a static moment, or
a moment of inertia (for what density and with respect to which point or line).

d) Compute
�

D
f(x, y) dx dy.

306. D is bounded by the curves: x = 1, x = y2 + 2, y = 0, y = 2, f(x, y) = y/
√
x

 c)m for ϱ = y/
√
x

mx for ϱ = 1/
√
x

d) 4
√
6− 4− 4

3

√
2



307. D is bounded by the curves: y = x2, y =
√
x, f(x, y) = x,

 c)m for ϱ = x
my for ϱ = 1

d)
3

20



308. D is bounded by the curves: x = y2, x− y − 2 = 0, f(x, y) = y2 
c)m for ϱ = y2

mx for ϱ = y
Jx for ϱ = 1

d)
29

60



309. D = {[x; y] ∈ E2 : x ≥ 0, y ≤ x+ 2, y ≥ x2}, f(x, y) = 2x(y + 1)

 c)m for ϱ = 2x(y + 1)
my for ϱ = 2(y + 1)

d)
52

3


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310. D is bounded by the curves: y = 2x, y = 2/x, x = 2, f(x, y) = x2 y
c)m for ϱ = x2 y
mx for ϱ = x2

my for ϱ = xy
Jy for ϱ = y

d)
62

5
− 3


311. D is bounded by the curves: y = x, y = 1/x, x = 3, f(x, y) =

√
x

 c)m for ϱ =
√
x

d)
8(1 +

√
3)

5



312. D = {[x; y] ∈ E2 : x2 + y2 ≤ 4, x ≥ 0, y ≥ 0}, f(x, y) = xy 
c)m for ϱ = xy
mx for ϱ = x
my for ϱ = y

d) 2



• Determine the area P of the plane figure D ⊂ E2 bounded by the given curves:

313. x = y2, 8x = y2, y = 5
[875
24

]
314. y = x2, x− y + 2 = 0, x = 0, x = 1

[13
6

]
315. x = y2, xy = 1, x = 4y, (xy ≥ 1)

[21
2

− ln 2
]

316.
(
4x2 +

y2

9

)2
= xy

[9
8

]
317. y = ln x, x− y = 1, y = −1

[1
2
− 1

e

]
318. y =

x2

4
, y =

8

4 + x2

[
2
(
π − 2

3

)]

• Determine the mass m of the plane lamina bounded by the curves:

319. y = x2, x− y + 2 = 0, if the density is ϱ(x, y) = xy
[45
8

]
320. x2 + y2 = 2ax, if ϱ(x, y) =

√
x2 + y2, a > 0

[32
9
a3
]

321. x = y2, xy = 1, x = 4, if ϱ(x, y) = 2x
[94
5

]
322. x2 + y2 = 1, y = 0, (y ≥ 0), if ϱ(x, y) = y

[2
3

]
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323. x2 + y2 − 2x = 0, x2 + y2 − 4x = 0, y = x, y = 0, if the density ϱ(x, y) at any

point equals the distance of this point from the origin of the coordinate system.
[70√2

9

]
• Determine the mass m of the plane lamina D for the given surface density ϱ(x, y).

324. D = {[x; y] ∈ E2 : y ≤ x+ 2, y ≥ x2, x ≥ 0}, ϱ(x, y) = xy [6]

325. D = {[x; y] ∈ E2 : x ≤ 4, x ≥ y2, y ≥ 1/x}, ϱ(x, y) = 2x
[94
5

]
326. D = {[x; y] ∈ E2 : x2 + y2 ≤ 1, x+ y ≥ 1}, ϱ(x, y) = y

[1
6

]

• Determine the center of mass T of the plane lamina bounded by the curves:

327. y = 2x− 3x2, y = −x, if ϱ(x, y) = 1
[
T =

[1
2
;−1

5

]]
328. y = sin x, y = 0, x ∈ ⟨0; π⟩, if ϱ(x, y) = 1

[
T =

[π
2
;
π

8

]]
329. y2 = 4x+ 4, y2 = −2x+ 4, if ϱ(x, y) = 1

[
T =

[2
5
; 0
]]

330. x
2
3 + y

2
3 = a

2
3 , x ≥ 0, y ≥ 0, if ϱ(x, y) = 1 (this is one quarter of an asteroid lying in the first

quadrant, use the coordinates x = r cos3 φ, y = r sin3 φ)
[
xT = yT =

256a

315π

]

• Determine the moment of inertia:

331. of a circle of radius a with respect to its tangent, ϱ(x, y) = 1,
[5
4
πa4
]

332. of the region bounded by the ellipse 4x2 + y2 ≤ 1 with respect to the y-axis, ϱ(x, y) = y,
[ 1

30

]
333. of a quarter-circle of radius a with respect to its axis of symmetry, ϱ(x, y) = 1,

(Choose the position so that the x-axis is the axis of symmetry.)
[a4(π − 2)

16

]
334. of a square of side length a with respect to its vertex, ϱ(x, y) = 1,

[2
3
a4
]

335. of the part of the annulus x2 + y2 = 1, x2 + y2 = 4, bounded by the lines y = x, y = 0

in the first quadrant, with density ϱ(x, y) = k, (k > 0), with respect to the center of the annulus.[15kπ
16

]
• A bounded set D ⊂ E2 and a function f(x, y) are given.

a) Sketch the solid whose volume is equal to the value of the computed integral.
b) Sketch the projection of the solid onto the plane z = 0.
c) State the name of the surface z = f(x, y).
d) Compute

�
D
f(x, y) dx dy.
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336. D is bounded by the curves: y = x, y = 2x, x = 2, f(x, y) = x+ y

yx

z

x

y
[
c) plane

d)
20

3

]

337. D = {[x; y] ∈ E2 : x+ y ≤ 1, x+ 1 ≥ y ≥ 0}, f(x, y) = x2 + y2

y

x

z

x

y

[
c) surface of revolution paraboloid

d)
1

3

]

338. D = {[x; y] ∈ E2 : y2 − x2 ≤ 1, 0 ≤ x ≤ 2, y ≥ 0}, f(x, y) = y

y
x

z

x

y
[
c) plane

d)
7

3

]

339. D = {[x; y] ∈ E2 : y ≥ 0, y ≤ 2− x, x ≥ y2}, f(x, y) = y2

y
x

z

x

y [
c) cylindrical surface

d)
13

60

]

340. D = {[x; y] ∈ E2 : x ≥ 0, x+ y ≤ 2, x ≤ y2}, f(x, y) = xy

x

y

z

x

y [
c) hyperbolic paraboloid

d)
7

24

]

341. D = {[x; y] ∈ E2 : x2 + y2 ≤ 9, y ≥ 0}, f(x, y) =
√
9− x2 − y2

y

x

z

x

y [
c) spherical surface
d) 9π

]
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III.5 Fubini’s theorem for the triple integral

• Compute triple integrals over the given sets Ω ⊂ E3 :

Example 342. I =

�
Ω

(x2 + y2) dx dy dz;

Ω = {[x; y; z] ∈ E3 : 0 ≤ z ≤ x+ y, 0 ≤ y ≤ 3, 0 ≤ x ≤ 2}

Solution :

2

3
x

y

z

2

3

z

x

y
2

3

x

y

I =

� 2

0

(� 3

0

(� x+y

0

(x2 + y2) dz
)
dy
)
dx =

� 2

0

(� 3

0

(x2 + y2)
[
z
]x+y

0
dy
)
dx =

=

� 2

0

(� 3

0

(x2 + y2)(x+ y) dy
)
dx =

� 2

0

(� 3

0

(x3 + x2y + xy2 + y3) dy
)
dx =

=

� 2

0

[
x3y +

x2y2

2
+
xy3

3
+
y4

4

]3
0
dx =

� 2

0

(
3x3 +

9

2
x2 + 9x+

81

4

)
dx =

=
[3
4
x4 +

3

2
x3 +

9

2
x2 +

81

4
x
]2
0
=

165

2
.

Example 343. I =

�
Ω

x

y
(z + 1)2 dx dy dz;

Ω = {[x; y; z] ∈ E3 : 0 ≤ x ≤ 1, 1 ≤ y ≤ e2, 0 ≤ z ≤ 2}

Solution :

I =

� 1

0

x dx ·
� e2

1

1

y
dy ·

� 2

0

(z + 1)2 dx =
[x2
2

]1
0
·
[
ln |y|

]e2
1
·
[(z + 1)3

3

]2
0
=

=
1

2
· 2 · (9− 1

3
) =

26

3
.

NOTE: If the function is of the form f(x, y, z) = g1(x) · g2(y) · g3(z) and the set D is a box
D = ⟨a; b⟩ × ⟨c; d⟩ × ⟨r; s⟩, then�

D

f(x, y, z) dx dy dz =

� b

a

g1(x) dx ·
� d

c

g2(y) dy ·
� s

r

g3(z) dz.

Example 344.* I =

�
Ω

z3y sinx dx dy dz;

Ω =
{
[x; y; z] ∈ E3 : 0 ≤ z ≤ sin x, 0 ≤ y ≤ sin2 x, 0 ≤ x ≤ π

2

}
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Solution :

I =

� π/2

0

(� sin2 x

0

(� sinx

0

y sinx · z3 dz
)
dy
)
dx =

� π/2

0

(� sin2 x

0

y sinx ·
[z4
4

]sinx

0
dy
)
dx =

=
1

4

� π/2

0

(� sin2 x

0

y sin5 x dy
)
dx =

1

4

� π/2

0

sin5 x ·
[y2
2

]sin2 x
0

dx =
1

8

� π/2

0

sin9 x dx =

(according to Wallis’ formula, see Ex. 21 ) =
1

8
· 8 · 6 · 4 · 2
9 · 7 · 5 · 3

· 1 =
16

315
.

Example 345. Compute I =

�
Ω

dx dy dz

(1 + 3z)3
, where Ω is the tetrahedron bounded by the planes

x+ 2y + 3z = 6, x = 0, y = 0, z = 0.

Solution : Write the general equation of the plane in intercept form:
x

6
+
y

3
+
z

2
= 1

6

2

3

x

y

z

6

x+ 2y = 6
3

x

y 0 ≤ z ≤ 6− x− 2y

3

0 ≤ y ≤ 6− x

2
0 ≤ x ≤ 6

I =

� 6

0

(� 6−x
2

0

(� 6−x−2y
3

0

1

(1 + 3z)3
dz
)
dy
)
dx =

1

3

� 6

0

(� 6−x
2

0

[ −1

2(1 + 3y)2

] 6−x−2y
3

0
dy
)
dx =

=
1

3

� 6

0

(� 6−x
2

0

( −1

2(7− x− 2y)2
+

1

2

)
dy
)
dx =

1

6

� 6

0

(� 6−x
2

0

(
1− 1

(7− x− 2y)2

)
dy
)
dx =

=
1

6

� 6

0

[
y − 1

2(7− x− 2y)

] 6−x
2

0
dx =

1

6

� 6

0

(6− x

2
− 1

2
+

1

2(7− x)

)
dx =

=
1

12

� 6

0

(
5− x− 1

x− 7

)
dx =

1

12

[
5x− x2

2
− ln |x− 7|

]6
0
=

12 + ln 7

12
= 1 +

ln 7

12
.

Example 346. Compute I =

�
Ω

y · cos(x+ z) dx dy dz, where the set Ω is bounded by the

surfaces y =
√
x, y = 0, z = 0, x+ z =

π

2
.

Solution :

π

2

π

2

z

y
x

x =
π

2

x = y2

x

y 0 ≤ z ≤ π

2
− x

0 ≤ y ≤
√
x

0 ≤ x ≤ π

2

I =

� π/2

0

(� √
x

0

(� π
2
−x

0

y · cos(x+ z) dz
)
dy
)
dx =

� π/2

0

(� √
x

0

y
[
sin(x+ z)

]π
2
−x

0
dy
)
dx =
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=
� π/2

0

(� √
x

0

y
(
sin

π

2
− sin x

)
dy
)
dx =

� π/2

0

(� √
x

0

y(1− sin x) dy
)
dx =

=
� π/2

0

(1− sin x) ·
[y2
2

]√x

0
dx =

1

2

� π/2

0

(1− sin x)x dx =
1

2

[x2
2

]π/2
0

− 1

2

� π/2

0

x sinx dx =

=

∣∣∣∣ u = x, v′ = sinx
u′ = 1, v = − cosx

∣∣∣∣ = π2

16
− 1

2

[
−x cosx+ sinx

]π/2
0

=
π2

16
− 1

2
.

• Compute integrals over the sets Ω bounded by the given surfaces:

347.
�

Ω

(x+ y + z) dx dy dz, Ω : x = 1, y = 0, y = x, z = 0, z =
√
2

[1 +√
2

2

]
348.

�
Ω

x dx dy dz, Ω : x = 0, y = 0, z = 0, z = xy, x+ y = 1
[ 1

60

]
349.

�
Ω

x2yz3 dx dy dz, Ω : z = xy, y = x, y = 1, z = 0
[ 1

364

]
350.

�
Ω

(x+ y) dx dy dz, Ω : x = 0, y = 0, z = 0, x = a, y = a, z = a2 − x2 − y2 [a5
6

]
351.

�
Ω

xz dx dy dz, Ω : x = 0, y = 0, z = 0, x+ y = 1, z = x2 + y2 + 1
[ 7

120

]

III.6 Substitution method for the triple integral

• Compute the integrals by substituting into cylindrical coordinates:

x = r cosφ
y = r sinφ
z = w


r > 0 ; 0 ≤ φ < 2π ;

x2 + y2 = r2

J =

∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂r

∂x

∂φ

∂x

∂w
∂y

∂r

∂y

∂φ

∂y

∂w
∂z

∂r

∂z

∂φ

∂z

∂w

∣∣∣∣∣∣∣∣∣∣∣∣
= r

Example 352.
�

Ω

(x2 + y2) dx dy dz,

Ω = {[x; y; z] ∈ E3 : x
2 + y2 ≤ az, z ≤ a, (a > 0)}

Solution :

x

z

a

y

Ω is the part of the interior of the surface of revolution
paraboloid:

x2 + y2 ≤ az =⇒ r2 ≤ aw =⇒ r2

a
≤ w ≤ a,

z = a : x2 + y2 = a2 =⇒ r2 = a2,

0 ≤ r ≤ a, 0 ≤ φ ≤ 2π.
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�
Ω

(x2 + y2) dx dy dz =

� 2π

0

(� a

0

( � a

r2

a

r2r dw
)
dr
)
dφ =

� 2π

0

(� a

0

r3
[
w
]a

r2

a

dr
)
dφ =

=

� 2π

0

1 dφ ·
� a

0

r3
(
a− r2

a

)
dr = 2π

[
a
r4

4
− r6

6a

]a
0
= 2π

(a5
4

− a5

6

)
=

2π · a5

12
=
πa5

6
.

In this example we could also proceed without using cylindrical coordinates. We could

express z directly:
x2 + y2

a
≤ z ≤ a and then take into account the projection of the solid

onto the (xy) plane, which is the cross-section of the solid by the plane z = a i.e. x2 + y2 ≤ a2

and use polar coordinates for the double integral. Thus
�

Ω

(x2 + y2) dx dy dz =

�

x2+y2≤a

(� a

x2+y2

a

(x2 + y2) dz
)
dx dy =

=

�

x2+y2≤a

(x2 + y2)
[
z
]a

x2+y2

a

dx dy =

�

x2+y2≤a

(x2 + y2)
(
a− x2 + y2

a

)
dx dy =

=

∣∣∣∣∣∣
x = r cosφ 0 ≤ r ≤ a
y = r sinφ | 0 ≤ φ ≤ 2π
J = r

∣∣∣∣∣∣ =
� 2π

0

� a

0

r2(a− r2

a
) r dr dφ =

πa5

6
.

Example 353.
�

Ω

√
x2 + y2 dx dy dz,

Ω = {[x; y; z] ∈ E3 :
√
x2 + y2 ≤ z ≤ 6− x2 − y2}

Solution :

x

z

y

6

z =
√
x2 + y2 is the equation of a circular cone with vertex

at the origin;
z = 6− x2 − y2 is the equation of a paraboloid of revolution.
Both surfaces have the same axis of rotation, namely the z-axis,
and therefore they intersect
in a circle, whose radius is obtained from the system:{
z2 = x2 + y2,
z = 6− x2 − y2.

Hence z = 6− z2, z2 + z − 6 = 0,

(z − 2)(z + 3) = 0. The relevant solution for this problem is
z = 2 =⇒ x2 + y2 = 4.

We use cylindrical coordinates and determine the corresponding bounds:

{
r ≤ w ≤ 6− r2

0 ≤ r ≤ 2
0 ≤ φ ≤ 2π�

Ω

√
x2 + y2 dx dy dz =

� 2π

0

(� 2

0

(� 6−r2

r

r·r dw
)
dr
)
dφ =

=

� 2π

0

(� 2

0

r2(6− r2 − r) dr
)
dφ = 2π ·

[6r3
3

− r5

5
− r4

4

]2
0
= 2π

(
16− 32

5
− 4
)
=

56π

5
.
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• Compute the integrals by substituting into spherical coordinates:

x = r cosφ cosϑ
y = r sinφ cosϑ
z = r sinϑ


r > 0 ; 0 ≤ φ < 2π ; −π

2
< ϑ <

π

2
;

x2 + y2 + z2 = r2 ;

J =

∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂r

∂x

∂φ

∂x

∂ϑ
∂y

∂r

∂y

∂φ

∂y

∂ϑ
∂z

∂r

∂z

∂φ

∂z

∂ϑ

∣∣∣∣∣∣∣∣∣∣∣∣
= r2 cosϑ

Example 354.
�

Ω

√
x2 + y2 + z2 dx dy dz,

Ω = {[x; y; z] ∈ E3 : x
2 + y2 + z2 ≤ 9, x ≥ 0, y ≤ 0}

Solution :

3

x

y

z

3

z

x

y

3
x

y

�
Ω

√
x2 + y2 + z2 dx dy dz =

∣∣∣∣∣∣∣∣
0 ≤ r ≤ 3

3π

2
≤ φ ≤ 2π

−π
2
≤ ϑ ≤ π

2

∣∣∣∣∣∣∣∣ =
=

� π/2

−π/2

(� 2π

3π/2

(� 3

0

r · r2 cosϑ dr
)
dφ
)
dϑ =

� π/2

−π/2

cosϑ dϑ ·
� 2π

3π/2

1 dφ ·
� 3

0

r3 dr =

= 2 · π
2
· 81
4

=
81

4
π.

Example 355.
�

Ω

(x2 + y2) dx dy dz,

Ω = {[x; y; z] ∈ E3 : 1 ≤ x2 + y2 + z2 ≤ 9, y ≥ 0, z ≤ 0}
Solution :

z

y

x
0

3

x

y

�
Ω

(x2 + y2) dx dy dz =

=

∣∣∣∣∣∣∣
1 ≤ r ≤ 3 x2 + y2 = r2 cos2 ϑ

0 ≤ φ ≤ π | dx dy dz = J dr dφ dϑ

−π
2
≤ ϑ ≤ 0 J = r2 cosϑ

∣∣∣∣∣∣∣ =

=

� 0

−π/2

(� π

0

(� 3

1

r2 cos2 ϑ · r2 cosϑ dr
)
dφ
)
dϑ =

� 0

−π/2

cos3 ϑ dϑ ·
� π

0

1dφ ·
� 3

1

r4 dr =

=

� π/2

0

cos3 ϑ dϑ · π ·
[r5
5

]3
1
=

2

3
· π · 242

5
=

484

15
π.
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Example 356.
�

Ω

xy dx dy dz,

Ω =

{
[x; y; z] ∈ E3 :

x2

4
+
y2

9
+
z2

4
≤ 1, x ≤ 0, y ≥ 0, z ≥ 0

}
Solution : We use generalized spherical coordinates.

z

y

x 0−2

3

x

y

�
Ω

xy dx dy dz =

=

∣∣∣∣∣∣∣∣∣∣∣∣
x = 2r cosφ cosϑ
y = 3r sinφ cosϑ
z = 2r sinϑ
J = 12r2 cosϑ

∣∣∣
0 ≤ r ≤ 1
π

2
≤ φ ≤ π

0 ≤ ϑ ≤ π

2

∣∣∣∣∣∣∣∣∣∣∣∣
=

=

� π
2

0

( � π

π
2

(� 1

0

6r2 sinφ cosφ cos2 ϑ · 12r2 cosϑ dr
)
dφ
)
dϑ =

= 72 ·
[r5
5

]1
0
·
[sin2 φ

2

]π
π
2

·
[2
3
· 1
]
= −24

5
.

Example 357. Compute the integral
�

Ω

z3 dx dy dz,

Ω = {[x; y; z] ∈ E3 : x ≤ 0, y ≥ 0, z ≥ 0,
x2

a2
+
y2

b2
+
z2

c2
≤ 1}

Solution : We use generalized spherical coordinates:

x = ar cosφ cosϑ
y = br sinφ cosϑ
z = cr sinϑ

 J = abcr2 cosϑ,

0 ≤ r ≤ 1
π

2
≤ φ ≤ π

0 ≤ ϑ ≤ π

2�
Ω

z3 dx dy dz =

� π
2

0

(� π

π
2

( � 1

0

c3r3 sin3 ϑ · abcr2 cosϑ dr
)
dφ
)
d ϑ =

=

� π
2

0

sin3 ϑ cosϑ dϑ ·
� π

π
2

dφ ·
� 1

0

r5 dr = abc4
[sin4 ϑ

4

]π
2

0
· π
2
·
[r6
6

]1
0
=
abc4π

48
.

• Compute the integrals:

358.
�

Ω

1√
x2 + y2 + z2 − 4

dx dy dz,

Ω = {[x; y; z] ∈ E3 : x
2 + y2 + z2 ≤ 1, y ≥ 0, z ≤ 0}

[
π
(9
2
+ 16 ln 3

)]
359.

�
Ω

x2y dx dy dz, Ω = {[x; y; z] ∈ E3 : z ≤ 4− x2 − y2, y ≥ 0, z ≥ 0}
[512
105

]
360.

�
Ω

(y2 + z2) dx dy dz, Ω = {[x; y; z] ∈ E3 : 4x
2 + y2 + z2

9
≤ 1} [4π]

361.
�

Ω

√
x2 + y2 + z2 + 2√
x2 + y2 + z2

dx dy dz,
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Ω = {[x; y; z] ∈ E3 : 1 ≤ x2 + y2 + z2 ≤ 2, x ≤ 0, y ≤ 0, z ≥ 0}
[
π(8− 3

√
3)

6

]

362.
�

Ω

(x2 + y2 + z2) dx dy dz,

Ω = {[x; y; z] ∈ E3 : x
2 − 2x+ y2 ≤ 0, −1 ≤ z ≤ 1}

[11
3
π
]

363.
�

Ω

xy dx dy dz,

Ω = {[x; y; z] ∈ E3 : 0 ≤ x2 + z2 ≤ 4, 0 ≤ y ≤ 4− x2 − z2, x ≥ 0}
(Hint : cylindrical coord. x = r cosφ, y = w, z = r sinφ)

[1024
105

]
III.7 Applications of triple integrals

Example 364. Using the formula for computing the volume of a solid by means of a triple
integral

(i.e. V =

�
T

1 dx dy dz), show that the volume of the solid T = {[x; y; z]

∈ E3 : [x; y] ∈ B ⊂ E2, 0 ≤ z ≤ f(x, y)} “below” the graph of the function
z = f(x, y) over a measurable set B ⊂ E2, can be computed using the

double integral
�

B

f(x, y) dx dy.

Solution : The solid T is an elementary region of integration with respect to the plane (x, y) and
therefore Fubini’s theorem for the triple integral can be applied directly.

�
T

1 dx dy dz
Fubini
=

�
B

(� f(x,y)

0

1 dz

)
dx dy =

�
B

[
z
]f(x,y)
0

dx dy =

�
B

f(x, y) dx dy

NOTE : By linearity of the integral, this procedure can be generalized to solids that are bounded both
above and below (in the direction of the z-axis) in the sense that f1(x, y) ≤ z ≤ f2(x, y).Here as well

Fubini’s theorem can be applied directly, from which we obtain V =

�
B

(
f2(x, y)− f1(x, y)

)
dx dy.

• Compute the volume of the solid Ω bounded by the surfaces:

Example 365. z = x2 + y2 + 4, x− y = 2, x = 0, y = 0, z = 0

Solution : Ω is part of a triangular prism with its base in the plane z = 0. The prism is bounded “from
above” by the paraboloid of revolution with vertex [0; 0; 4].

y

z

x

y

z

x

x

y

2

−2

B
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V =

�
Ω

1 dx dy dz =

∣∣∣∣∣∣
Ω : 0 ≤ z ≤ x2 + y2 + 4

x− 2 ≤ y ≤ 0
0 ≤ x ≤ 2

∣∣∣∣∣∣ =
(�

B

z(x, y) dx dy

)
=

=

� 2

0

(� 0

x−2

(� x2+y2+4

0

1 dz
)
dy
)
dx =

� 2

0

( � 0

x−2

(x2 + y2 + 4) dy
)
dx =

=

� 2

0

[
x2y +

y3

3
+ 4y

]0
x−2

dx = −
� 2

0

(
x2(x− 2) +

(x− 2)3

3
+ 4(x− 2)

)
dx =

= −
[x4
4

− 2x3

3
+

(x− 2)4

12
+ 2x2 − 8x

]2
0
=

32

3

Example 366. z = 2(x2 + y2), z2 = 16(x2 + y2)

Solution : Ω : z = 2(x2 + y2) - equation of a paraboloid
z2 = 16(x2 + y2) - equation of a conical surface

xy

z z = 2(x2 + y2)

z2 = 16(x2 + y2)

x

z

y

x

y

2

V =

�
Ω

1 dx dy dz = (we use cylindrical coordinates)

=

∣∣∣∣∣∣∣∣
x = r cosφ | 2(x2 + y2) ≤ z ≤ 4

√
x2 + y2 =⇒ 2r2 ≤ w ≤ 4r

y = r sinφ 2r2 ≤ 4r 0 ≤ φ ≤ 2π
z = w r ≤ 2 =⇒ 0 ≤ r ≤ 2
J = r

∣∣∣∣∣∣∣∣ =
=

� 2π

0

(� 2

0

(� 4r

2r2
r dw

)
dr
)
dφ =

� 2π

0

(� 2

0

r
[
w
]4r
2r2
r
)
dφ =

� 2π

0

1 dφ ·
� 2

0

r(4r − 2r2) dr =

= 2π ·
[4
3
r3 − 2r4

4

]2
0
=

16

3
π

Example 367. z = 1− x2 − 4y2, z = 0

Solution : The surface z = 1− x2 − 4y2 is an elliptic paraboloid with vertex at the point [0; 0; 1].

V =

�
Ω

1 dx dy dz =

�

x2+4y2≤1

(� 1−x2−4y2

0

1 dz
)
dx dy =

�

x2+4y2≤1

(
1− x2 − 4y2

)
dx dy =

=

∣∣∣∣∣∣∣∣
x = r cosφ 0 ≤ r ≤ 1

y =
r

2
sinφ | 0 ≤ φ ≤ 2π

J =
r

2

∣∣∣∣∣∣∣∣ =
� 2π

0

(� 1

0

(1− r2) · r
2
dr
)
dφ =

2π

2

[r2
2
− r4

4

]1
0
=
π

4
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Example 368. z = x2 + y2, z = x+ y

Solution : The solid is bounded by the paraboloid of revolution with vertex at the origin
and by a plane passing through the origin.

xy

z = x2 + y2

z = x+ y

z

yx

z

V =

�
Ω

1 dx dy dz =

∣∣∣∣ x2 + y2 ≤ z ≤ x+ y
{[x; y] ∈ E2 : x

2 + y2 ≤ x+ y}

∣∣∣∣ = �

x2+y2≤x+y

(� x+y

x2+y2
1 dz

)
dx dy =

=

�

x2+y2≤x+y

(
x+ y − x2 − y2

)
dx dy =

∣∣∣∣∣∣ x+ y − x2 − y2 =
1

2
−
(
x− 1

2

)2
−
(
y − 1

2

)2
x2 + y2 ≤ x+ y =⇒

(
x− 1

2

)2
+
(
y − 1

2

)2
≤ 1

2

∣∣∣∣∣∣ =
y

x

[1
2
; 1
2
]

=

∣∣∣∣∣∣∣∣∣
x =

1

2
+ r cosφ 0 ≤ r ≤

√
1

2

y =
1

2
+ r sinφ 0 ≤ φ ≤ 2π

J = r

∣∣∣∣∣∣∣∣∣ =

=

� 2π

0

(� √
1/2

0

(1
2
− r2

)
r dr

)
dφ =

= 2π
[1
2
· r

2

2
− r4

4

]√1/2

0
= 2π ·

(1
4
· 1
2
− 1

4
· 1
4

)
=
π

8

Example 369. Determine the mass of a sphere if the density ϱ(x, y, z) equals the square of the
distance from the center of the sphere.

Solution : Choose the origin of the coordinate system at the center of the sphere. Then the sphere is
described by the inequality x2 + y2 + z2 ≤ a2 and the density is ϱ(x, y, z) = x2 + y2 + z2.

m =

�
Ω

ϱ(x, y, z) dx dy dz =

�
Ω

(x2 + y2 + z2) dx dy dz =

=

∣∣∣∣∣∣∣∣∣
x = r cosφ cosϑ
y = r sinφ cosϑ
z = r sinϑ
J = r2 cosϑ

0 ≤ r ≤ a

0 ≤ φ ≤ 2π

−π
2
≤ ϑ ≤ π

2

∣∣∣∣∣∣∣∣∣ =
� 2π

0

(� π
2

−π
2

( � a

0

r2 · r2 cosϑ dr
)
dϑ
)
dφ =

=

� 2π

0

(� π
2

−π
2

( � a

0

r4 cosϑ dr
)
dϑ
)
dφ = 2π

[
sinϑ

]π
2

−π
2

·
[r5
5

]a
0
=

4πa5

5
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Example 370. Determine the mass and the x-coordinate of the center of mass of the solid bounded
by the planes x = 0, y = 0, z = 0, x+y+z = 1, if the density is ϱ(x, y, z) = 1.

Solution : The mass of the solid for ϱ = 1 is numerically equal to its volume.

The solid is a tetrahedron and its volume equals
1

6
of the volume of the cube with edge length 1.

1

1 1

x

z

y

1

1 1

x

z

y

1

10

y

x

y = 1− x

m = V · ϱ = 1

6
· 1 xT =

myz

m
,

myz =

�
Ω

x · ϱ(x, y, z) dx dy dz =
�

Ω

x dx dy dz =

=

� 1

0

(� 1−x

0

( � 1−x−y

0

x dz
)
dy
)
dx =

� 1

0

(� 1−x

0

x(1− x− y) dy
)
dx =

=

� 1

0

x
[
(1− x)y − y2

2

]1−x

0
dx =

� 1

0

x
(
(1− x)2 − (1− x)2

2

)
dx =

1

2

� 1

0

x(1− x)2 dx =

=
1

2

� 1

0

(x− 2x2 + x3) dx =
1

2

[x2
2

− 2

3
x3 +

x4

4

]1
0
=

1

24
,

[
xT =

1

4

]
Example 371. Determine the center of mass of the solid bounded by the surfaces z = x2+ y2, z =

2, if the density is ϱ(x, y, z) = k.

Solution : The solid is a solid of revolution paraboloid, hence it is symmetric with respect to the
z-axis, therefore its center of mass lies on the z-axis, i.e. xT = yT = 0.

2

z

xy

The center of mass is T = [0; 0; zT ], where zT =
mxy

m
,

m =

�
Ω

k dx dy dz =

�

x2+y2≤2

(� 2

x2+y2
k dz

)
dx dy =

= k

�

x2+y2≤2

(2− x2 − y2) dx dy =

∣∣∣∣∣∣
x = r cosφ 0 ≤ r ≤

√
2

y = r sinφ 0 ≤ φ ≤ 2π
J = r

∣∣∣∣∣∣ =
= k ·

� 2π

0

( � √
2

0

(2− r2)r dr
)
dφ = k · 2π ·

[
r2 − r4

4

]√2

0
= 2kπ.

mxy =

�
Ω

zϱ dx dy dz =

�

x2+y2≤2

(� 2

x2+y2
zk dz

)
dx dy = · · · = 8

3
kπ,

[
T =

[
0; 0;

4

3

]]
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Example 372. Determine the center of mass of the solid
Ω = {[x; y; z] ∈ E3 : x

2 + y2 + z2 ≤ a2, z ≥ 0}, ϱ = 1.

Solution : The solid is a homogeneous hemisphere centered at the origin [0; 0; 0], with radius a, and
it lies

above the base plane. The center of mass lies on the z-axis.

a

z

xy

T = [0; 0; zT ], where zT =
mxy

m
, V =

1

2
· 4
3
πa3,

m = V · ϱ = 2

3
πa3 · 1, mxy =

�
Ω

z dx dy dz =

=

∣∣∣∣∣∣∣∣∣
x = r cosφ cosϑ
y = r sinφ cosϑ
z = r sinϑ
J = r2 cosϑ

0 ≤ r ≤ a

0 ≤ φ ≤ 2π

0 ≤ ϑ ≤ π

2

∣∣∣∣∣∣∣∣∣ =
� π

2

0

(� 2π

0

( � a

0

r sinϑ · r2 cosϑ dr
)
dφ
)
dϑ =

=

� a

0

r3dr

� 2π

0

1 dφ

� π
2

0

sinϑ cosϑ dϑ =
[r4
4

]a
0
·
[
φ
]2π
0

·
[sin2 ϑ

2

]π
2

0
=
a4π

2
,

[
T =

[
0; 0;

3

8
a
]]

Example 373. Determine the center of mass of the cone with base x2 + y2 ≤ 16 and vertex at the
point [0; 0; 4], if the density is ϱ(x, y, z) = k.

Solution : The cone under consideration is a cone of revolution; the z-axis is its axis of rotation.
A meridian of this cone of revolution is the part of the line x+ z = 4 =⇒ z = 4− x.

Then the equation of the conical surface is z = 4−
√
x2 + y2

4

−4 4

0

z

xy

T = [0; 0; zT ], where zT =
mxy

m
,

m = V · ϱ = 1

3
π · 42 · 4 · k =

64

3
kπ.

mxy =

�
Ω

z · ϱ(x, y, z) dx dy dz =
�

Ω

z · k dx dy dz

mxy = k ·
�

x2+y2≤16

(� 4−
√

x2+y2

0

z dz
)
dx dy = k

�

x2+y2≤16

[z2
2

]4−√x2+y2

0
dx dy =

=
k

2

�

x2+y2≤16

(
4−

√
x2 + y2

)2
dx dy =

∣∣∣∣∣∣
x = r cosφ 0 ≤ φ ≤ 2π
y = r sinφ 0 ≤ r ≤ 4
J = r

∣∣∣∣∣∣ =
=
k

2

� 2π

0

� 4

0

(4− r)2r dr dφ =
k

2
· 2π ·

� 4

0

(16r − 8r2 + r3) dr = kπ
[
8r2 − 8

3
r3 +

r4

4

]4
0
=

=
64

3
kπ, [T = [0; 0; 1]]

81



Contents III. Double and triple integrals

Example 374. Determine the moment of inertia with respect to the point [0; 0; 0] of the solid Ω

Ω =
{
[x; y; z] ∈ E3 :

x2 + y2

2
≤ z ≤

√
3− x2 − y2

}
, ϱ(x, y, z) = k.

Solution :
x2 + y2

2
= z ⇒ 2z = x2 + y2 ⇒ the equation of a paraboloid

z =
√
3− x2 − y2 ⇒ x2 + y2 + z2 = 3 ⇒ the equation of a sphere

The surfaces have a common axis of rotation. Their points of intersection lie in a plane perpen-
dicular to the z-axis. We obtain the equation of the plane by solving the system:

2z = x2 + y2 ⇒ z ≥ 0

x2 + y2 + z2 = 3 ⇒ z2 + 2z − 3 = 0 ⇒ (z + 3)(z − 1) = 0

√
3

√
2

z

xy

z = 1

The intersection is the circle x2 + y2 = 2 in the plane
z = 1.

J0 =

�
Ω

(x2 + y2 + z2) · ϱ(x, y, z) dx dy dz =

=

∣∣∣∣∣∣∣∣
x = r cosφ
y = r sinφ
z = w
J = r

r2

2 ≤ w ≤
√
3− r2 =⇒ r2

2 ≤
√
3− r2 =⇒ r4 ≤ 4 (3− r2) =⇒

r4 + 4 r2 − 12 ≤ 0 =⇒ (r2 − 2)(r2 + 6) ≤ 0 =⇒ r2 ≤ 2 =⇒
0 ≤ r ≤

√
2, 0 ≤ φ ≤ 2π

∣∣∣∣∣∣∣∣ =

= k

� 2π

0

(� √
2

0

(� √
3−r2

r2

2

(r2 + w2)r dw
)
dr
)
dφ = 2kπ ·

� √
2

0

[
r3w + r

w3

3

]√3−r2

r2

2

dr =

= 2kπ

� √
2

0

(
r3
√
3− r2 +

r

3
(3− r2)

√
3− r2 − r5

2
− r7

24

)
dr = 2kπ

[
− r6

12
− r8

24 · 8

]√2

0
+

+ 2kπ

� √
2

0

(
r
√
3− r2 +

2

3
r3
√
3− r2

)
dr = 2kπ

(
− 8

12
− 16

24 · 8

)
−

−kπ
� √

2

0

√
3− r2

(
1 +

2

3
r2
)
(−2r) dr =

∣∣∣∣ 3− r2 = t r1 = 0 ⇒ t1 = 3

−2r dr = dt r2 =
√
2 ⇒ t2 = 1

∣∣∣∣ =
= −3

2
kπ − kπ

� 1

3

√
t
(
1 +

2

3
(3− t)

)
dt = −3

2
kπ + kπ

� 3

1

(
3
√
t− 2

3
t
√
t
)
dt =

= −3

2
kπ + kπ

[2 · 3t3/2
3

− 2

3
· 2t

5/2

5

]3
1
= −3

2
kπ + kπ

(
2 · 3

√
3− 4

15
· 9
√
3− 2 +

4

15

)
=

= kπ
(18√3

5
− 97

30

)
=̇ 3,002 kπ

Example 375. Determine the moment of inertia with respect to the z-axis of the homogeneous
solid Ω = {[x; y; z] ∈ E3 :

√
x2 + y2 ≤ z ≤ 2}.

Solution : The homogeneous cone has constant density, which we denote by ϱ(x, y, z) = k
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2

z

xy

Jz =

�
Ω

(x2 + y2) · ϱ(x, y, z) dx dy dz =

= k

�

x2+y2≤4

(
(x2 + y2)

� 2

√
x2+y2

dz
)
dx dy =

= k

�

x2+y2≤4

(x2 + y2)
(
2−

√
x2 + y2

)
dx dy =

∣∣∣∣∣∣
x = r cosφ 0 ≤ r ≤ 2
y = r sinφ 0 ≤ φ ≤ 2π
J = r

∣∣∣∣∣∣ =
= k

� 2π

0

(� 2

0

r2(2− r)r dr
)
dφ = 2kπ

[
2 · r

4

4
− r5

5

]2
0
= 2kπ

(
8− 32

5

)
=

16

5
kπ

Example 376. Determine the static moment myz (with respect to the plane (yz)) of the solid
bounded by the planes x = 0, y = 0, z = 0, x + y = a, y = h, (a > 0, h > 0),
if the density ϱ(x, y, z) is constant.

Solution : The solid is a triangular prism with base in the plane (x, z).

a

a h

z

yx

myz =

�
Ω

x · ϱ dx dy dz =

= k ·
�

Ω

x dx dy dz =

=

∣∣∣∣∣∣
Ω : 0 ≤ z ≤ a− x

0 ≤ x ≤ a
0 ≤ y ≤ h

∣∣∣∣∣∣ =

= k

� a

0

(� h

0

( � a−x

0

x dz
)
dy
)
dx = k

� a

0

( � h

0

x(a−x) dy
)
dx = k·h

[
a·x

2

2
−x3

3

]a
0
=

1

6
k h a3

Example 377. Determine the moment of inertia Jxy (with respect to the plane (xy)) of the solid
Ω = {[x; y; z] ∈ E3 : x

2 − 2x+ y2 ≤ 0, −1 ≤ z ≤ 1}, ϱ = k.

Solution : The solid Ω is a circular cylinder whose axis is parallel to the z-axis.

Jxy =

�
Ω

z2 · ϱ(x, y, z) dx dy dz =
�

(x−1)2+y2≤1

(� 1

−1

kz2 dz
)
dx dy =

= k

�

(x−1)2+y2≤1

[z3
3

]1
−1
dx dy =

2

3
k

�

(x−1)2+y2≤1

1 dx dy =
2

3
k · π · 1 =

2

3
k π

Example 378. Compute the integral and determine its possible physical meaning:

I =

�
Ω

√
x2 + y2 + z2 dx dy dz,

Ω = {[x; y; z] ∈ E3 :
√
x2 + y2 ≤ z ≤

√
4− x2 − y2, y ≥ 0}.
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Solution :

2

π/4

z

xy

Ω :
z2 = x2 + y2 (circular cone)
z2 = 4− x2 − y2 =⇒ x2 + y2 + z2 = 4 (sphere)

∣∣∣∣∣∣∣∣∣
x = r cosφ cosϑ
y = r sinφ cosϑ
z = r sinϑ
J = r2 cosϑ

0 ≤ r ≤ 2

0 ≤ φ ≤ π

(y ≥ 0)
π

4
≤ ϑ ≤ π

2

∣∣∣∣∣∣∣∣∣
I =

� π
2

π
4

(� π

0

( � 2

0

r · r2 cosϑ dr
)
dφ
)
dϑ =

� 2

0

r3 dr ·
� π

2

π
4

cosϑ dϑ ·
� π

0

1 dφ =

=
[r4
4

]2
0
·
[
sinϑ

]π
2

π
4

· π = 4π
(
1−

√
2

2

)
Meaning: 1) I is the total mass of the body with density ϱ(x, y, z) =

√
x2 + y2 + z2,

2) I is the static moment of the body with respect to the point [0; 0; 0] for density
ϱ(x, y, z) = 1.

Example 379. Compute the mass of a cone with vertex at the origin, base radius a = 1 and
height h = 4. The density changes linearly depending on the distance of a
point of the body from the base. At the vertex ϱ(x, y, z) = 1 and ϱ(x, y, z) =
5 at every point of the base.

Solution :

4

1

z

xy
0

We choose a coordinate system with the origin at the vertex of the
cone, the z-axis will be the axis of rotation, and a meridian will
be a part of the line z = 4x, y = 0, 0 ≤ x ≤ 1.

The conical surface will therefore have the equation z =

4
√
x2 + y2.

We describe the solid Ω by means of inequalities.

Ω : 4
√
x2 + y2 ≤ z ≤ 4

x2 + y2 ≤ 1

For the density we have: ϱ(z) = k1(4− z) + k2 : ϱ(0) = 1 =⇒ 1 = 4k1 + k2
ϱ(4) = 5 =⇒ 5 = k2 =⇒ k1 = −1

=⇒ ϱ(x, y, z) = −(4− z) + 5 = z + 1

m =

�
Ω

ϱ(x, y, z) dx dy dz =

�
Ω

(z + 1) dx dy dz =

=

�

x2+y2≤1

( � 4

4
√

x2+y2
(z + 1) dz

)
dx dy =

�

x2+y2≤1

[z2
2

+ z
]4
4
√

x2+y2
dx dy =
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=
�

x2+y2≤1

(
12− 8(x2 + y2)− 4

√
x2 + y2

)
dx dy =

∣∣∣∣∣∣
x = r cosφ 0 ≤ r ≤ 1
y = r sinφ 0 ≤ φ ≤ 2π
J = r

∣∣∣∣∣∣=
=
� 1

0

(� 2π

0

(12− 8r2 − 4r) · r dφ
)
dr = 2π ·

[
6r2 − 2r4 − 4

3
r3
]1
0
= 2π

(
4− 4

3

)
=

16

3
π

• A set D in E3 and a function z = f(x, y, z) are given.
a) Sketch the set D and its projection Dxy onto the plane z = 0.
b) Verify the assumptions of Fubini’s theorem and compute the triple integral�

D
f(x, y, z) dx dy dz.

c) Give examples of the possible physical meaning of the given integral.
State whether it represents mass (for what density), a static moment, or a moment
of inertia (for what density and with respect to which point, line, or plane).

380. D = {[x; y; z] ∈ E3 : 0 ≤ x ≤ 1, 0 ≤ y ≤ x, 0 ≤ z ≤ 2− x− y}, f(x, y, z) = x2

x y

z

x y

z

x

y

 b)
1

5
c)m, ϱ = x2

Jyz, ϱ = 1



381. D = {[x; y; z] ∈ E3 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ 4− x2 − y2}, f(x, y, z) = xy

x
y

z

x

y


b)

3

4
c)m, ϱ = xy
myz, ϱ = y

mxz, ϱ = x


382. D = {[x; y; z] ∈ E3 : 0 ≤ z ≤ 4− x2 − y2, y ≥ 0}, f(x, y, z) = x2y

x y

z

x

y


b)

512

105
c)m, ϱ = x2y
mxz, ϱ = x2

Jyz, ϱ = y


383. D = {[x; y; z] ∈ E3 : 0 ≤ x ≤ 3, x ≤ y ≤ 3, 0 ≤ z ≤ xy}, f(x, y, z) = (x2 + y2) z

x

y

z

x

y


b)

37

10
c)m, ϱ = (x2 + y2)z
mxy, ϱ = x2 + y2

Jz, ϱ = z


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384. D = {[x; y; z] ∈ E3 : x
2 + y2 = 9, z = 0, z = 2}, f(x, y, z) =

√
x2 + y2,

x y

z

x

y [
b) 36π

c)m, ϱ =
√
x2 + y2

]

385. D : x2 + y2 + z2 = R2, z = 0, (z ≤ 0), f(x, y, z) = z, R is a positive constant

x y

z

x

y


b)

1

4
πR4

c)mxy, ϱ = 1,
it does not represent mass
because ϱ = z ≤ 0



• A solid D ⊂ E3 bounded by surfaces is given:
a) Sketch the solid D and its projection Dxy onto the plane z = 0.
b) Express the set D as an elementary region of integration in the coordinates

in which you will compute the volume.
c) Compute the volume of this solid.

386. D : 3x+ 2y = 12, x = 0, y = 0, z = 0, z = x2

x

y

z

x

y


b) 0 ≤ x ≤ 4

0 ≤ y ≤ 6− 3

2
x

0 ≤ z ≤ x2

c) 32


387. D : x = 2, y = 2, xy = 1, z = 0, z = x2 + y

z

x

y

x

y



b)
1

2
≤ x ≤ 2

1

x
≤ y ≤ 2

0 ≤ z ≤ x2 + y

c)
45

8


388. D: x2 + y2 = 4, z = 0, z = 4− x

x y

z

x

y


b) 0 ≤ r ≤ 2

0 ≤ φ ≤ 2π
0 ≤ w ≤ 4− r cosφ

c) 16π


389. D : y2 + z2 = 9, x = 0, x = 2

x y

z

x

y


b) 0 ≤ w ≤ 2

0 ≤ r ≤ 3
0 ≤ φ ≤ 2π

c) 18π


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390. D : z = 0, z = a2 − x2, x2 + y2 = a2

x y

z

x

y


b) 0 ≤ r ≤ a

0 ≤ φ ≤ 2π
0 ≤ w ≤ a2 − r2 cos2 φ

c)
3

4
πa4


391. D : z = 0, z = 36− 4x2 − y2

x y

z

x

y


b) 0 ≤ r ≤ 1

0 ≤ φ ≤ 2π
0 ≤ w ≤ 36− 36r2

c) 324π



• Compute the volume V of the solid Ω ⊂ E3 :

392. Ω : z = 0, y + z = 1, y = ln x, y = ln2 x [3e− 8]

393. Ω : z = x2 + y2, z = 18− x2 − y2 [81π]

394. Ω : 2z ≥ x2 + y2, x2 + y2 + z2 = 3
[
2π

√
3− 5

3
π
]

395. Ω : x2 + y2 + z2 = a2, x2 + y2 ≤ b2, 0 ≤ b ≤ a
[4
3
π
(
a3 −

√
(a2 − b2)3

)]
396. Ω : (x+ y)2 + 2z = 1, x ≥ 0, y ≥ 0, z ≥ 0

[1
6
(3
√
3− 1)

]
397. Ω : 1 + x2 + y2 = z2, z = 5− x2 − y2, z ≥ 0

[35
6
π
]

• A solid Ω ⊂ E3 bounded by surfaces is given:
a) Sketch the solid Ω and its projection Ωxy onto the plane z = 0.
b) Using a suitable substitution, express Ω as an elementary region in the transformed

coordinates.
c) Compute the mass of the solid if the density ϱ(x, y, z) is given.

398. Ω :
x2

4
+
y2

16
= 1, x = 0, z = 1, z = 4, (x ≤ 0), ϱ(x, y, z) = z

x
y

z

x

y


b) 0 ≤ r ≤ 1
1

2
π ≤ φ ≤ 3

2
π

1 ≤ w ≤ 4
c) 30π


399. Ω : z =

√
x2 + y2, z = 4, ϱ(x, y, z) = z

x y

z

x

y


b) 0 ≤ r ≤ 2

0 ≤ φ ≤ 2π
r ≤ w ≤ 4

c) 64π


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400. Ω : z = x2 + y2, z = 4, ϱ(x, y, z) =
√
x2 + y2

x y

z

x

y


b) 0 ≤ r ≤ 4

0 ≤ φ ≤ 2π
r2 ≤ w ≤ 4

b)
128

15
π


401. Ω : z = x2 + y2 + 4, z = 3− x2 − y2, x2 + y2 = 1, ϱ(x, y, z) = k

x y

z

x

y


b) r ∈ ⟨0; 1⟩
φ ∈ ⟨0; 2π⟩
w ∈ ⟨3− r2; 4 + r2⟩

c) 2kπ



402. Ω = {[x; y; z] ∈ E3 : 1 ≤ x2 + y2 + z2 ≤ 9, y ≤ 0}, ϱ(x, y, z) =
√
x2 + y2 + z2,

x y

z

x

y


b) r ∈ ⟨0; 3⟩
φ ∈ ⟨π; 2π⟩
ψ ∈

〈
− π

2
;
π

2

〉
c) 40π



• A solid Ω ⊂ E3 is given.
a) Sketch the solid Ω and its projection Ωxy onto the plane z = 0.
b) Compute the volume of the solid Ω.
c) Compute the mass of the solid Ω if the density ϱ(x, y, z) is given.

403. Ω = {[x; y; z] ∈ E3 : −1 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ 4− x2 − y2}, ϱ(x, y, z) = x2 + y.

x y

z

x

y

 b)V =
20

3

c)m =
439

90
π



404. Ω : x = 0, y = 0, x+ y = 1, z = 0, z = xy, ϱ(x, y, z) = x

x y

z

x

y
 b)V =

1

24

c)m =
1

60



405. Ω = {[x; y; z] ∈ E3 : x2 + y2 ≤ z ≤ 9}, ϱ(x, y, z) = x2 + y2.

x y

z

x

y
 b)V =

81

2
π

c)m =
243

2
π


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406. Ω = {[x; y; z] ∈ E3 : 0 ≤ z ≤ 4−
√
x2 + y2}, ϱ(x, y, z) =

√
x2 + y2,

x y

z

x

y
 b)V =

16

3
π

c)m =
128

3
π



407. Ω : x2 + z2 = 1, y = 1, y = x2 + z2 + 4, ϱ(x, y, z) = y

x

y

z

x

y
 b)V =

7

2
π

c)m =
29

3
π



408. Ω : x = y2, x = 1, z = 0, z = x, ϱ(x, y, z) = z

x
y

z

x

y

 b)V =
4

5

c)m =
2

7



409. Ω = {[x; y; z] ∈ E3 : x2 + y2 + z2 ≤ 16, x2 + y2 ≤ 9}, ϱ(x, y, z) = k

x y

z

x

y
 b)V =

4

3
π(64− 7

√
7)

c)m =
4

3
kπ(64− 7

√
7)



410. Ω :
x2

a2
+
y2

b2
+
z2

c2
= 1, ϱ(x, y, z) = 3

x y

z

x

y [
b)V =

4

3
πabc

c)m = 4πabc

]

• Determine the mass m of the solid Ω ⊂ E3 :

411. Ω = {[x; y; z] ∈ E3 : 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c}, ϱ(x, y, z) = x+ y + z.[abc
2

(a+ b+ c)
]

412. Ω = {[x; y; z] ∈ E3 : x ≥ 0, y ≥ 0, x+ y ≤ 1, 0 ≤ z ≤ 4− x− 2y}, ϱ(x, y, z) = x2 [1
4

]
413. Ω = {[x; y; z] ∈ E3 : 1 ≤ x2 + y2 + z2 ≤ 9, z ≥ 0}, ϱ(x, y, z) =

1√
x2 + y2 + z2

[8π]
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414. Ω is a sphere of radius a, if the density equals the square of the distance from a diameter.
(Choose the sphere with center at the origin and the diameter lying on the z-axis.)

[ 8

15
πa5
]

415. Ω is bounded by the planes z = 0, 2x+ y + z = 4, x = 0, y = 0,

if ϱ(x, y, z) = 4x.
[32
2

]
416. Ω is bounded by the surfaces: z = x2 + y2 + 4, z = 3− x2 − y2, x2 + y2 = 1,

if ϱ(x, y, z) = 2z(x2 + y2).
[49
6
π
]

• Determine the center of mass T of the solid Ω ⊂ E3 bounded by the surfaces:

417. Ω : z = 0, z = x2 + y2, x+ y = 5, x = 0, y = 0, ϱ(x, y, z) = k [
T =

[
2; 2;

35

6

]]
418. Ω : 2z = x2 + y2, x2 + y2 + z2 = 3, z ≥ 0, ϱ(x, y, z) = k [

T =
[
0; 0;

5

6
√
3− 5

]]
419. Ω :

x2

a2
+
y2

b2
+
z2

c2
= 1, x = 0, y = 0, z = 0 (in the first octant), ϱ(x, y, z) = k[

T =
[3a
8
;
3b

8
;
3c

8

]]

• Determine the moment of inertia of the solid Ω ⊂ E3 :

420. Ω : x2 + y2 = 2z, x+ y = z with respect to the coordinate axes, if ϱ(x, y, z) = 1.[
Jz =

7

2
π, Jx = Jy =

4

3
π,
]

421. Ω : x2 + y2 + z2 = 2, x2 + y2 = z2, (z ≥ 0) with respect to the z-axis, if ϱ(x, y, z) = 1.[
Jz =

4

15
π(4

√
2− 5)

]
422. of a circular cylinder with base radius a and height b with respect to the line p, which

touches the lateral surface of the cylinder and is parallel to the axis of rotation.
(Choose the cylinder (x− a)2 + y2 ≤ a2, 0 ≤ z ≤ b, then the line p will be the z-axis.)

[3
2
πa4b

]
423. Ω = {[x; y; z] ∈ E3 :

√
3x2 + 3y2 ≤ z ≤ 3}, with respect to the z-axis, if the density is

ϱ(x, y, z) = k [
Jz =

27

10
πϱ
]
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CHAPTER IV.

Line integral

Contents
IV.1 Parametrization of curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
IV.2 Line integral of a scalar function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
IV.3 Applications of the line integral of a scalar function . . . . . . . . . . . . . . . . . . 99
IV.4 Line integral of a vector function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
IV.5 Work of a force along a curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
IV.6 Green’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
IV.7 Potential vector field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

IV.1 Parametrization of curves

Let P (t) = [x(t); y(t); z(t)] be a mapping of the interval ⟨a; b⟩ into E3. If the following holds:
1) P (t) is continuous and is one-to-one on ⟨a; b⟩ – (for injectivity it is sufficient that at least

one of the components x(t), y(t), z(t) be strictly monotone on ⟨a; b⟩),
2) the derivative Ṗ (t) =

(
ẋ(t); ẏ(t); ż(t)

)
is a bounded and continuous mapping on (a; b),

3) Ṗ (t) ̸= 0⃗ for all t ∈ (a; b),

then we call the set C = {X ∈ E3 : X = P (t), t ∈ ⟨a; b⟩} a simple smooth curve in E3 and
the mapping P its parametrization.
Analogously, we also define the parametrization of a curve in E2.

We say that the curve C is consistently oriented with the parametrization, or oppositely ori-
ented to the parametrization P, if the initial point of this curve is P (a), or P (b), respectively.

The curve C in E3 (also in E2 ) can be oriented by means of the unit tangent vector τ̂
at the point X = P (t).

If τ̂ =
Ṗ (t)

∥Ṗ (t)∥
then the curve C is consistently oriented with the parametrization P.

If τ̂ = − Ṗ (t)

∥Ṗ (t)∥
then the curve C is oppositely oriented to the parametrization P.

NOTE : A simple closed piecewise smooth curve C is called positively or negatively oriented
if the motion in the prescribed direction is “counterclockwise,” or “clockwise,” respectively.

Example 424. Given the curve C =
{
[x; y] ∈ E2 : y = x2, x ∈ ⟨−4; 4⟩

}
with initial point

A = [−4; 16]. Determine whether the mapping P (t) = [x(t); y(t)] is a parametriza-
tion of the simple and smooth curve C, if
a) P (t) = [t; t2], t ∈ ⟨−4; 4⟩, b) P (t) = [t2; t4], t ∈ ⟨−2; 2⟩,
c) P (t) = [

√
t; t], t ∈ ⟨0; 16⟩.
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Solution:
a) P (t) = [t; t2], t ∈ ⟨−4; 4⟩ satisfies all the required conditions of the definition,

and therefore P (t) is a parametrization of the curve C. The orientation of the curve is
consistent with the parametrization, since P (−4) = [−4; 16] = A .

b) P (t) = [t2; t4], t ∈ ⟨−2; 2⟩ is not one-to-one. For example, P (−1) = P (1) = [1; 1],
so P (t) is not a parametrization of the curve C. Moreover x = t2 ≥ 0, whereas
the point A has x-coordinate −4 < 0.

c) P (t) = [
√
t; t], t ∈ ⟨0; 16⟩ is not a parametrization of the given curve, because again

x =
√
t ≥ 0. Moreover Ṗ (t) =

(
1

2
√
t
; 1

)
is not bounded on (0; 16).

Example 425. Given the semicircle C = {[x; y] ∈ E2 : x
2 + y2 = a2, y ≥ 0} with initial

point A = [−a; 0]. Determine whether the mapping P (t) is its parametrization if
a) P (t) = [a cos t; a sin t], t ∈ ⟨0;π⟩,

b) P (t) = [t;
√
a2 − t2], t ∈ ⟨−a; a⟩, c) P (t) =

[
at√
1 + t2

;
a√

1 + t2

]
, t ∈ R.

Solution:
a) Yes, P (t) is a parametrization, because P (t) satisfies the conditions of the definition.

The orientation of the curve is opposite to the parametrization, because A = P (π) = [−a; 0].

b) It is not a parametrization, because Ṗ (t) =
(
1;

−t√
a2 − t2

)
is not bounded on (−a; a).

c) Yes, it is a parametrization. We verify that x2 + y2 = a2 holds:(
at√
1 + t2

)2

+

(
a√

1 + t2

)2

=
a2(t2 + 1)

1 + t2
= a2,

lim
t→±∞

x(t) = lim
t→±∞

at√
1 + t2

= ±a, lim
t→±∞

y(t) = lim
t→±∞

a

1 + t2
= 0 =⇒ the orientation of the

curve is consistent with the parametrization. Here continuity of P (t) and Ṗ (t) is easily verified.

Since ẋ(t) =
a

(1 + t2)
√
1 + t2

> 0 for all t, the function x(t) is monotone

and the mapping P (t) is one-to-one. Ṗ (t) = (ẋ(t), ẏ(t)) ̸= (0, 0) ⇐⇒ ẋ2 + ẏ2 ̸= 0 =⇒
a2

(1 + t2)3
+

a2t2

(1 + t2)3
=

a2

(1 + t2)2
̸= 0.

• Find a parametrization of the curve C with initial point A and determine its orientation with respect
to the parametrization:

Example 426. The curve C is a line segment with initial point A = [4;−1; 3] and endpoint
B = [3; 1; 5].

Solution: We write the equations of the line AB using the point A and the direction vector

s⃗ =
−→
AB = (−1; 2; 2), C :


x = 4− t
y = −1 + 2t
z = 3 + 2t

. We obtain the segment AB for t ∈ ⟨0; 1⟩,

the point A corresponds to the parameter t = 0, so the orientation of the curve is consistent with
the parametrization.
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Example 427. C = {[x; y] ∈ E2 : (x+ 3)2 + (y − 2)2 = 9, x ≤ −3}, A = [−3;−1]

Solution:

P (t) :

{
x = −3 + 3 cos t
y = 2 + 3 sin t

, t ∈
〈
π

2
;
3π

2

〉
,

the orientation of the curve is opposite to the
parametrization, because P

(
3π/2

)
= A

[−3; 2]

A

y

x

Example 428. C =
{
[x; y] ∈ E2 :

(x− 1)2

4
+
y2

9
= 1, y ≥ 0

}
, A = [3; 0]

Solution:

P (t) :

{
x = 1 + 2 cos t
y = 3 sin t

, t ∈ ⟨0; π⟩,

the orientation of the curve is consistent with the
parametrization, because P (0) = A.

[1; 0] A

y

x

Example 429. C = {[x; y; z] ∈ E3 : x
2 + y2 = 4x, y + z = 0, z ≥ 0}, A = [0; 0; 0]

Solution: The curve C is the intersection of the cylindrical surface x2 + y2 = 4x with the plane
y + z = 0.

x2 − 4x+ y2 = 0 =⇒ (x− 2)2 + y2 = 4, z = −y, z ≥ 0 =⇒

P (t) :


x = 2 + 2 cos t
y = 2 sin t
z = −2 sin t =⇒ −2 sin t ≥ 0 =⇒ sin t ≤ 0 =⇒ t ∈ ⟨π; 2π⟩

A = [0; 0; 0] =⇒ 2 + 2 cos t = 0 =⇒ cos t = −1
sin t = 0 =⇒ sin t = 0

=⇒ t = π

P (π) = A =⇒ the orientation of the curve is consistent with the parametrization.

Example 430. C = {[x; y; z] ∈ E3 : x
2 + y2 + z2 = a2, x = y, x ≥ 0}, A = [0; 0;−a]

Solution: This is the intersection of the sphere with a plane passing through the center of the sphere.

We use spherical coordinates, in which r = a, φ =
π

4
; ϑ will be denoted by the parameter t .

x = a cos
π

4
cos t = a

√
2

2
cos t

y = 2 sin
π

4
cos t = a

√
2

2
cos t

z = a sin t


=⇒ x ≥ 0 =⇒ cos t ≥ 0 =⇒ t ∈

〈
− π

2
;
π

2

〉
t = −π

2
: A = [0; 0;−a] =⇒ the orientation of the curve is

consistent with the parametrization.

• A plane curve C is given in parametric form. Find its implicit equation and name the curve:

Example 431. C = {[x; y] ∈ E2 : x = 2t + 1, y = 3 − t, t ∈ ⟨1; 4⟩}, the orientation is
consistent with the parametrization.
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Solution: This is a line segment with initial point A = P (1) = [3; 2] and endpoint
B = P (4) = [9;−1]. Eliminating the parameter t we obtain:

t = 3− y =⇒ x = 2(3− y) + 1 =⇒ x+ 2y = 7

Example 432. C = {[x; y] ∈ E2 : x = t2−2t+3, y = t2−2t+1, t ∈ ⟨0; 3⟩}, the orientation
of the curve is opposite to the parametrization.

Solution: Subtracting, we get x− y = 2. Again we have a line segment with initial point
A = P (3) = [6; 4] and endpoint B = P (0) = [3; 1].

Example 433. C =
{
[x; y] ∈ E2 : x = 2 sin2 t, y = 4 cos2 t, t ∈

〈
0;
π

2

〉}
,

the orientation of C is consistent with the parametrization.

Solution: We add
x

2
+
y

4
= sin2 t+cos2 t =⇒ 2x+ y = 4 . Again we have a line segment with initial

point A = P (0) = [0; 4] and endpoint B = P
(π
2

)
= [2; 0].

Example 434.* The curve C is given by the polar equation r(φ) = 4 sinφ, φ ∈
〈π
2
; π
〉
,

the orientation of the curve C is opposite to the parametrization.
Solution:

[0; 2]

A

B

y

x

C :
{ x = r cosφ = 4 sinφ cosφ
y = r sinφ = 4 sin2 φ

,

initial point A = [0; 0], forφ = π
endpoint B = [0; 4], forφ = π/2

x2 + y2 = (4 sinφ cosφ)2 + (4 sin2 φ)2 = 16 sin2 φ(cos2 φ+ sin2 φ) = 4 · 4 sin2 φ = 4y,

x2 + y2 = 4y =⇒ x2 + (y − 2)2 = 4 (circle)

We could also parametrize the same part of the circle in another way:

P (t) = [2 cos t; 2 + 2 sin t], t ∈
〈
π

2
;
3π

2

〉
, the orientation is opposite to the parametrization.

• Verify that C = C1 ∪ C2 is a simple closed piecewise smooth curve. Find parametrizations of the
curves C1, C2, draw them, and determine their orientation, if A is the initial point of C1 and also the
endpoint of C2:

Example 435. C1, C2 ⊂ E2, A = [0; 0]; C1 = {[x; y] ∈ E2 : x
2 + y2 = 4x, y ≥ 0};

C2 = {[x; y] ∈ E2 : y = 0, x ∈ ⟨0; 4⟩}

Solution:

C1 : (x− 2)2 + y2 = 4 =⇒ P1 :
{ x = 2 + 2 cos t1
y = 2 sin t1

t1 ∈ ⟨0;π⟩, the orientation ofC is opposite to the parametrization,

P2 :
{ x = t2
y = 0

,
t2 ∈ ⟨0; 4⟩, the orientation of C is

opposite to the parametrization.
C1

C2

A 4

y

x
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Example 436. C1, C2 ⊂ E2, A = [1; 8]; C1 = {[x; y] ∈ E2 : xy = 8, x ∈ ⟨1; 4⟩};
C2 = {[x; y] ∈ E2 : y + 2x = 10, x ∈ ⟨1; 4⟩}

Solution:

P1 :

{ x = t1

y =
8

t1

,
t1 ∈ ⟨1; 4⟩, the orientation of C is
consistent with the parametrization,

P2 :
{ x = t2
y = 10− 2t2

,
t2 ∈ ⟨1; 4⟩, the orientation of C is
opposite to the parametrization.

A = [1; 8]

[4; 2]

y

x

437. C1, C2 ⊂ E2, A = [1; 1]; C1 = {[x; y] ∈ E2 : y =
√
x, x ∈ ⟨0; 1⟩};

C2 = {[x; y] ∈ E2 : y = x2, x ∈ ⟨0; 1⟩} P1 :
{ x = t1
y = t1

|
t1 ∈ ⟨0; 1⟩

the orientation of C is oppo-
site to the parametrization

| P2 :
{ x = t2
y = t22

|
t2 ∈ ⟨0; 1⟩

the orientation of C is consis-
tent with the parametrization


438. C1, C2 ⊂ E3, A = [3; 0; 2]; C1 = {[x; y; z] ∈ E3 : x

2 + y2 = 9, x− z = 1, y ≥ 0};
C2 = {[x; y; z] ∈ E3 : x− z = 1, y = 0} P1 :

{ x = 3 cos t1
y = 3 sin t1
z = 3 cos t1 − 1

|
t1 ∈ ⟨0;π⟩

the orientation of C is consis-
tent with the parametrization

|P2 :

{ x = t2
y = 0
z = t2 − 1

|
t2 ∈ ⟨−3; 3⟩

the orientation of C is consis-
tent with the parametrization


• Propose a parametrization of the curve C with initial point A:

439. C = {[x; y] ∈ E2 : 3x+ y = 1, x ∈ ⟨−1; 2⟩}; A = [−1; 4] P (t) :
{ x = t
y = 1− 3t

|
t ∈ ⟨−1; 2⟩

the orientation of C is consis-
tent with the parametrization


440. C = {[x; y; z] ∈ E3 : 2x− y = 2, x+ z = 3, y ∈ ⟨0; 2⟩; A = [2; 2; 1] P (t) :

{ x = t
y = 2t− 2
z = −t+ 3

|
t ∈ ⟨1; 2⟩

the orientation of C is opposite
to the parametrization


441. C = {[x; y; z] ∈ E3 : 4x2 + z2 = 4, y + z = 0, y ≤ 0; A = [−1; 0; 0] P (t) :

{ x = cos t
y = −2 sin t
z = 2 sin t

|
t ∈ ⟨0;π⟩

the orientation of C is opposite
to the parametrization


IV.2 Line integral of a scalar function

Assume that C is a simple smooth curve with parametrization P (t) on the interval ⟨a; b⟩. Then
�
C

f (X) ds =

� b

a

f (P (t)) ∥Ṗ (t)∥ dt.
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• Investigate the existence of the line integral
�
C

f ds. If it exists, compute it :

Example 442.
�
C

1

x− 2y
ds, C is the line segment with endpoints A, B , where

a) A = [1;−2], B = [3; 0], b) A = [1;−2], B = [3; 4].

Solution: The integrand is defined and continuous in E2 except on the line x− 2y = 0.
In a neighborhood of this line the function f is not bounded.

a)

A

B

y

x

x− 2y = 0

The integral exists, because the function f(x, y) =
1

x− 2y
is continuous on the segment AB.

�
C

1

x− 2y
ds =

∣∣∣∣∣∣∣
P (t) : x = 1 + 2t

y = −2 + 2t
t ∈ ⟨0; 1⟩

|
∥Ṗ (t)∥ dt =
=
√
ẋ2 + ẏ2 =

=
√
4 + 4 dt = 2

√
2

∣∣∣∣∣∣∣ =
� 1

0

2
√
2 dt

1 + 2t− 2(−2 + 2t)
=

= 2
√
2

� 1

0

1

5− 2t
dt = −

√
2

� 1

0

−2dt

5− 2t
= −

√
2 [ln |5− 2t|]10 = −

√
2 · (ln 3− ln 5) =

=
√
2 · ln 5

3
.

b)

A

By

x

x− 2y = 0

[2; 1]

The integral does not exist, because the segment AB
intersects the line x − 2y = 0 at the point [2; 1] and
the function f is not bounded in a neighborhood of
the point [2; 1].

For example: lim
1

x− 2y
= +∞ for y = 1, x→ 2+.

Example 443.
�
C

x+ 2√
x2 + y2

ds, a) C = {[x; y] ∈ E2 : x
2 + y2 = 4x},

b) C = {[x; y] ∈ E2 : x
2 + y2 = 4}

Solution: The integrand is defined and continuous in E2 \{[0; 0]}.

a)

[0; 0]

C
y

x

The point [0; 0] ∈ C and lim
[x;y]→[0;0]

x+ 2√
x2 + y2

= ∞,

so the integral does not exist;
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b)

[0; 0]

y

C

x

The given function is continuous on C, so the integral exists.�
C

x+ 2√
x2 + y2

ds =

=
∣∣∣∣ P (t) = [2 cos t; 2 sin t], t ∈ ⟨0; 2π⟩
∥Ṗ (t)∥ =

√
4 sin2 t+ 4 cos2 t = 2

∣∣∣∣ =
=

� 2π

0

2 cos t+ 2

2
· 2 dt = 2 [sin t+ t]2π0 = 4π.

Example 444.
�
C

x2 ds, C = {[x; y] ∈ E2 : y = ln x, x ∈ ⟨1; 3⟩}

Solution: It is clear that the integral exists:

[0; 0]

y

C

x

y = ln x

[1; 0]

[3; ln 3]

∣∣∣∣∣∣∣
P (t) : x = t

y = ln t
t ∈ ⟨1; 3⟩ |

∥Ṗ (t)∥ =
√
ẋ2 + ẏ2 =

=

√
1 +

(
1
t

)2
=

√
t2 + 1

t

∣∣∣∣∣∣∣
�
C

x2 ds =

� 3

1

t2 ·
√
t2 + 1

t
dt =

� 3

1

√
t2 + 1 · t dt =

∣∣∣∣ t2 + 1 = u
2t dt = du

u ∈ ⟨2; 10⟩
∣∣∣∣ =

=
1

2

� 10

2

√
u du =

1

2

[
2u3/2

3

]10
2

=
1

3
(10

√
10− 2

√
2).

Example 445.
�
C

x2

y
ds, C =

{
[x; y] ∈ E2 : y

2 = 2x, y ∈ ⟨
√
2; 2⟩

}
Solution: The integral exists:

[0; 0]

y

C

x

y2 = 2x

[2; 2]

[1;
√
2]

�
C

x2

y
ds =

=

∣∣∣∣∣∣∣
P (t) : y = t

x =
t2

2
t ∈ ⟨

√
2; 2⟩

∥Ṗ (t)∥ =
√
t2 + 1 =

=
√
1 + t2

∣∣∣∣∣∣∣ =

=

� 2

√
2

t4

4t
·
√
1 + t2 dt =

1

4

� 2

√
2

t2 ·
√
1 + t2 · t dt =

∣∣∣∣ √
1 + t2 = u

1 + t2 = u2
2t dt = 2u du

u ∈ ⟨
√
3;
√
5⟩

∣∣∣∣ =
=
1

4

� √
5

√
3

(u2 − 1) · u · u du =
1

4

[
u5

5
− u3

3

]√5

√
3

=
1

30
(25

√
5− 6

√
3).

Example 446.
�
C

(x2+y2+z2) ds, C is the first turn of the helix x = a cos t, y = a sin t, z = bt.
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Solution:

x

z

y
[a; 0; 0]

[a; 0; 2bπ]
The integral exists:�
C

(x2 + y2 + z2) ds =

=

∣∣∣∣∣ P (t) = [a cos t; a sin t; bt], t ∈ ⟨0; 2π⟩

∥Ṗ (t)∥ =
√
(ẋ)2 + (ẏ)2 + (ż)2 =

√
a2 sin2 t+ a2 cos2 t+ b2

∣∣∣∣∣ =

=

� 2π

0

(a2 sin2 t+ a2 cos2 t+ b2t2) ·
√
a2 + b2 dt =

√
a2 + b2

� 2π

0

(a2 + b2t2) dt =

=
√
a2 + b2 ·

[
a2t+

b2t3

3

]2π
0

=
√
a2 + b2 ·

(
2πa2 +

8

3
b2π3

)
.

• Justify on which of the curves C the integral
�
C
f ds exists. Compute the corresponding integral.

447.
�
C

3− y

y − x+ 2
ds, a) C is the circle x2 − 2x+ y2 = 0;

[does not exist, the given function is not bounded on the curve C]
b) C is the segment AB, where A = [2; 3], B = [0; 1].[

exists, the given function is continuous on the segment AB,
√
8/3
]

448.
�
C

1

x2 + y2
ds, a) C = {[x; y] ∈ E2 : x = t− 3, y = 3− t, t ∈ ⟨1; 4⟩} [does not exist]

b) C = {[x; y] ∈ E2 : x
2 + y2 = a2}

[
exists,

2π

a

]
449.

�
C

1

x2 − y
ds, a) C = {[x; y] ∈ E2 : y = 2x, x ∈ ⟨1; 3⟩} [does not exist]

b) C = {[x; y] ∈ E2 : y = 9, x ∈ ⟨0; 2⟩}
[

exists, − ln 5

6

]
450.

�
C

xy ds, C = {[x; y] ∈ E2 : x
2 + y2 = a2, x ≤ 0, y ≥ 0}

[
−a

3

2

]

451.
�
C

√
2y ds, C = {[x; y] ∈ E2 : x = a(t− sin t), y = a(1− cos t), t ∈ ⟨0; 2π⟩}

(arc of a cycloid)
[
4πa

√
a
]

452.
�
C

√
x ds, C = {[x; y] ∈ E2 : y =

√
x, x ∈ ⟨1; 2⟩}

[
27− 5

√
5

12

]

453.
�
C

(xy + 2) ds, C = {[x; y] ∈ E2 : x = cos t, y = 3 sin t, z =
√
8 cos t, t ∈ ⟨0; 2π⟩}

[12π]

454.
�
C

z ds, C = {[x; y] ∈ E2 : x = t cos t, y = t sin t, z = t, t ∈ ⟨0;π⟩}

(conical helix)
[
1

3

(
(2 + π2)

√
2 + π2 − 2

√
2
)]
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455.
�
C

(x+ y) ds, C = {[x; y] ∈ E2 : x
2 + y2 + z2 = a2, y = x, x ≥ 0, y ≥ 0, z ≥ 0} (Use the

parametrization from example 430.)
[
t ∈

〈
0;
π

2

〉
, a2

√
2
]

456.
�
C

xyz ds, C =
{
[x; y; z] ∈ E3 : x

2 + y2 + z2 = a2, x2 + y2 =
a2

4
, in the 1st octant

}
(C lies in the plane z = a

√
3

2
, then x = a

2
cos t, y = a

2
sin t)

[
a4
√
3

32

]

• A scalar function f is given, and the curve C is the intersection of the two given surfaces.
a) Propose a parametrization of this curve.
b) Write the vector Ṗ (t) and compute its length ∥Ṗ (t)∥.
c) Compute the line integral of the given scalar function f .

457. f(x, y, z)=y2+2z2, the curveC is the intersection of the planes x+y+2z = 5, 2x+5y−2z = 4

in the first octant.  a) e.g. : x = 7− 4t, y = 2t− 2, z = t, t ∈ ⟨1; 7/4⟩
b) Ṗ (t) = (−4; 2; 1), ∥Ṗ (t)∥ =

√
21

c) 111
√
21/32


458. f(x, y, z) = z2, the curve C is the intersection of the cylindrical surface

x2

9
+
y2

25
= 1 and the

plane 4x− 3z = 0.  a) e.g. : x = 3 cos t, y = 5 sin t, z = 4 cos t, t ∈ ⟨0; 2π⟩
b) Ṗ (t) = (−3 sin t; 5 cos t;−4 sin t), ∥Ṗ (t)∥ = 5

c) 80π



IV.3 Applications of the line integral of a scalar function

• Compute the length ℓ of the curve C, if :

Example 459. C =
{
[x; y] ∈ E2 : y = 2− ln (cos x), x ∈

〈
0;
π

4

〉}
Solution:

ℓ =

�
C

1 ds =

∣∣∣∣∣∣∣∣
P (t) : x = t

y = 2− ln (cos t),

t ∈
〈
0;
π

4

〉 Ṗ (t) =

(
1,− 1

cos t
· (− sin t)

)
∥Ṗ (t)∥ =

√
1 +

(
sin t

cos t

)2

=
∣∣∣ 1

cos t

∣∣∣
∣∣∣∣∣∣∣∣ =

=

� π/4

0

1

cos t
dt =

� π/4

0

cos t

cos2 t
dt =

� π/4

0

cos x

1− sin2 t
dt =

∣∣∣ sin t = s
cos t dt = ds

∣∣∣ =
=

� √
2/2

0

ds

1− s2
=

1

2

[
ln
∣∣∣1 + s

1− s

∣∣∣]√2/2

0

=
1

2

(
ln

1 +
√
2
2

1−
√
2
2

− ln 1

)
=

=
1

2
ln

(1 +
√
2
2
)2

1− 1
2

=
1

2
· ln (3 + 2

√
2) .
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Example 460. C =
{
[x; y] ∈ E2 : x = t2, y = t− t3

3
, t ∈

〈
−
√
3;
√
3
〉}

Solution: This is the length of a loop, since x(−
√
3) = x(

√
3) = 3 and y(−

√
3) = y(

√
3) = 0.

ℓ =

�
C

1 ds =

� √
3

−
√
3

√
˙(x)

2
+ ˙(y)

2
dt =

=

� √
3

−
√
3

√
(2t)2 + (1− t2)2 dt =

3

y

x

=

� √
3

−
√
3

√
4t2 + 1− 2t2 + t4 dt =

� √
3

−
√
3

√
1 + 2t2 + t4 dt =

� √
3

−
√
3

(1 + t2) dt =

= 2 ·
� √

3

0

(1 + t2) dt = 2

[
t+

t3

3

]√3

0

= 2(
√
3 +

√
3) = 4

√
3.

Example 461.* C = {[x; y] ∈ E2 : x = a cos3 t, y = a sin3 t, t ∈ ⟨0; 2π⟩}

Solution: This is an astroid, consisting of four arcs of equal length. Therefore

y

x

a

ℓ =

�
C

1 ds = 4 ·
� π/2

0

√
˙(x)

2
+ ˙(y)

2
dt =

= 4

� π/2

0

√
(−3a cos2 t sin t)2 + (3a sin2 t cos t)2 dt =

= 4

� π/2

0

√
9a2 sin2 t cos2 t(cos2 t+ sin2 t) dt =

= 4

� π/2

0

3a sin t cos t dt = 12a

[
sin2 t

2

]π/2
0

= 6a

Example 462.* C is a part of the logarithmic spiral r = aekφ, lying inside the circle of radius
r = a, k > 0, a > 0.

Solution: The curve C is given in polar coordinates r = r(φ). In Cartesian coordinates it will be
expressed as:{ x = r(φ) cosφ

y = r(φ) sinφ
=⇒

{ ẋ = r′ cosφ− r sinφ
ẏ = r′ sinφ+ r cosφ

.

Then ds =
√

˙(x)
2
+ ˙(y)

2
dφ =

√
(r′ cosφ− r sinφ)2 + (r′ sinφ+ r cosφ)2 dφ =

=
√

(r′)2 + r2 dφ, where r′ =
d r

dφ
.

From the condition |aekφ| ≤ a it follows that φ ≤ 0. Thus

ℓ =

� 0

−∞

√
(akekφ)2 + (aekφ)2 dφ =

� 0

−∞
aekφ

√
k2 + 1 dφ = lim

β→−∞
a
√
k2 + 1

� 0

β

ekφ dφ =

= a
√
k2 + 1 lim

β→−∞

[
ekφ

k

]0
β

= a
√
k2 + 1 lim

β→−∞

(
1

k
− ekβ

k

)
=
a
√
k2 + 1

k
.
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Example 463.* C =
{
[x; y; z] ∈ E3 : x =

� t

1

cos z

z
dz, y =

� t

1

sin z

z
dz, t ∈ R

}
. Determine

the distance from the origin to the nearest point at which the tangent
is parallel to the y-axis.

Solution: The tangent is parallel to the y-axis when ẋ = 0 =⇒ ẋ =
cos t

t
=⇒ t2 =

π

2
, t1 = 1 .

ẏ =
sin t

t
=⇒ ℓ =

�
C

1 ds =

� π/2

1

√
˙(x)

2
+ ˙(y)

2
dt =

� π/2

1

1

t
dt = [ln |t|]π/21 = ln

π

2
.

• Compute the areas of the given parts of cylindrical surfaces bounded by the coordinate plane (xy)
and the given surfaces:

Example 464.* y2 = 4x, z = 2
√
x− x2

Solution: The parabolic cylindrical surface parallel to the z-axis is bounded “from above” by the
surface z = f(x, y) = 2

√
x− x2 .

In general A =

�
C

f(x, y) ds =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

C : y2 = 4x,C = C1 ∪ C2, C1 : y = 2
√
x

C2 : y = −2
√
x

ds =

√
1 + (y′)2 dx =

√
1 +

(
±1√
x

)2

dx =

√
x+ 1

x
dx

z = 2
√
x− x2 =⇒ x(1− x) ≥ 0 =⇒ x ∈ ⟨0; 1⟩,

�
C1

f ds =

�
C2

f ds

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2

� 1

0

2
√
x− x2 ·

√
x+ 1

x
dx = 4 ·

� 1

0

√
(1− x)(x+ 1) dx = 4

� 1

0

√
1− x2 dx =

=
∣∣∣ x = sin t
dx = cos tdt

∣∣∣ = 4

� π/2

0

cos2 t dt = 2

� π/2

0

(1 + cos 2t) dt = 2

[
t+

sin 2t

2

]π/2
0

= π .

Example 465.* x2 + y2 =
1

4
, z = xy, x ≥ 0, y ≥ 0

Solution: A =

�
C

xy ds =

∣∣∣∣∣ C : x2 + y2 =
1

4
=⇒

{ P (t) =

[
1

2
cos t;

1

2
sin t

]
, t ∈

〈
0;
π

2

〉
Ṗ (t) =

(
−1

2
sin t;

1

2
cos t

)
, ∥Ṗ (t)∥ =

1

2

∣∣∣∣∣
=

� π/2

0

1

4
sin t · cos t · 1

2
dt =

1

8

[
sin2 t

2

]π/2
0

=
1

16
.

• Compute the mass m of the curve C with linear density ϱ = ϱ(x, y), or ϱ(x, y, z) :

Example 466. C = {[x; y] ∈ E2 : x
2 + y2 = a2, x ≥ 0, y ≥ 0}, ϱ(x, y) = x

Solution: m =

�
C

ϱ ds =

�
C

x ds =

∣∣∣∣ C : P (t) =
[
a cos t; a sin t

]
, t ∈ ⟨0;π/2⟩

Ṗ (t) =
(
− a sin t; a cos t

)
, ∥Ṗ (t)∥ = a

∣∣∣∣ =
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=

� π/2

0

a cos t · a dt = a2 · [sin t]π/20 = a2.

Example 467. C = {[x; y; z] ∈ E3 : x = at, y =
a√
2
t2, z =

a

3
t3, t ∈ ⟨0; 1⟩},

ϱ(x, y, z) =

√
2y

a

Solution: m =

�
C

ϱ ds =

�
C

√
2y

a
ds =

=

∣∣∣∣∣∣∣∣
P (t) : x = at =⇒ ẋ = a

y =
a√
2
t2 =⇒ ẏ =

√
2at

z =
a

3
t3 =⇒ ż = at2

∥Ṗ (t)∥ =
√
(ẋ)2 + (ẏ)2 + (ż)2 =

= a
√
1 + 2t2 + t4 =

= a(1 + t2)

∣∣∣∣∣∣∣∣ =

=

� 1

0

√
2at2

a
√
2
· a · (1 + t2) dt =

4
√
2 ·
� 1

0

at(1 + t2) dt = a
4
√
2

[
t2

2
+
t4

4

]1
0

=
3 4
√
2

4
a .

Example 468. The curve C is the first turn of the helix x = a cos t, y = a sin t, z = at and the
density is equal to the square of the distance from the z-axis.

Solution: m =

�
C

ϱ ds =

�
C

(x2+y2) ds =

∣∣∣∣∣∣∣
P (t) : x = a cos t

y = a sin t
z = a t

t ∈ ⟨0; 2π⟩
∥Ṗ (t)∥ =

√
(ẋ)2 + (ẏ)2 + (ż)2 =

= a
√
2

∣∣∣∣∣∣∣ =
=

� 2π

0

a2 · a
√
2 dt = a3 · 2

√
2π.

Example 469. C = C1 ∪ C2; C1 = {[x; y] ∈ E2 : x
2 + y2 = 2ax, y ≥ 0};

C2 = {[x; y] ∈ E2 : y = 0, x ∈ ⟨0; 2a⟩, a > 0}, ϱ(x, y) = x2 + y2

Solution:

m =

�
C

ϱ ds =

�
C1

ϱ ds+

�
C2

ϱ ds =

=

�
C1

(x2 + y2) ds+

�
C2

(x2 + y2) ds =

2aa

a

y

x

=

∣∣∣∣∣∣ C1 :
{ x2 + y2 − 2ax = 0 =⇒ (x− a)2 + y2 = a2 =⇒
y ≥ 0

C2 : y = 0 =⇒ ds = dx, x ∈ ⟨0; 2a⟩

x = a+ a cos t
y = a sin t

ds = a dt
t ∈ ⟨0;π⟩

∣∣∣∣∣∣ =
=

� π

0

(
a2(1 + cos t)2 + a2 sin2 t

)
· a dt+

� 2a

0

x2 dx = a3
� π

0

(2 + 2 cos t) dt+

[
x3

3

]2a
0

=

= 2a3 [t+ sin t]π0 +
8a3

3
= 2a3π +

8a3

3
.

• Determine the center of mass T of the curve C with density ϱ(x, y), or ϱ(x, y, z) :
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Example 470. C = {[x; y] ∈ E2 : x
2 + y2 = 1, y ≥ 0}, ϱ(x, y) = a(1− y), a > 0

Solution:

T = [0; y
T
], where y

T
=
mx

m
.

(Note that the density does not depend on x, so the
mass of the
left and right quarter-circles is the same.)

T

y

x1−1∣∣∣∣ P (t) : { x = cos t
y = sin t

| Ṗ (t) :
{ ẋ = − sin t
ẏ = cos t

| ∥Ṗ (t)∥ = 1
t ∈ ⟨0;π⟩

∣∣∣∣
m =

�
C

ϱ ds =

�
C

a(1− y) ds =

� π

0

a(1− sin t) dt = a [t+ cos t]π0 = a(π − 2)

mx =

�
C

yϱ ds = a

� π

0

(1− sin t) sin t dt = a

� π

0

(
sin t− 1− cos 2t

2

)
dt =

= a

[
− cos t− 1

2
t+

1

4
sin 2t

]π
0

= a (2− π

2
)

y
T
=
a (2− π

2
)

a (π − 2)
=

4− π

2 (π − 2)

[
T =

[
0;

4− π

2 (π − 2)

]]
.

Example 471. C = {[x; y] ∈ E2 : x = a (t− sin t), y = a (1− cos t), a > 0, t ∈ ⟨0; 2π⟩},
ϱ(x, y) = 1

Solution:

C is the first arc of a cycloid, T = [πa; y
T
],

y
T
=
mx

m
; m =

�
C

ϱ(x, y) ds T

y

x2aπaπ

2a

0

∣∣∣∣∣∣
x = a(t− sin t)
y = a(1− cos t)
t ∈ ⟨0; 2π⟩

ẋ = a(1− cos t)
ẏ = a sin t

∥Ṗ (t)∥ = a
√

1− 2 cos t+ cos2 t+ sin2 t =

= a
√
2− 2 cos t = a

√
2
√
1− cos t

∣∣∣∣∣∣
m = a

√
2

� 2π

0

√
1− cos t dt = a

√
2

� 2π

0

√
2 sin

t

2
dt = 2a

[
−2 cos

t

2

]2π
0

= 8a;

mx =

�
C

yϱ(x, y) ds =

� 2π

0

a(1− cos t) · a
√
2
√
1− cos t dt = a2

√
2

� 2π

0

(1− cos t)3/2 dt =

= a2
√
2

� 2π

0

2
√
2 · sin3 t

2
dt = 4a2

� 2π

0

(
1− cos2

t

2

)
sin

t

2
dt =

∣∣∣∣∣∣ cos
t

2
= z

−1

2
sin

t

2
dt = dz

∣∣∣∣∣∣ =
= −4 a2 · 2 ·

� −1

1

(1− z2) dz = 8a2
� 1

−1

(1− z2) dz = 16a2
[
z − z3

3

]1
0

= 16 a2 · 2
3
=

32a2

3
;
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y
T
=

32a2

3 · 8a
=

4

3
a,

[
T =

[
πa;

4

3
a

]]
Example 472. C = C1 ∪ C2 ∪ C3, C1 = {[x; y; z] ∈ E3 : x

2 + y2 = a2, z = 0, x ≥ 0, y ≥ 0},
C2 = {[x; y; z] ∈ E3 : x

2 + z2 = a2, y = 0, x ≥ 0, z ≥ 0},
C3 = {[x; y; z] ∈ E3 : y

2+z2 = a2, x = 0, y ≥ 0, z ≥ 0, a > 0}, ϱ(x, y, z) = 1

Solution: The curve C is symmetric with respect to the axes x, y, z, so x
T
= y

T
= z

T
. We restrict

ourselves to x
T
=
myz

m
. m = 3 · 1

4
· 2π · 1 =

3

2
π a,

myz =

�
C

xϱ(x, y, z) ds =

�
C1

x ds+

�
C2

x ds+

�
C3

x ds =

C3

z

ya

C2

C1
x

∣∣∣∣∣∣∣∣∣∣∣∣∣

C1 :
P1(t) = [a cos t; a sin t; 0]

t ∈ ⟨0;π/2⟩, ∥Ṗ1(t)∥ = a

C2 :
P2(t) = [a cos t; 0; a sin t]

t ∈ ⟨0;π/2⟩, ∥Ṗ2(t)∥ = a

C3 :
P3(t) = [0; a cos t; a sin t]

t ∈ ⟨0;π/2⟩, ∥Ṗ3(t)∥ = a

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

� π/2

0

a2 cos t dt+

� π/2

0

a2 cos t dt+

� π/2

0

0 dt = 2a2 [sin t]π/20 = 2a2

x
T
= y

T
= z

T
=

2a2

3
2
πa

=
4 a

3π

[
T =

[
4 a

3π
;
4 a

3π
;
4 a

3π

]]

Example 473. Determine the moment of inertia with respect to the coordinate plane (yz) of the
spatial curve C = {[x; y; z] ∈ E3 : x = a cos t, y = a sin t, z = bt t ∈ ⟨0; 2π⟩},
if ϱ(x, y, z) = x2 + y2.

Solution:

Jyz =

�
C

ϱ · x2 ds =
�
C

(x2 + y2)x2 ds =

∣∣∣∣∣ ∥Ṗ (t)∥ =
√
a2 sin2 t+ a2 cos2 t+ b2 =

=
√
a2 + b2

∣∣∣∣∣ =
=

� 2π

0

a2 · a2 cos2 t ·
√
a2 + b2 dt = a4

√
a2 + b2

� 2π

0

1 + cos 2t

2
dt =

=
a4
√
a2 + b2

2

[
t+

sin 2t

2

]2π
0

= a4
√
a2 + b2 π .

Example 474. Determine the moment of inertia with respect to the z-axis of the curve C ⊂ E3 :
C = {[x; y; z] ∈ E3 : 2x2 + y2 = 2, x+ z = 1}, if ϱ(x, y, z) = z .

Solution: C is the intersection of the elliptical cylindrical surface with the plane x+ z = 1.

Jz =

�
C

(x2 + y2)ϱ(x, y, z) ds =

�
C

(x2 + y2)z ds =
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=

∣∣∣∣∣∣ P (t) :
x = cos t

y =
√
2 sin t

z = 1− cos t

=⇒ ẋ = − sin t

=⇒ ẏ =
√
2 cos t

=⇒ ż = sin t

|
∥Ṗ (t)∥ =

√
sin2 t+ 2 cos2 t+ sin2 t =

√
2

t ∈ ⟨0; 2π⟩

∣∣∣∣∣∣ =
=

� 2π

0

(cos2 t+ 2 sin2 t)(1− cos t) ·
√
2 dt =

√
2

� 2π

0

(1 + sin2 t)(1− cos t) dt =

=
√
2

� 2π

0

(
1 +

1− cos 2t

2
− cos t− sin2 t cos t

)
dt =

√
2

[
t+

1

2
t− sin 2t

4
− sin t− sin3 t

3

]2π
0

=

=
√
2 · 3

2
· 2π = 3

√
2 π .

• A curve C and a linear density ϱ are given.
a) Propose a parametrization X = P (t), t ∈ ⟨a; b⟩ of the given curve C and determine the length

of the vector Ṗ (t).
b) Compute the mass of the curve C if mass is distributed along it with linear density ϱ.
c) State what else the corresponding integral could represent. Specify whether it is

a static moment or a moment of inertia, for what density, and with respect to what
object (point, line, or plane).

475. The curve C is the segment AB, where A = [1; 0], B = [2; 3], ϱ(x, y) = x2 + y2. a)P (t) = [1 + t; 3t], t ∈ ⟨0; 1⟩; ∥Ṗ (t)∥ =
√
10

b)m = 6
√
10/3

c) J0, ϱ = 1


476. The curve C is the segment AB, where A = [0; 1], B = [1; 2], ϱ(x, y) = x2y. a)P (t) = [t; 1 + t], t ∈ ⟨0; 1⟩; ∥Ṗ (t)∥ =

√
2

b)m = 7
√
2/12

c)mx, ϱ = x2; my, ϱ = xy; Jy, ϱ = y


477. C = {[x; y] ∈ E2 : x

2 + y2 = 9, x ≥ 0}, ϱ(x, y) = x. a)P (t) = [3 cos t; 3 sin t], t ∈ ⟨−π/2;π/2⟩; ∥Ṗ (t)∥ = 3
b)m = 18
c)my, ϱ = 1


478. C = {[x; y; z] ∈ E3 : x = 3 cos t, y = 3 sin t, z = t/3, t ∈ ⟨0; 3⟩},

ϱ(x, y, z) = x2 + y2 + z2  a)P (t) = [3 cos t; 3 sin t; t/3], t ∈ ⟨0; 3⟩; ∥Ṗ (t)∥ =
√
82/3

b)m = 28
√
82/3

c) J0, ϱ = 1


479. C = {[x; y; z] ∈ E3 : x = 2 cos t, y = 2 sin t, z = t/4; t ∈ ⟨0; 2π⟩},

ϱ(x, y, z) = z2/(x2 + y2)  a)P (t) = [2 cos t; 2 sin t; t/4], t ∈ ⟨0; 2π⟩; ∥Ṗ (t)∥ =
√
17/2

b)m =
√
65π3/96

c)mxy, ϱ = z/(x2 + y2); Jxy, ϱ = 1/(x2 + y2)


480. C = {[x; y] ∈ E2 : y =

x2

2
+ 2 between the points A = [0; 2], B = [2; 4]}, ϱ(x, y) = x a)P (t) = [t; t2/2 + 2], t ∈ ⟨0; 2⟩; ∥Ṗ (t)∥ =

√
1 + t2

b)m = (5
√
5− 1)/3

c)my, ϱ = 1


481. C = {[x; y; z] ∈ E3 : x = t cos t, y = t sin t, z = t; t ∈ ⟨0; 1⟩}, ϱ(x, y, z) = z
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 a)P (t) = [t cos t; t sin t; t], t ∈ ⟨0; 1⟩; ∥Ṗ (t)∥ =
√
2 + t2/2

b)m = (
√
27−

√
8)/3

c)mxy, ϱ = 1


• Compute the length ℓ of the given curve C :

482. C =
{
[x; y] ∈ E2 : y =

1

3
x
√
x, x ∈ ⟨0; 5⟩

} [
19

3

]
483. C = {[x; y; z] ∈ E3 : x = 3t, y = 3t2, z = 2t3, t ∈ ⟨0; 1⟩} [5]

484.* C = {[φ; r] ∈ E2 : r(φ) = a(1 + cosφ), φ ∈ ⟨0; π⟩, a > 0} (upper half of a cardioid) [4a]

485.* C =
{
[φ; r] ∈ E2 : r(φ) = sin3 φ

3
, φ ∈ ⟨0; 3π⟩

}
(the curve is given in polar coordinates)[

3

2
π

]
486. C =

{
[x; y] ∈ E2 : y =

√
cos x

} [
4; use cosx ≥ 0 =⇒ x ∈

〈
−π
2
;
π

2

〉]
487. C = {[x; y] ∈ E2 : x = 2 cos t, y = 2 sin t, z = t/2, t ∈ ⟨0; 2π⟩} [π

√
17]

488. C =
{
[x; y] ∈ E2 : y =

x2

2
+

ln x

4

}
between the points [2; ?], [4; ?] [6 + (ln 2)/4]

489. C = {[x; y; z] ∈ E3 : x = R cos t, y = R sin t, z = at, t ∈ ⟨0; 2π⟩} [2π
√
R2 + a2]

• Determine the mass m of the curve C with linear density ϱ(x, y) :

490. ϱ(x, y, z) = x(y2 + z2), C = {[x; y; z] ∈ E3 : y
2 + 2z2 = 4, x = z, x ≥ 0}

[
32

√
2

3

]
491. ϱ(x, y) = x(y + 2), C = {[x; y] ∈ E2 : x

2 + y2 = 4, x ≥ 0} [16]

492. ϱ(x, y) = x4/3 + y4/3, C = {[x; y] ∈ E2 : x = a cos3 t, y = a sin3 t, t ∈ ⟨0;π/2⟩}
[
a

7
3

]
493. ϱ(x, y) = e

√
x2+y2 , C = {[x; y] ∈ E2 : x

2 + y2 = a2, x ≥ 0, y ≥ 0}
[
ea · a · π

2

]
494. Compute the moment of inertia with respect to the axis of symmetry of a homogeneous semi-

circle of radius a, ϱ(x, y) = k.

[
k a3π

2

]
495. Determine the moment of inertia with respect to the x-axis of the part of the astroid lying in the
first quadrant (i.e. the curve x = a cos3 t, y = a sin3 t, t ∈ ⟨0; π/2⟩),with density ϱ(x, y) = 1.[

3a3

8

]

• Determine the centroid T of the curve C with linear density ϱ(x, y, z) :

496. C = {[x; y; z] ∈ E3 : x = a cos t, y = a sin t, z = at, a > 0, t ∈ ⟨0; 2π⟩},

ϱ =
z2

x2 + y2

[
m =

8
√
2aπ3

3
, mxy = 4

√
2a2π4, T =

[
0; 0;

3

2
aπ

]]
497.* C = C1 ∪ C2, C1 = {[x; y] ∈ E2 : y = 6

√
x, x ∈ ⟨1; 6⟩};

C2 = {[x; y] ∈ E2 : y = −6
√
x, x ∈ ⟨1; 6⟩}, ϱ = 1

[
m = 10, my = 35, T =

[
7

2
; 0

]]
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IV.4 Line integral of a vector function

Assume that C is a simple smooth curve with parametrization P (t) on the interval ⟨a; b⟩. Then
�
C

f⃗ (X) · ds⃗ = ±
� b

a

f⃗ (P (t)) · Ṗ (t) dt.

We use the plus sign (respectively minus sign) when the curve C is oriented consistently
(respectively oppositely) with the parametrization P (t).

NOTE: The line integral of the vector function f⃗ = (U, V,W ) can be written in differentials, i.e. in
the form �

C

f⃗ · ds⃗ =
�
C

(
U ;V ;W

)
· (dx; dy; dz) =

�
C

(U dx+ V dy +W dz).

Analogously for a curve C ∈ E2.

• Compute the given line integrals along the oriented curve C with initial point A.

Example 498.
�
C

(x;−y2) · ds⃗, C is the line segment from the point A = [1;−2] to the point

B = [3; 2].

Solution:

y

x

A

B

Parametric equations of the segment:

C :
{ x = 1 + 2t,
y = −2 + 4t,

t ∈ ⟨0; 1⟩

Parametrization of the curve C:∣∣∣∣∣∣∣
P (t) =

[
1 + 2t;−2 + 4t

]
, t ∈ ⟨0; 1⟩,

Ṗ (t) = (2; 4)
P (0) = [1;−2] = A⇒ the orientation of the curve is

consistent with the chosen parametrization

∣∣∣∣∣∣∣
�
C

(x;−y2) · ds⃗ =
� 1

0

(
(1 + 2t);−(−2 + 4t)2

)︸ ︷︷ ︸
f⃗(P (t))

· (2; 4)︸ ︷︷ ︸
Ṗ (t)

dt =

=

� 1

0

(
(1 + 2t) · 2− (4t− 2)2 · 4

)
dt = 2

� 1

0

(
1 + 2t− 2(16t2 − 16t+ 4)

)
dt =

= 2

� 1

0

(−7 + 34t− 32t2) dt = 2

[
−7t+ 17t2 − 32

3
t3
]1
0

= −4

3

Example 499.
�
C

(x2 − y2; 1) · ds⃗, C = {[x; y] ∈ E2 : y = x3} from the point A = [0; 0] to the

point B = [3; 27].

Solution:

y

x
A

B
C :

{ x = t,
y = t3,

t ∈ ⟨0; 3⟩∣∣∣ P (t) = [t; t3], t ∈ ⟨0; 3⟩
Ṗ (t) = (1; 3t2), P (0) = A =⇒ consistent parametrization

∣∣∣
�
C

(x2 − y2; 1) · ds⃗ =
�
C

(t2 − t6; 1) · (1; 3t2) dt =
� 3

0

(
(t2 − t6) · 1 + 1 · 3t2

)
dt =
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=

[
4

3
t3 − t7

7

]3
0

= −1935

7

Example 500.
�
C

(−y; x) · ds⃗, C =
{
[x; y] ∈ E2 :

x2

a2
+
y2

b2
= 1, x ≥ 0, y ≥ 0

}
, B = [0; a].

Solution:
y

x

A

B C :
{ x = a cos t,
y = b sin t,

t ∈ ⟨0; π/2⟩∣∣∣∣∣∣
P (t) = [a cos t; b sin t], t ∈ ⟨0;π/2⟩
Ṗ (t) = (−a sin t; b cos t), P (0) = [a; 0] = A
the orientation of the curve is opposite to the parametrization

∣∣∣∣∣∣
�
C

(−y; x) · ds⃗ = −
� π/2

0

(−b sin t; a cos t) · (−a sin t; b cos t) dt =

= −
� π/2

0

(b sin t · a sin t+ a cos t · b cos t) dt = −ab
� π/2

0

1 dt = −abπ
2

Example 501.
�
C

(y;−x; z) · ds⃗, C is a part of the curve K =
{
[x; y; z] ∈ E3 : x = R cos t,

y = R sin t, z =
at

2π
, R > 0

}
, from the intersection with the plane z = 0 to the

intersection with the plane z = a, a > 0.

Solution: This is a helix with winding radius R and pitch a.

x

z

y

A

B
6

z = 0 =⇒ t1 = 0
z = a =⇒ t2 = 2π∣∣∣∣∣∣∣∣∣
P (t) =

[
R cos t;R sin t;

at

2π

]
, t ∈ ⟨0; 2π⟩

Ṗ (t) =
(
−R sin t;R cos t;

a

2π

)
, P (0) = [a; 0; 0] = A

the orientation is consistent

∣∣∣∣∣∣∣∣∣
�
C

(y;−x; z) · ds⃗ =
� 2π

0

(
R sin t;−R cos t;

at

2π

)
·
(
−R sin t;R cos t;

a

2π

)
dt =

=

� 2π

0

(
−R2 sin2 t−R2 cos2 t+

a2t

4π2

)
dt =

� 2π

0

(
−R2 +

a2

4π2
t

)
dt =

=

[
−R2t+

a2

8π2
t2
]2π
0

=
a2

2
− 2πR2

Example 502.
�
C

−x cos y dx + y sinx dy, C is the line segment from the point A = [0; 0] to the

point B = [π; 2π].

Solution: We can compute the given integral in two ways:
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1) We use directly the definition of the line integral in differential form.
With the parametric representation of the given curve C we
get for t = 0 the initial point A,

C : x = t,
y = 2t,

t ∈ ⟨0; π⟩
we compute the differentials,
dx = dt,
dy = 2 dt,

y

xA

B

�
C

−x cos y dx+ y sin x dy =

� π

0

(−t cos 2t+ 2 · 2t sin t) dt =

=

� π

0

t(4 sin t− cos 2t) dt =

∣∣∣∣∣ u = t, v′ = 4 sin t− cos 2t

u′ = 1, v = −4 cos t− sin 2t

2

∣∣∣∣∣ =
= −

[
4t cos t+

t

2
sin 2t

]π
0

+

� π

0

(
4 cos t+

sin 2t

2

)
dt = 4π +

[
4 sin t− cos 2t

4

]π
0

= 4π.

NOTE: Since the line segment C is the graph of the explicitly given function y = 2x, x ∈ ⟨0; π⟩,
we can keep the variable x as the parameter. After computing the differential dy = 2 dx
we obtain
�
C

−x cos y dx+ y sin x dy =

� π

0

(−x cos 2x+ 2 · 2x sin x) dx = · · · ,

which is the same Riemann integral.

2) We rewrite the given integral in differential form into vector form�
C

−x cos y dx+ y sin x dy =

�
C

(−x cos y; y sin x) · ds⃗.

We use the parametrization

C :
{ x = t,
y = 2t,

t ∈ ⟨0; π⟩;∣∣∣∣ P (t) = [t; 2t], t ∈ ⟨0;π⟩; Ṗ (t) = (1; 2)
P (0) = A⇒ the orientation of the curve is consistent with the parametrization

∣∣∣∣
� π

0

(−t cos 2t; 2t sin t) · (1; 2) dt =
� π

0

(−t cos 2t+ 4t sin t) dt = · · ·

and again we get the same Riemann integral.

Example 503.
�
C

x dy, C is the boundary of the triangle formed by the lines x = 0, y = 0

and 2x+ 7y = 14, C is positively oriented.
Solution: y

[7; 0]

x

[0; 0]

[0; 2]

C1

C2C3

C = C1 ∪ C2 ∪ C3�
C

=

�
C1

+

�
C2

+

�
C3
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According to the note from the previous example:

C1 : y = 0, dy = 0 · dx, x ∈ ⟨0; 7⟩ =⇒
�
C1

x dy =

� 7

0

0 dx = 0

C2 : x =
14− 7y

2
, y ∈ ⟨0; 2⟩ =⇒

�
C2

x dy =

� 2

0

14− 7y

2
dy

C3 : x = 0, y ∈ ⟨2; 0⟩ =⇒
�
C3

x dy =

� 0

2

0 · dy

�
C

x dy = 0 +

� 2

0

14− 7y

2
dy + 0 =

1

2

[
14y − 7y2

2

]2
0

= 7

504.
�
C

(x cos y; 0) ·ds⃗, C is an oriented segment from the point A = [0; 1] to the point B = [1; 2].

[sin 2 + cos 2− cos 1]

505.
�
C

(x2 + y2; x2 − y2) · ds⃗, C is the oriented curve y = 1− |1− x|, x ∈ ⟨0; 2⟩,

the initial point is A = [0; 0].
[
4
3

]
506.

�
C

(x2 − 2xy) dx+ (y2 − 2xy) dy, C is the arc of the parabola y = x2 from the point

A = [−1; 1] to the point B = [1; 1].
[
−14

15

]
507.

�
C

(y; x) · ds⃗, C = {[x; y] ∈ E2 : x
2 + y2 = a2, x ≥ 0, y ≥ 0, a > 0} and the initial point is

A = [a; 0]. [0]

IV.5 Work of a force along a curve

• Compute the work W of the force f⃗ along the oriented curve C :

Example 508. f⃗ = (x+ y; 2x), C = {[x; y] ∈ E2 : x
2 + y2 = R2, y ≥ 0}, initial point

B = [−R; 0].

Solution: The work W of the force f⃗ along the oriented curve C is equal to the integral
�
C

f⃗ · ds⃗ .

y

xAB

C :
{ x = R cos t,
y = R sin t,

t ∈ ⟨0; π⟩∣∣∣∣∣∣
P (t) = [R cos t;R sin t], t ∈ ⟨0;π⟩
Ṗ (t) = (−R sin t;R cos t), P (0) = [R; 0] = A =⇒
the orientation of the curve is opposite to the parametrization

∣∣∣∣∣∣

W =

�
C

(x+ y; 2x) · ds⃗ = −
� π

0

(R cos t+R sin t; 2R cos t) · (−R sin t;R cos t) dt =

= −
� π

0

(
−R2(sin t+ cos t) sin t+ 2R2 cos2 t

)
dt = −R2

� π

0

(− sin2 t− sin t cos t+ 2 cos2 t) dt =
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= −R2

� π

0

(
−1− cos 2t

2
− sin t cos t+ 1 + cos 2t

)
dt =

= −R2

[
−1

2
t+

sin 2t

4
− sin2 t

2
+ t+

sin 2t

2

]π
0

= −πR
2

2

Example 509. f⃗ =

(
2y

x2 + 4y2
;

−2x

x2 + 4y2

)
, C =

{
[x; y] ∈ E2 :

x2

4
+ y2 = 1

}
, the curve C is

positively oriented.

Solution:
y

x

C :
{ x = 2 cos t,
y = sin t,

t ∈ ⟨0; 2π⟩∣∣∣∣∣∣
P (t) = [2 cos t; sin t], t ∈ ⟨0; 2π⟩
Ṗ (t) = (−2 sin t; cos t)
the orientation of the curve is consistent with the parametrization

∣∣∣∣∣∣
W =

�
C

f⃗ · ds⃗ =
�
C

(
2y

x2 + 4y2
;− 2x

x2 + 4y2

)
· ds⃗ =

=

� 2π

0

(
2 sin t

4
;−4 cos t

4

)
· (−2 sin t; cos t) dt =

� 2π

0

(
−4 sin2 t

4
− 4 cos2 t

4

)
dt =

= −
� 2π

0

1 dt = −2π

Example 510. f⃗ = −y ı̂+ xȷ̂+ a k̂, C = {[x; y; z] ∈ E3 : x
2 + y2 − 4x+ 3 = 0, z = 2},

the orientation of the curve C is given by the tangent vector τ̂([2; 1; 2]) = −ı̂.
Solution:

x2 + y2 − 4x+ 3 = 0 =⇒ equation of a cylindrical surface
z = 2 =⇒ equation of a plane
The curve C arises as a plane section of the cylindrical surface.
The plane is perpendicular to the axis of the circular cylin-
drical surface,
so the curve C is a circle

C :

{
(x− 2)2 + y2 = 1

z = 2
=⇒

C :


x = 2 + 1 · cos t,
y = 1 · sin t,
z = 2,

0 ≤ t ≤ 2π
y

x

z

C

[2; 1; 2]
��*

∣∣∣∣∣ P (t) = [2 + cos t; sin t; 2], t ∈ ⟨0; 2π⟩ P
(π
2

)
= [2; 1; 2]; Ṗ

(π
2

)
= (−1; 0; 0) = −ı̂

Ṗ (t) = (− sin t; cos t; 0) the orientation of the curve is consistent with the parametrization

∣∣∣∣∣
W =

�
C

f⃗ · ds⃗ =
�
C

(−y, x, a) · ds⃗ =
� 2π

0

(− sin t; 2 + cos t; a) · (− sin t; cos t; 0) dt =
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=

� 2π

0

(
sin2 t+ (2 + cos t) cos t+ a · 0

)
dt =

� 2π

0

(1 + 2 cos t) dt = 2π

Example 511. f⃗ = (xy; x+ y), C = C1 ∪C2, C is a closed curve, where C1 is a part
of the parabola y = x2 and C2 is a part of the line y = x, C is positively
oriented.

Solution:
y

x

[0; 0]

[1; 1]

y = x2

y = x

C1

C2

C1 :
{ x = t,
y = t2,

t ∈ ⟨0; 1⟩; ⇒∣∣∣∣∣∣
P1(t) = [t; t2], t ∈ ⟨0; 1⟩
Ṗ1(t) = (1; 2t), P (0) = [0; 0]
the orientation of the curve is consistent with the parametrization

∣∣∣∣∣∣
C2 :

{ x = t,
y = t,

t ∈ ⟨0; 1⟩; ⇒∣∣∣∣∣∣
P2(t) = [t; t], t ∈ ⟨0; 1⟩
Ṗ2(t) = (1; 1), P (0) = [0; 0]
the orientation of the curve is opposite to the parametrization

∣∣∣∣∣∣
W =

�
C

f⃗ · ds⃗ =
�
C1

(xy; x+ y) · ds⃗+
�
C2

(xy; x+ y) · ds⃗ =

=

� 1

0

(t3; t+ t2) · (1; 2t) dt−
� 1

0

(t2; 2t) · (1; 1) dt =
� 1

0

(t3 + 2t2 + 2t3) dt−

−
� 1

0

(t2 + 2t) dt =

[
3t4

4
+

2t3

3

]1
0

−
[
t3

3
+ t2

]1
0

=
1

12

• Compute the work of the force f⃗ along the oriented curve C :

512. f⃗ =
(x− y; x+ y)

x2 + y2
, C = {[x; y] ∈ E2 : x

2 + y2 = 4}, the curve C is negatively oriented.

[−2π]

513. f⃗ =
2

x2 + y2
(y;−x), C = {[x; y] ∈ E2 : x

2 + y2 = 16}, the curve C is positively oriented.

[−4π]

514. f⃗ =

(
1

y
;−1

x

)
, C is the boundary of △RST,where R = [1; 1], S = [2; 1], T = [2; 2],

the curve C is positively oriented.
[
1

2

]

515. f⃗ =
(y2;−x2)
x2 + y2

, C = {[x; y] ∈ E2 : x
2 + y2 = a2, a > 0, y ≥ 0} from the point [a; 0]

to the point [−a; 0] .
[
−4

3
a

]
516. f⃗ = (y; 2), C is a closed curve formed by coordinate semiaxes and a quarter of the ellipse

x = 2 cos t, y = sin t, located in the first quadrant. The orientation is negative.
[2π]
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517. f⃗ = (x+ y; 2x), C = {[x; y] ∈ E2 : x = a cos t, y = a sin t, t ∈ ⟨0; 2π⟩}, the orientation
is positive. [πa2]

518. f⃗ = (y; z; x), C is a line segment with initial point [a; 0; 0] and endpoint [a; a; a]. [
3

2
a2
]

519. f⃗ = (y; z; x), C is the intersection of the surfaces z = xy, x2 + y2 = 1 from the point [1; 0; 0]

to the point [0; 1; 0].

[
1

3
− π

2

]
520. f⃗ =

(
yz; z

√
R2 − y2 ; xy

)
, C =

{
X ∈ E3 : X = P (t); P (t) =

[
R cos t;R sin t;

at

2π

]
,

a > 0, R > 0, t ∈ ⟨0; 2π⟩
}
, the orientation of the curve is consistent with the parametrization.

[0]

521. f⃗ = (x; y; xz − y), C = {X ∈ E3 : X = P (t); P (t) =
[
t2; 2t; 4t3

]
, t ∈ ⟨0; 1⟩},

the orientation of the curve is consistent with the parametrization. [
5

2

]
522. f⃗ = (x; y; z), C is a quarter of the ellipse C = {[x; y] ∈ E2 : x

2 + y2 = 4, x+ z = 2}
from the point [2; 0; 0] to the point [0; 2; 2]. [2]

523. f⃗ = (y2; z2; x2), C = {X ∈ E3 : X = P (t); P (t) =
(
5; 2 + 4 sin t;−3 + 4 cos t

)
,

t ∈ ⟨0; 2π⟩}, the orientation of the curve is consistent with the parametrization.
[96π]

• A vector field f⃗ and an oriented curve C are given.
a) Sketch the given curve C ⊂ E2.
b) Propose its parametrization P (t) and justify whether the curve C is oriented

consistently with this parametrization.
c) Compute the work done by the force f⃗ acting along the given oriented curve C.

524. f⃗ = (y; z; x), C is a line segment with initial point [a; 0; 0] and endpoint [a; a; a].

x y

z

�

 b)P (t) = [a+ at; at; at], t ∈ ⟨0; 1⟩

c)
3

2
a2



525. f⃗ = (xy; y − 1), C is a part of the curve y = x2 with initial point A = [0; 0] and endpoint
point B = [2; 4]

x

y [
b)P (t) = [t; t2], t ∈ ⟨0; 1⟩
c) 8

]

526. f⃗ =
(√

x+ y; x+
√
y
)
, C is a part of the curve x = 2y2 from the point A = [8; 2] to the
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point B = [2; 1]

x

y

 b)P (t) = [2t2; t], t ∈ ⟨2; 1⟩

c) − 1

3

(
40 + 32

√
2
)



527. f⃗ =

(
x3;

1

y
ln y

)
, the curve C is given by the equation y = ex, where |x| ≤ 1 and the initial

point has x = −1

x

y [
b)P (t) = [t; et], t ∈ ⟨−1; 1⟩
c) 0

]

528. f⃗ = (2; xy); C = {[x; y] ∈ E2 : y = ln x+ 1, x ∈ ⟨1; e⟩},

x

y [
b)P (t) = [t; ln t+ 1], t ∈ ⟨1; e⟩
c) 3e− 2

]

529. f⃗ = (0; x); C = {[x; y] ∈ E2 : xy = 1, x ∈ ⟨2; 1⟩}

x

y
 b)P (t) =

[
t;
1

t

]
, t ∈ ⟨2; 1⟩

c) − ln 2



530. f⃗ =

(
y

x2 + y2
;

−x
x2 + y2

)
, C = {[x; y] ∈ E2 : x

2 + y2 = 4, x ≥ 0} oriented

from the point [0; 2] to the point [0;−2]

x

y [
b)P (t) = [2 cos t; 2 sin t], t ∈ ⟨π;−π⟩
c) − π

]

531. f⃗ =

(
2y

x2 + 4y2
; − 2x

x2 + 4y2

)
; C = {[x; y] ∈ E2 :

x2

4
+ y2 = 1}, which is negatively

oriented

x

y [
b)P (t) = [2 cos t; sin t], t ∈ ⟨0; 2π⟩
c) 2π

]
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• A line segment AB, a vector function f⃗ and a scalar function ϱ are given.
a) Propose a parametrization P (t) of the segment k and compute the tangent vector Ṗ (t).
b) Using the line integral of a vector function, compute the work done by

the force f⃗ acting along the segment AB from point A to point B.
c) Compute the mass of the curve k, if the linear density is ϱ(x, y).

532. A = [1; 0], B = [2; 3], f⃗ = (x, y) = (x2; xy), ϱ(x, y) = x2 + y2
a)P (t) = [1 + t; 3t], t ∈ ⟨0; 1⟩

b)W =
232

15

c)m =
16

3

√
10


533. A = [0; 1], B = [1; 2] f⃗(x, y) =

(
x
√
y2 − 2x; 0

)
, ϱ(x, y) = xy

a)P (t) = [t; 1 + t], t ∈ ⟨0; 1⟩

b)W =
1

3

(√
8− 1

)
c)m =

5

6

√
2



IV.6 Green’s theorem

We call the line integral of a vector field over a closed curve C the circulation of the vector

field f⃗ along the curve C and denote it by
�
C

f⃗ · ds⃗.

Let : 1) the vector function f⃗ =
(
U(x, y); V (x, y)

)
have continuous partial derivatives

in the domain G ⊂ E2,
2) the curve C ⊂ G be positively oriented, closed, simple, piecewise smooth,
3) int C ⊂ G.

Then �
C

f⃗ · ds⃗ =
��

Int C

(
∂V

∂x
− ∂U

∂y

)
dx dy.

NOTE: If the curve C is negatively oriented, then the integral on the right has a minus sign.

NOTE: Writing the line integral in differentials, Green’s theorem has the form:�
C

U dx+ V dy =

��
Int C

(
∂V

∂x
− ∂U

∂y

)
dx dy.

Example 534. Using Green’s theorem, compute the circulation of the vector field
f⃗ = (2x + 3y; 5x − y − 4) along the boundary of △RST in the direction R −→
S −→ T, where R = [1; 0], S = [1;−3], T = [−3; 0].

Solution:
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x

y

R

S

T

The circulation, i.e.
�
C

f⃗ ·ds⃗ =
�
C

(2x+3y; 5x−y−4) ds⃗
Gr.th.
==

= −
��

Int C

(5− 3) dx dy = −2

�
△RST

1 dx dy =

= −2 · Area△ = −2
1

2
∥
−→
RS∥ · ∥

−→
RT∥ = −12

(the orientation of the curve C is negative, therefore there is a minus
sign before the double integral).

Example 535. Investigate the existence of the integral
�
C

(
ln (x2 + y2);−2 arctan

y

x

)
· ds⃗

and determine whether Green’s theorem can be used for its computation, if
C ⊂ E2 is a positively oriented curve given by the equation a) x2+ y2 = 1,
b) (x− 1)2 + y2 = 1, c) (x− 2)2 + y2 = 1, d) C is the boundary of the
square with vertices Q = [1; 0], R = [0; 1], S = [−1; 0], T = [0;−1]. If the
integral exists, compute it using Green’s theorem.

Solution: The domain of the vector function f⃗ =
(
ln (x2 + y2);−2 arctan

y

x

)
is D(f⃗) = D1 ∪D2,

D1 = {[x; y] ∈ E2 : x > 0}, D2 = {[x; y] ∈ E2 : x < 0}.
∂U

∂x
=
∂ ln (x2 + y2)

∂x
=

2x

x2 + y2
,

∂U

∂y
=
∂ ln (x2 + y2)

∂y
=

2y

x2 + y2
,

∂V

∂x
=
∂
(
− 2 arctan y

x

)
∂x

=
2

1 + (y/x)2
· y
x2
,

∂V

∂y
=
∂
(
− 2 arctan y

x

)
∂y

=
−2

1 + (y/x)2
· 1
x
.

In the domain D1 as well as in the domain D2 the given function is continuous and has continuous
first-order partial derivatives.

Therefore, for any closed curve in D1 the integral
�
C

f⃗ · ds⃗ exists and Green’s theorem can be

used for the computation. The same is true for the domain D2.

a)

x

y

1

The function f⃗ is continuous on the set C \M , where
M = {[0; 1], [0;−1]} (M is a two-point set).
However, on the set C \M the function f⃗ is bounded,
because for every point [x; y] lying off the y-axis,∣∣∣arctan y

x

∣∣∣ < π

2
.

Therefore, the line integral exists.

But Green’s theorem cannot be used for the computation,
because at the points of the set M , which is part of the
curve C, the function f⃗ is not defined.

b)

x

y

1

In a neighborhood of the point [0; 0] the function f⃗ is
unbounded, because

lim
[x;y]→[0;0]

ln (x2 + y2) = −∞.

Therefore, the given integral does not exist.

This is true for any curve containing the point [0; 0].
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c)

x

y

1 2

The integral exists and Green’s theorem can be used,
because the curve C lies in the domain D1.
Let us carry out the computation.

�
C

(U ; V ) · ds⃗ =
�

Int C

(
∂V

∂x
− ∂U

∂y

)
dx dy =

�
Int C

(
2

1 + (y/x)2
· y
x2

− 2y

x2 + y2

)
dx dy =

=

�
Int C

0 dx dy = 0.

d)

1

1

−1

−1

The integral exists, but Green’s theorem cannot be
used. The reason is the same as in part a).

Example 536. Determine the circulation of the vector field f⃗ = (−y; x) along the negatively
oriented curveC = C1∪C2, where C1 = {[x; y] ∈ E2 : x

2−2x+y2 = 0, y ≥ 0};
C2 = {[x; y] ∈ E2 : y = 0, x ∈ ⟨0; 2⟩},
a) by direct computation, b) using Green’s theorem.

Solution:

B

C1

A

C2
x

y

20

C1 : (x− 1)2 + y2 = 1, y ≥ 0,
the initial point is A = [0; 0]

C2 : y = 0, x ∈ ⟨0; 2⟩
the initial point is B = [2; 0]

C1 :
{ x = 1 + cos t,
y = sin t,

t ∈ ⟨0; π⟩ =⇒

∣∣∣∣∣∣
P1(t) = [1 + cos t; sin t], t ∈ ⟨0;π⟩
Ṗ1(t) = (− sin t; cos t)
P1(0) = [2; 0] =⇒ opposite orientation

∣∣∣∣∣∣
C2 :

{ y = 0,
x ∈ ⟨0; 2⟩ =⇒

∣∣∣∣∣∣
P2(t) = [t; 0], t ∈ ⟨0; 2⟩
Ṗ2(t) = (1; 0)
P2(0) = [0; 0] =⇒ opposite orientation

∣∣∣∣∣∣
a)
�
C

f⃗ · ds⃗ =
�
C1

f⃗ · ds⃗+
�
C2

f⃗ · ds⃗ = −
� π

0

(− sin t; 1 + cos t) · (− sin t; cos t) dt−
� 2

0

0 dt =

= −
� π

0

(
sin2 t+ (1 + cos t) cos t

)
dt = −

� π

0

(1 + cos t) dt = − [t+ sin t]π0 = −π

b) The coordinate functions U, V of the given vector field f⃗ have continuous partial derivatives in E2.
The given curve C is closed and piecewise smooth. Therefore Green’s theorem can be used.�

C

f⃗ · ds⃗ Gr.th.
== −

�
Int C

(1 + 1) dx dy = −2 · (area of the semidisc) = −2 · 1
2
π · 12 = −π
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Example 537.* Using a line integral, compute the area of the interior of the astroid
C = {[x; y] ∈ E2 : x

2/3 + y2/3 = a2/3, a > 0}.

Solution: We use the parametrization of the astroid:

C :
{ x = a3 cos3 t,
y = a3 sin3 t,

t ∈ ⟨0; 2π⟩ ⇒
∣∣∣∣ P (t) = [a3 cos3 t; a3 sin3 t] t ∈ ⟨0; 2π⟩
Ṗ (t) =

(
− 3a3 cos2 t sin t; 3a3 sin2 t cos t

) ∣∣∣∣
For the computation we use the consequence of Green’s theorem according to which the area of

the interior of the curve C can be computed by the line integral:

A =

�
Int C

1 dx dy =
1

2

�
C

−y dx+ x dy =

=
1

2

� 2π

0

(
−a3 sin3 t ·

(
− 3a3 cos2 t sin t

)
+ a3 cos3 t · 3a3 sin2 t cos t

)
dt =

=
1

2

� 2π

0

(3a2 cos2 t sin4 t+ 3a2 sin2 t cos4 t) dt =
3a2

2

� 2π

0

sin2 t · cos2 t dt =

=
3a2

2

� 2π

0

sin2 2t

4
dt =

3

8
a2
� 2π

0

1− cos 4t

2
dt =

3

16
a2
[
t− sin 4t

4

]2π
0

=
3

8
a2π

• A set D and a vector field f⃗ are given.
a) State Green’s theorem (assumptions,notation and statement).
b) Sketch the set D and indicate the curve C, which is the positively oriented boundary

of this set D.
c) Compute the circulation of the vector field f⃗ along the curve C.

538. D = {[x; y] ∈ E2 : x
2 + y2 ≤ 4, x ≥ 0, y ≥ 0} f⃗ = (xy; x2 + 2x)

x

y

-
? K

[
8

3
+ 2π

]

539. D = {[x; y] ∈ E2 : 0 ≤ x ≤ 2, 0 ≤ y ≤ 2x}, f⃗ = (y2 − 3y; xy)

x

y

-

6

�

[
20

3

]

540. D = {[x; y] ∈ E2 : 0 ≤ x ≤ 3, 0 ≤ y ≤ 1}, f⃗ =

(
1

3
y3; x2 + y2

)
.

x

y

- 6

�

?

[8]
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541. D = {[x; y] ∈ E2 : 0 ≤ x ≤ 4, 4− x ≤ y ≤ 4}, f⃗ =
(
y2; (x+ y)2

)

x

y �

6R

[
128

3

]

542. Investigate the existence of the integral
�
C

(
− 1

x2
; 2x

)
· ds⃗ and determine whether Green’s

theorem can be used
if C ⊂ E2 is a negatively oriented curve :
a) C = {[x; y] ∈ E2 : x

2 + y2 = 1},
b) C = {[x; y] ∈ E2 : x

2 + (y − 2)2 = 1},
c) C = {[x; y] ∈ E2 : (x− 2)2 + y2 = 1}.
In the positive case compute the integral using Green’s theorem. a) does not exist, cannot be used

b) does not exist, cannot be used
c) exists, can be used; − 2π


• A vector field f⃗ and a curve C are given.

a) State Green’s theorem and verify whether its assumptions are satisfied for the computation of

the given integral
�
C

f⃗ · ds⃗.
b) Compute the value of this line integral using Green’s theorem.
c) Compute the same line integral without using Green’s theorem.

543. f⃗ = (−y; x), C = {[x; y] ∈ E2 : x
2 + y2 = 16}, which is negatively oriented.

[−32π]

544. f⃗ =
(
1− x2; x(1 + y2)

)
, C = ∂D is the boundary of the set D = ⟨0; 2⟩ × ⟨0; 2⟩}, which is

negatively oriented.
[
−28

3

]
545.* f⃗ =

(
2y3

3
+ g(x); xy2 + h(y)

)
, where g, h are arbitrary functions of one variable

with continuous derivative in R, C is the negatively oriented boundary of the set

D = {[x; y] ∈ E2 : y ≥ 0, y ≤ 2− x, x ≥ y2}.
[
13

60

]
546. Using the line integral of a vector function, compute the work done by the force

f⃗ = (x+ 1 ; 2y) acting along the given oriented curve:
a) C1: the segment AB, with initial point A = [−1; 0] and endpoint B = [1; 0].
b) C2 = {[x; y] ∈ E2 : x

2 + y2 = 1, y ≥ 0} with initial point B = [1; 0].
c) Using Green’s theorem, determine the work along the closed oriented curve C = C1 ∪ C2.

[ a) 2, b) −2, c) 0]

547. Compute the circulation of f⃗ =
2(y;−x)
x2 + y2

along the positively oriented curve C = {[x; y] ∈

E2 : x
2 + y2 = 16}. Can Green’s theorem be used ? Justify your answer! [−4π, cannot be used]
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548. Using Green’s theorem, compute the circulation of the vector f⃗ =
(
y; (x− y)2

)
along the

negatively oriented curve C = {[x; y] ∈ E2 : (x− 1)2 + y2 = 1}. [−π]

549.* Derive, using a line integral, the formula for the area of the region

bounded by the ellipse C =
{
[x; y] ∈ E2 :

x2

a2
+
y2

b2
= 1
}
. [π ab]

550.* Using a line integral, compute the area of the region bounded by the arc of the cycloid
x = a (t− sin t), y = a (1− cos t), t ∈ ⟨0; 2π⟩ and the segment
from the point [0; 0] to the point [2πa; 0]. [3πa2]

551.* Let C1 be the segment from the point [0; 0] to the point [1; 1] , C2 be the part of the
parabola y = x2 again from [0; 0] to [1; 1] and

I1 =

�
C1

(x+ y)2 dx− (x− y)2 dy, I2 =

�
C2

(x+ y)2 dx− (x− y)2 dy.

Using Green’s theorem compute I1 − I2.±1

3
.

Hint:
�
C1∪C2

=

�
C1

−
�
C2

(negative orientation)

or
�
C1∪C2

=

�
C2

−
�
C1

(positive orientation)


552.* Using Green’s theorem, compute the integral

�
C

(
xe−y2 ; −x2ye−y2 +

1

x2 + y2

)
· ds⃗,

whereC is the positively oriented boundary of the square with vertices [1; 0], [2; 0], [2; 1], [1; 1].[
1

2
arctan

1

2
− π

4

]

553. Using Green’s theorem, compute the integral
�
C

(y2ex − y3; 2yex − 3) · ds⃗, where

C = C1 ∪ C2; C1 = {[x; y] ∈ E2 : x = 0, y ∈ ⟨−2; 2⟩}, C2 = {[x; y] ∈ E2 : 4x
2 + y2 = 4,

x ≥ 0}, where [0; 2] is the initial point of the curve C1. [π]

IV.7 Potential vector field

A vector field f⃗ = (U, V,W ) is called a potential field in the domain G ⊂ E3 if there exists
a scalar function φ such that f⃗ = gradφ in the domain G. Similarly for a vector field
f⃗ = (U, V ) in the domain G ⊂ E2.
We call the scalar function φ a potential of the vector field f⃗ in G.

Theorem. Let f⃗ be a potential and continuous vector field with potential φ in the domain
G ⊂ E3 (or E2). Let C be an oriented curve in G with initial point A and endpoint B. Then�

C

f⃗ · ds⃗ = φ(B)− φ(A).

NOTE. Since for a potential vector field f⃗ the value of the line integral
�
C

f⃗ · ds⃗ depends only

on the initial and terminal points, in this case we may write�
C

f⃗ · ds⃗ =
� B

A

f⃗ · ds⃗.
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Theorem. Let f⃗ be a continuous vector field in the domain G ⊂ E3 (or E2). Then the following
three statements are equivalent:
a) f⃗ is a potential field in G.
b) The line integral

�
C
f⃗ · ds⃗ is path-independent in the domain G.

c) The circulation of the field f⃗ along any closed curve in G is zero.

In the following text we focus mainly on vector fields in E2.

Theorem. (Sufficient condition for potentiality in E2.)
Let
a) G be a simply connected domain in E2 and
b) f⃗ = (U ;V ) be a vector field whose coordinate functions U(x, y), V (x, y) have

continuous partial derivatives in the domain G and

c) the functions U, V satisfy the condition
∂V

∂x
=
∂U

∂y
in G.

Then f⃗ is a potential vector field in G.

When computing a potential, we usually first verify using the sufficient condition that the given vector
field is potential in the domain G. For the computation of a potential in E2 we then have several
possibilities.

Method 1. We determine the potential from the definition of the potential, i.e. f⃗ =
gradφ inE2. Thus we obtain the equations

(1)
∂φ

∂x
= U, (2)

∂φ

∂y
= V

Method 2. We determine the potential by computing a line integral. From the theorem above
it follows that the potential is φ(x, y) =

�
C
f⃗ ·ds⃗, where C is a suitably chosen curve in G with

selected initial point [x0; y0] and endpoint [x; y].

Example 554. Determine the largest possible domain(s) on which the given vector field is

potential. a) f⃗ =

(
y2

x2
− sin y; −2y

x
+ y2

)
, b) f⃗ =

(
y2

x2
; −2y

x
+ y2

)
.

Solution: a) The coordinate functions U, V of the given field have continuous partial derivatives
in the domains D1 and D2, where D1 = {[x; y] ∈ E2 : x > 0}, D2 = {[x; y] ∈ E2 : x < 0}.

We compute the partial derivatives:
∂V

∂x
=

2y

x2
, while

∂U

∂y
=

2y

x2
− cos y.

Therefore the necessary condition for the vector field to be potential is not satisfied,

namely the condition
∂V

∂x
=
∂U

∂y
.

b) The given vector field has continuous partial derivatives in the domain D1 and in the
domain D2 from part a). Each of these domains is simply connected and we have
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∂V

∂x
=

2y

x2
,
∂U

∂y
=

2y

x2
. Therefore the given vector field satisfies the sufficient condition stated

above and is therefore potential in each of the domains D1, D2.

Example 555. a) Verify that the vector field f⃗ = (3 + 2xy; x2 − 3y2) is potential in the
domain E2. b) Determine the potential of this vector field. c) Compute
the line integral

�
C
f⃗ · ds⃗, where C is the segment from the point A = [1; 3]

to the point B = [2; 1].

Solution: a) The coordinate functions U, V are polynomials. Hence they have continuous partial
derivatives in E2, which is a simply connected domain. By computing
∂V

∂x
= 2x,

∂U

∂y
= 2x we see that the given field is potential in the domain E2.

b) In computing the potential by Method 1 we start from the two conditions

(1)
∂φ

∂x
= 3 + 2xy, (2)

∂φ

∂y
= x2 − 3y2

By integrating with respect to x we compute from condition (1):

φ(x, y) =

�
(3 + 2xy) d x = 3x+ x2y +K(y).

The function φ(x, y) computed in this way contains an unknown function K(y). After substituting φ
into condition (2) we obtain equation (2’), in which the variable x will no longer appear.
This is the “checkpoint” of the computation.

We write the derivative of the functionK in the form
dK

dy
, becauseK is a function of one variable.

(2′) x2 +
dK

dy
= x2 − 3y2 =⇒ dK

dy
= −3y2.

We then obtain the function K(y) by integration:

K(y) =

�
−3y2 d y = −y3 + C.

Substituting for K(y) we obtain the final form of the potential

φ(x, y) = 3x+ x2y − y3 + C, [x; y] ∈ E2, C is an arbitrary real number.

c) The given line integral can be computed using a parametrization of the given segment.
However, since the given field is potential in E2, the line integral can be computed using the potential:�

C

(3 + 2xy; x2 − 3y2) · ds⃗ = φ(B)− φ(A) = φ(2, 1)− φ(1, 3) = 30.

Example 556. a) Verify that the sufficient conditions for potentiality are satisfied for the
given vector field f⃗ in the domain G = E2.
b) Determine its potential by computing a line integral, i.e. by Method 2.

c) Compute
� B

A

(3x2y − 3y2; x3 − 6xy) · ds⃗, where A = [1; 3], B = [2; 1].

Solution: a) The functions U and V are continuous and differentiable in the whole E2.
G = E2 is a simply connected domain,

Then to verify that f⃗ is potential in G, it is enough to check whether
∂U

∂y
=
∂V

∂x
:

∂U

∂y
= 3x2 − 6y,

∂V

∂x
= 3x2 − 6y. Yes, the field f⃗ is potential in E2.
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b) f⃗ = gradφ =

(
∂ φ

∂x
;
∂ φ

∂y

)
� [x;y]

[x0,y0]

f⃗ · ds⃗ =
� [x;y]

[x0,y0]

∂ φ

∂x
dx+

∂ φ

∂y
dy =

� [x;y]

[x0,y0]

dφ = φ
(
x, y
)
− φ

(
x0, y0

)
.

We choose [x0, y0] = [0; 0] : φ(x, y) =

� [x;y]

[0;0]

(3x2y − 3y2) dx+ (x3 − 6xy) dy =(
we know that the integral is path-independent, so we

choose the broken line [0; 0] −→ [x; 0] −→ [x; y]
)
:∣∣∣∣ [0; 0] −→ [x; 0] : y = 0, dy = 0

[x; 0] −→ [x; y] : x = const., dx = 0

∣∣∣∣
y

x

[0; 0]

[x; y]

[x; 0]

=

� [x;0]

0;0]

(3x2y − 3y2) dx+ (x3 − 6xy) dy +

� [x;y]

[x;0]

(3x2y − 3y2) dx+ (x3 − 6xy) dy =

=

� x

0

0 dx+

� y

0

(x3 − 6xy) dy = x3y − 3xy2 =⇒

φ(x, y) = x3y − 3xy2 + C,

c)
� [2;1]

[1;3]

f⃗ · ds⃗ = φ(2, 1)− φ(1, 3) = (8− 6)− (3− 27) = 26.

Example 557. A vector field f⃗ = (3x2y; x3 +
√
y) is given. State the sufficient conditions for the

line integral of the vector function
�
C

f⃗ · ds⃗ to be path-independent in the domain

D ⊂ E2. Determine the potential φ and use it to compute the line integral of the
vector function f⃗ along the given curve.
a) C1 is the line segment from the point A = [2; 4] to the point B = [1; 1].
b) C2 is the negatively oriented boundary of the set
M = {[x; y] : x2 + (y − 3)2 ≤ 8, x ≥ 0}.

Solution: U(x, y) = 3x2y, V (x, y) = x3 +
√
y. Verify that the partial derivatives are continuous

and that in the domain D = { [x; y] ∈ E2 ; y > 0}, which is simply connected, the equality
∂V

∂x
=
∂U

∂y
holds.

Computation of the potential φ: Conditions (1) and (2) have the form:

(1)
∂φ

∂x
= 3x2y, (2)

∂φ

∂y
= x3 +

√
y

From condition (1) we compute φ(x, y) =
�

3x2y d x = x3y +K(y).

After substitution into (2): x3 +
dK

dy
= x3 +

√
y. After simplification we obtain the equation

dK

dy
=

√
y, from which we determine K(y) =

�
√
y d y =

2

3

√
y3 + C.

The required potential in D is φ(x, y) = x3y +
2

3

√
y3 + C.
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a)

x

y A

B

C1

�
C1

f⃗ · ds⃗ =
�
C1

(3x2y, x3 +
√
y) · ds⃗ =

= φ([1; 1])− φ([2; 4]) = −107/3.

b)

x

y

M C2

The given curve C2 is closed. It is the boundary of
the semicircle M , which lies in the domain D, in
which the given vector field f⃗ is potential.
It then follows from the property of a potential that
the circulation of the given vector field f⃗ along this
curve C2 is equal to zero.

Example 558. A vector field f⃗ = (2x cos y;−x2 sin y) is given. a) Verify that the field is

potential in E2. b) Determine its potential φ. c) Compute
�
C

f⃗ · ds⃗,

where C is a curve with initial point A = [2; 0] and endpoint
B = [4; π/2].

Solution: a) The domain E2 is simply connected and we have
∂U

∂y
= −2x sin y,

∂V

∂x
= −2x sin y =⇒ f⃗ is potential in E2 .

b)
∂φ

∂x
= 2x cos y =⇒ φ(x, y) =

�
2x cos y dx = x2 cos y +K(y)

∂φ

∂y
= −x2 sin y =⇒ x2(− sin y) +

dK

dy
= −x2 sin y =⇒ dK

dy
= 0 =⇒ K(y) = C

φ(x, y) = x2 cos y + C.

c)
�
C

f⃗ · ds⃗ = φ(4, π/2)− φ(2, 0) = 16 cos
π

2
− 4 cos 0 = −4 .

Example 559. Determine the domains G ⊂ E2 in which the field

f⃗ =

(
1

y
− y

x2
+ 2y − 5;

1

x
− x

y2
+ 2x+ 11

)
is potential and determine its poten-

tial φ(x, y), which satisfies the condition φ(−2, 2) = 0.

Solution: G1 = {[x; y] ∈ E2 : x > 0, y > 0}, G2 = {[x; y] ∈ E2 : x < 0, y > 0},
G3 = {[x; y] ∈ E2 : x > 0, y < 0}, G4 = {[x; y] ∈ E2 : x < 0, y < 0}.

We have
∂U

∂y
=
∂V

∂x
= − 1

y2
− 1

x2
+ 2, therefore f⃗ is potential in Gi, i = 1, 2, 3, 4 .

Computation of the potential φ :

∂φ

∂x
=

1

y
− y

x2
+ 2y − 5 =⇒ φ(x, y) =

�
1

y
− y

x2
+ 2y − 5 dx =

x

y
+
y

x
+ 2xy − 5x+K(y)

∂φ

∂y
=

1

x
− x

y2
+2x+11 =⇒ − x

y2
+

1

x
+2x+

dK

dy
=

1

x
− x

y2
+2x+11 =⇒ K(y) = 11y+C
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φ(x, y) =
x

y
+
y

x
+ 2xy − 5x+ 11y + C;

From the condition φ(−2, 2) = 0 we compute the constant C:
−1 + 1− 8 + 10 + 22 + C = 0 =⇒ C = −22

φ(x, y) =
x

y
+
y

x
+ 2xy − 5x+ 11y − 22 for [x; y] ∈ G2.

Example 560. Determine the largest possible domain G ⊂ E2 in which the vector function

f⃗ =

(
y2√
x
; 4y

√
x

)
is continuous and decide whether

�
C

f⃗ · ds⃗ is path-

independent in G. If such a domain exists, compute
� [4;−2]

[1;2]

f⃗ · ds⃗.

Solution: G = {[x; y] ∈ E2, x > 0} is a half-plane, and therefore it is a simply connected domain

in E2.

�
C

f⃗ · ds⃗ is path-independent, because the partial derivatives of the coordinate functions

U, V are continuous in G and we have
∂U

∂y
=
∂V

∂x
=

2y√
x

=⇒ a potential φ exists.

∂φ

∂x
=

y2√
x

=⇒ φ(x, y) =

�
y2√
x
dx = y2 · 2

√
x+K(y)

∂φ

∂y
= 4y

√
x =⇒ 2y · 2

√
x+

dK

dy
= 4y

√
x =⇒ K(y) = C

φ(x, y) = 2y2
√
x+ C

� [4;−2]

[1;2]

f⃗ · ds⃗ =
� [4;−2]

[1;2]

(
y2√
x
; 4y

√
x

)
· ds⃗ = φ(4,−2)− φ(1, 2) = 8

Example 561. The function φ(x, y) = x3y + x2y2 is given. Determine
a) the force field f⃗ , whose potential is the function φ(x, y);
b) the work of the force f⃗ during motion from the point M = [1; 1] to the point
N = [−2; 3];

c) the work of the force f⃗ along the curve C = {[x; y] ∈ E2 : x
2 + 4y2 = 4},

which is positively oriented.

Solution: a) f⃗ = gradφ =⇒ f⃗ = (3x2y + 2xy2; x3 + 2x2y);

b) W =

� N

M

f⃗ · ds⃗ = (the integral is path-independent) = φ(N)− φ(M) =

= (−24 + 36)− (1 + 1) = 10;

c) W =

�
C

f⃗ · ds⃗ = 0.

Example 562. A vector field f⃗ =
(x− y; x+ y)

x2 + y2
is given in G = E2 \{[0; 0]}.

a) Verify that
∂U

∂y
=
∂V

∂x
inG. b) By computing the integral

�
C

f⃗ · ds⃗,

where C is a negatively oriented circle S = [0; 0], r = 2, verify yourself
that the field is not potential in G.

125



Contents IV. Line integral

Solution: a)
∂U

∂y
=
∂V

∂x
=

−x2 + y2

(x2 + y2)2

b) The circulation
�
C

f⃗ · ds⃗ =
�
C

(x− y; x+ y)

x2 + y2
· ds⃗ =

=

∣∣∣∣∣∣
P (t) = [2 cos t; 2 sin t], t ∈ ⟨0; 2π⟩
Ṗ (t) = (−2 sin t; 2 cos t)
the curve is oppositely oriented to the parametrization

∣∣∣∣∣∣ =
= −

� 2π

0

(2(cos t− sin t); 2(cos t+ sin t))

4
· (−2 sin t; 2 cos t) dt =

= −1

4

� 2π

0

(−4(cos t− sin t) sin t+ 4(cos t+ sin t) cos t) dt = −
� 2π

0

1 dt = −2π

The field f⃗ is not potential, because
�
C

f⃗ · ds⃗ ̸= 0.

NOTE: Green’s theorem cannot be used to compute this integral, because the point
[0; 0] ∈ Int C = {[x; y] ∈ E2 : x

2 + y2 < 4} does not belong to D(f⃗ ).

Example 563. Compute
� N

M

f⃗ · ds⃗, where M = [1; 0; e], N = [2;−1; e2], given that the field f⃗ is

potential in the domain E3 and its potential is the function φ(x, y, z) = xy2 ln z.

Determine the largest possible domain G, in which φ is a potential of the field f⃗ .

Solution: G = {[x; y; z] ∈ E3 : z > 0};
� N

M

f⃗ · ds⃗ = φ(N)− φ(M) = 2 ln e2 − 0 = 4.

• A vector field f⃗ . is given. Verify that the field is potential in G ⊂ E2, or E3 , determine its

potential and compute
� B

A

f⃗ · ds⃗ :

Example 564.* f⃗ = (3x2y − z2 + 2z;x3 + 2yz − 3; y2 − 2xz + 2x+ 5), A = [0; 1; 1],
B = [3; 0; 2], G = E3

Solution: a) To verify it, it is enough to check:
1) continuity of the partial derivatives of the functionsU(x, y, z), V (x, y, z), W (x, y, z)

in the domain G, which is simply connected in E3,

2) curl f⃗ = 0⃗ in G.

curl f⃗ =

∣∣∣∣∣∣∣∣∣
ı̂ ȷ̂ k̂

∂

∂x

∂

∂y

∂

∂z

3x2y − z2 + 2z x3 + 2yz − 3 y2 − 2xz + 2x+ 5

∣∣∣∣∣∣∣∣∣ =
= (2y − 2y,−2z + 2 + 2z − 2, 3x2 − 3x2) = 0⃗ =⇒ f⃗ is potential in E3 .

b) φ(x, y, z) =

=

� [x;y;z]

[0;0;0]

(3x2y − z2 + 2z) dx+ (x3 + 2yz − 3) dy + (y2 − 2xz + 2x+ 5) dz =
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=

� [x;0;0]

[0;0;0]

f⃗ · ds⃗+
� [x;y;0]

[x;0;0]

f⃗ · ds⃗+
� [x;y;z]

[x;y;0]

f⃗ · ds⃗ =∣∣∣∣∣∣
[0; 0; 0] =⇒ [x; 0; 0] : y = 0, dy = 0, z = 0, dz = 0

[x; 0; 0] =⇒ [x; y; 0] : dx = 0, z = 0, dz = 0

[x; y; 0] =⇒ [x; y; z] : dx = 0, dy = 0

∣∣∣∣∣∣

z

y

x

[0; 0; 0]

[x; 0; 0]

[x; y; z]

[x; y; 0]

=

� x

0

0 dx+

� y

0

(x3 − 3) dy +

� z

0

(y2 − 2xz + 2x+ 5) dz =

= x3y − 3y + y2z − xz2 + 2xz + 5z + C ,

c)
� [3;0;2]

[0;1;1]

f⃗ · ds⃗ = φ(3, 0, 2)− φ(0, 1, 1) = 7 .

565. f⃗ = (xe2y; (x2 + 1)e2y), A = [1; 0], B = [3; 1]

[
φ =

1

2
(x2 + 1)e2y + C; 5e2 − 1

]
566. f⃗ = (3x2y − 2xy2; x3 − 2x2y), A = [1; 1], B = [2;−1] [φ = x3y − x2y2 + C; −12]

567. f⃗ = (cos 2y + y + x; y − 2x sin 2y + x), A = [0; 7], B = [1; 0]

[φ =
x2

2
+
y2

2
+ x cos 2y + xy + C; −23]

568.* f⃗ = (x2 − 2yz; y2 − 2xz; z2 − 2xy), A = [0; 0; 3], B = [3; 3; 0][
φ =

1

3
(x3 + y3 + z3)− 2xyz + C; 9

]
569.* f⃗ = (2y + z2; 2x+ 1; 2xz + 2), A = [0; 1; 1 ], B = [3; 0; 2]

[φ = 2xy + y + xz2 + 2z + C; 13]

570.* f⃗ =

(
x

x2 + y2 + 1
;

y

x2 + y2 + 1
; 2z

)
, A = [1; 0; 0], B = [0; 1; 1][

φ =
1

2
ln(x2 + y2 + 1) + z2 + C; 1

]
571. Verify that the field f⃗ = (y2; 2xy) is potential in E2 . Determine the potential φ(x, y),

satisfying φ(−4, 3) = −9 . [φ = xy2 + 27]

572.* Determine the potential of the field f⃗ =

(
1− 1

y
+
y

z
;
x

z
+
x

y2
; 2z − xy

z2

)
on G ⊂ E3 : y > 0, z > 0. [

φ = x− x

y
+
xy

z
+ z2 + C

]
573. Find the work of the force field f⃗ , whose potential is the function φ(x, y) = arctan

y

x
during motion a) from the point M = [1;

√
3] to the point N = [

√
2;
√
2] ;

b) along the curve in the positive direction.
[
a)− π

12
, b) 0

]
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• Compute:

574.
� [1;2]

[2;1]

y dx− x dy

x2

[
−3

2
, the integral is path-independent

]

575.
� [π/6;1]

[π/4;2]

2y sin 2x dx+ (1− cos 2x) dy

[
−3

2

]

576.
�
C

(2x+ y) dx+ (x+ 2y) dy, C : x2 + y2 = a2 [0]

• Determine the domains G, in which the vector field f⃗ is potential and determine the potential:

577. f⃗ = (x3y2 + x; y2 + yx4) [G = ∅, f⃗ is not potential]

578. f⃗ =

(
ln y − ey

x2
;
ey

x
+
x

y

)  G1 ⊂ E2 : y > 0, x > 0
G2 ⊂ E2 : y > 0, x < 0

φ =
ey

x
+ x ln y + C


579.* f⃗ =

(
z

x− y
;

z

y − x
; ln(x− y) +

1√
z

) [
G ⊂ E3 : x > y, z > 0

φ = z ln(x− y) + 2
√
z + C

]

• A vector field f⃗ = (U ;V ) and a curve C are given.
a) Using the line integral of a vector function, compute the work done by the

force f⃗ acting along the curve C.
b) Verify that the vector field f⃗ = (U ;V ) is potential in E2.
c) Determine the potential φ of this field and use it to verify the result from part a).

580. f⃗ = (x+ 3y ; 3x), C is an oriented line segment with initial point A = [0; 1] and endpoint

point B = [1; 3]

[
a) 19/2
c)φ(x, y) = x2/2 + 3xy + C

]
581. f⃗ = (y2 ; 2xy), C is a part of the parabola y = x2 with initial point A = [0; 0] and endpoint

point B = [2; 4]

[
a) 32
c)φ(x, y) = xy2 + C

]
582. f⃗ = (2x− y2; 3− 2xy), C = {[x; y] ∈ E2 : x = −y2 − 1} from the point [−1; 0]

to the point [−5;−2]

[
a) 38
c)φ(x, y) = x2 − xy2 + 3y + C

]
583. f⃗ = (−x ; y), C = {[x; y] ∈ E2 : x

2+y2 = 4} from the point A = [2; 0] to the point B = [0; 2][
a) 4
c)φ(x, y) = −x2/2 + y2/2 + C

]
584. a) Explain what it means that the integral

�
C

f⃗ · ds⃗ is path-independent in the domain G ⊂ E2.

b) Justify whether
�
C
(y sin x ; y − cos x) · d⃗s is path-independent in E2.

c) If the potential of the field f⃗ = (y sin x ; y − cos x) exists in E2 , find it and compute
the line integral of this field along the curve C with initial point A = [0; 0]
and endpoint B = [0; π].
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[
b) verify the sufficient condition,
c)φ(x, y) = y2/2− y cosx+ C, π2/2− π

]
• A scalar function φ(x, y, z) is given, which is a potential of some vector field f⃗ .

a) Determine the largest domain in E3 in which φ has continuous partial derivatives and express
the field f⃗ in this domain.

b) If some other function is also a potential of f⃗ in this domain, state it.
c) Compute the line integral

�
C
f⃗ · ds⃗ for the given curve C.

585. φ(x, y, z) =
1

2
ln(x2 + y2) + z2; C is a curve in G with initial point [1; 0; 0]

and endpoint [0; 1; 1]. 
a)G = {[x; y; z] ∈ E3 ; x

2 + y2 > 0}

b) f⃗(x, y, z) =

(
x

x2 + y2
;

y

x2 + y2
; 2z

)
c) 1


586. φ(x, y, z) = xy + xz + yz; C =

{
[x; y; z] : x = −1 + t, y = 2 +

t

2
, z = − cos

(
tπ

4

)
,

for t ∈ ⟨0; 4⟩
}

 a)E3, the functionsφ+ C

b) f⃗ = (y + z; x+ z; x+ y)
c) 22



• A vector field f⃗ = (U ;V ), a domain D and a curve C are given.

a) State the sufficient conditions for the vector field f⃗ = (U ;V ) to be
potential in the domain D ⊂ E2.

b) Verify that the sufficient conditions for potentiality are satisfied for the given vector
field f⃗ and the given domain D (if the domain D is not given, state the largest possible one).

c) Determine the potential and use it to compute the line integral of the vector function f⃗
along the given curve C.

587. f⃗ =

(
x

x2 + y2
;

y

x2 + y2

)
, D = { [x; y] ∈ E2 ; x > 0, y > 0 }, c is the line segment AB

with initial point A = [2; 4] and endpoint B = [1; 2] [
φ(x, y) = 1

2 ln(x2 + y2) + C; − ln 2
]

588. f⃗ =

(
y

x2 + y2
;

−x
x2 + y2

)
, D = {[x; y] ∈ E2 ; y > 0}, C is the positively oriented

circle (x− 1)2 + (y − 1)2 =
1

4

[
φ(x, y) = arctan x

y + C; 0
]

589. f⃗ =

(
y2 − x√

y − x2
; 2xy +

1

2
√
y − x2

)
, D = {[x; y] ∈ E2 : y > x2}, C is a curve

with initial point A = [0; 1] and endpoint B = [1; 2]
[
φ(x, y) = xy2 +

√
y − x2 + C; 0

]
590. f⃗ =

(
y2

x
+ x2; 2y lnx − cos 2y

)
, C is a curve with initial point A = [1;π/4]

and endpoint B = [2; 0]
[
φ(x, y) = x3/3 + y2 lnx − sin 2y/2 + C; 17/6

]
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CHAPTER V.

Surface integral

Contents
V.1 Parametrization of surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
V.2 Surface integral of a scalar function . . . . . . . . . . . . . . . . . . . . . . . . . . 134
V.3 Applications of the surface integral of a scalar function . . . . . . . . . . . . . . . . 139
V.4 Surface integral of a vector function . . . . . . . . . . . . . . . . . . . . . . . . . . 147
V.5 Gauss–Ostrogradsky (divergence) theorem . . . . . . . . . . . . . . . . . . . . . . . 157
V.6 * Stokes’ theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

V.1 Parametrization of surfaces

Let B ⊂ E2 and let X = P (u, v) be a mapping from B into E3. Let Γ = ∂B be a closed
simple piecewise smooth curve in E2 i.e. B = Γ ∪ intΓ. If the following hold:

a) the mapping P is continuous and one-to-one on B,

b) P has bounded and continuous partial derivatives Pu and Pv in B\K, where K is a finite
set of points lying on the boundary Γ of the set B,

c) Pu × Pv ̸= 0⃗ in B \K,

then the set Q = {X = P (u, v) ∈ E3 : [u; v] ∈ B} is called a simple smooth surface in E3 ,
the mapping P its parametrization and the set C = ∂Q = {X = P (u, v) ∈ E3 : [u; v] ∈ Γ}
its boundary (edge).

The vectors Pu, Pv are tangent vectors and the vector Pu×Pv is a normal vector of the surface
Q. Let the unit normal vector be denoted by n̂.

n⃗(A)

C A
Q

We say that the surface Q and its boundary C = ∂Q
are consistently oriented if the direction of the curve C
and the normal n⃗ of the surface satisfy the “right-hand
rule”.

NOTE : In geometric and physical applications one often uses the so-called position vector
r⃗ = (x; y; z) of the point X = [x; y; z]. Then the vector equation r⃗(t) = (x(t); y(t); z(t)) ,

t ∈ I represents the curve c : x = x(t), y = y(t), z = z(t), t ∈ I and similarly
r⃗(u, v) = (x(u, v); y(u, v); z(u, v)) , [u; v] ∈ B ⊂ E2 represents the surface
Q = {X ∈ E3 : x = x(u, v), y = y(u, v), z = z(u, v), [u; v] ∈ B}.
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• Propose a parametrization of the surface Q, whose orientation is determined by the normal vec-
tor n⃗

Q
. Determine whether the surface Q is oriented consistently or oppositely with the proposed

parametrization :

Example 591. Q is the parallelogram with vertices A = [1; 1; 1], B = [1; 4; 4], C = [0; 5; 6],

D = [0; 2; 3], n⃗
Q
· k̂ > 0.

Solution :

y

z

x

A

B

C

D

n⃗
Q

k -�
�

�
��

�
�

�
�

A B

D C

6
n⃗

Q

We easily verify that
−→
AB =

−−→
DC = (0; 3; 3) and

−−→
AD =

−−→
BC = (−1; 1; 2).

Q is a part of the plane determined by the point A and the vectors
−→
AB,

−−→
AD.

We write the equation of the plane in parametric form as X = A+ u
−→
AB + v

−−→
AD.

As a parametrization of the surface Q we choose P (u, v) = A+ u
−→
AB + v

−−→
AD.

P (u, v) = [1− v; 1 + 3u+ v; 1 + 3u+ 2v], where [u; v] ∈ ⟨0; 1⟩ × ⟨0; 1⟩

Pu = (0; 3; 3), Pv = (−1; 1; 2) n⃗ = Pu × Pv =

∣∣∣∣∣∣
ı̂ ȷ̂ k̂
0 3 3
−1 1 2

∣∣∣∣∣∣ = (3;−3; 3)

From the condition n⃗Q · k̂ = (3;−3; 3) · (0; 0; 1) = 3 > 0 it follows that the orientation of the
surface is consistent with the chosen parametrization.

Example 592. Q is the disc in the plane x = 2 with center at the point [2;−1; 3] and radius 4,
n⃗

Q
= (−1; 0; 0).

Solution :

y

z

x

n⃗
Q

>

Q = {[x; y; z] ∈ E3 : (y+1)2+(z− 3)2 ≤ 16, x = 2}.
We propose the mapping:

a) P (u, v) = [2; −1 + v cosu; 3 + v sinu], [u; v] ∈ B = ⟨0; 2π⟩ × ⟨0, 4⟩,
Pu(u, v) = (0; −v sinu; v cosu) Pv(u, v) = (0; cosu; sinu)

n⃗ = Pu × Pv =

∣∣∣∣∣∣
ı̂ ȷ̂ k̂
0 −v sinu v cosu
0 cosu sinu

∣∣∣∣∣∣ = (−v; 0; 0) = 0⃗ for v = 0

̸= 0⃗ for v ̸= 0.

This mapping is not a parametrization of the surface Q, because Pu × Pv = 0⃗ at an infinite
number of points lying on the boundary of the set B. Moreover, on the boundary of the set B the
considered mapping is not one-to-one.
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b) P (u, v) = [2; −1 + u; 3 + v], B = {[u; v] ∈ E2 : u
2 + v2 ≤ 16},

Pu(u, v) = (0; 1; 0), Pv(u, v) = (0; 0; 1)

n⃗ = Pu × Pv =

∣∣∣∣∣∣
ı̂ ȷ̂ k̂
0 1 0
0 0 1

∣∣∣∣∣∣ = (1; 0; 0) ̸= 0⃗ for all [u; v] ∈ B

This proposed mapping is a parametrization of the surface Q and the orientation of the surface
Q is opposite to this parametrization, because n⃗

Q
= (−1; 0; 0) = − (Pu × Pv).

Example 593. Q = {[x; y; z] ∈ E3 : z = x2 + y2, y ≥ 0, z ≤ 1}, n⃗
Q
([0; 0; 0]) = (0; 0;−1)

Solution :

y

z

x

n⃗
Q?

This is a part of the lateral surface of a paraboloid of
revolution

a) Q :


x = v cosu
y = v sinu
z = v2

u ∈ ⟨0; π⟩,
v ∈ ⟨0; 1⟩

b) Q :


x = u
y = v
z = u2 + v2

u2 + v2 ≤ 1, v ≥ 0

We propose the mappings:

a) P (u, v) = [v cosu; v sinu; v2], [u; v] ∈ B = ⟨0;π⟩ × ⟨0; 1⟩,
Pu(u, v) = (−v sinu; v cosu; 0) Pv(u, v) = (cosu; sinu; 2v)

n⃗ = Pu × Pv =

∣∣∣∣∣∣
ı̂ ȷ̂ k̂

−v sinu v cosu 0
cosu sinu 2v

∣∣∣∣∣∣ = (2v2 cosu; 2v2 sinu;−v)

n⃗ = 0⃗ for v = 0 ⇒ the mapping is not, according to the definition, a parametrization of the
surface Q. Moreover, on the boundary of the set B the considered mapping is not one-to-one.

NOTE: However, since the mapping fails to satisfy the conditions of the definition of a parametrization
only on a set of two-dimensional measure 0, it can be used to compute a surface integral.

b) P (u, v) = [u; v; u2 + v2], B = {[u; v] ∈ E2 : u
2 + v2 ≤ 1, v ≥ 0},

Pu(u, v) = (1; 0; 2u), Pv(u, v) = (0; 1; 2v)

n⃗ = Pu × Pv =

∣∣∣∣∣∣
ı̂ ȷ̂ k̂
1 0 2u
0 1 2v

∣∣∣∣∣∣ = (−2u;−2v; 1) ̸= 0⃗ on all of B

n̂ =
(−2u;−2v; 1)√
4u2 + 4v2 + 1

, n̂([0; 0; 0]) = n̂(u = v = 0) = (0; 0; 1).

The proposed mapping is a parametrization. The surface Q is oriented oppositely to this
parametrization, because n̂ = −n⃗

Q
.

Example 594.* Given is half of the sphere Q = {[x; y; z] ∈ E3 : x
2+y2+ z2 = a2, z ≥ 0, a > 0, }

oriented by the normal vector n⃗ = (n1;n2;n3), where n3 ≥ 0. Decide which of the
given mappings P (u, v) are parametrizations of the surface Q.

a) P (u, v) =
[
u; v;

√
a2 − u2 − v2

]
, where [u; v] ∈ B = {[u; v] ∈ E2 : u

2 + v2 ≤ a2},
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b) P (u, v) =

[
2a2u

a2 + u2 + v2
;

2a2v

a2 + u2 + v2
;

2a3

a2 + u2 + v2
− a

]
, where [u; v] ∈ B,

B = {[u; v] ∈ E2 : u
2 + v2 ≤ a2},

c) P (u, v) = [a cosu cos v; a sinu cos v; a sin v], where [u; v] ∈ B = ⟨0; 2π⟩ ×
〈
0;
π

2

〉
.

Solution :

y

z

x

n⃗
Q

K
By substitution we can easily verify
that in all cases the equation

x2 + y2 + z2 = a2 holds.

a) The functions Pu =

(
1; 0;

−u√
a2 − u2 − v2

)
, Pv =

(
0; 1;

−v√
a2 − u2 − v2

)
do not exist

on the boundary ΓB. It follows that the given mapping is not a parametrization.

b) P (u, v) is continuous and one-to-one on B. We easily verify that on B we indeed obtain z ≥ 0 :

z =
2a3

a2 + u2 + v2
− a =

a(a2 − u2 − v2)

a2 + u2 + v2
,

B = {[u; v] ∈ E2; u
2 + v2 ≤ a2} =⇒ a2 − u2 − v2 ≥ 0 =⇒ z ≥ 0.

We compute the tangent vectors Pu, Pv and the normal vector resulting from the parametrization P

n⃗ = Pu × Pv =

∣∣∣∣∣∣∣∣∣∣∣

ı̂ ȷ̂ k̂

2a2(a2 − u2 + v2)

(a2 + u2 + v2)2
−4a2uv

(a2 + u2 + v2)2
−6a3u

(a2 + u2 + v2)2

−4a2uv

(a2 + u2 + v2)2
2a2(a2 + u2 − v2)

(a2 + u2 + v2)2
−6a3v

(a2 + u2 + v2)2

∣∣∣∣∣∣∣∣∣∣∣
=

=
4a4

(a2 + u2 + v2)4
(
3au(a2 + u2 + v2); 3av(a2 + u2 + v2); a4 − (u2 + v2)2

)
̸= 0⃗

for all u2 + v2 ≤ a2; n3 = a4 − (u2 + v2)2 ≥ 0.

The given mapping is a parametrization of the surface Q . The orientation of the surface is con-
sistent with the given parametrization.

c) The mapping comes from the description of the sphere in spherical coordinates. We know that
this mapping is one-to-one and continuous for u ∈ ⟨0; 2π) and v ∈

〈
0;
π

2

)
. Moreover, its partial

derivatives Pu and Pv are continuous everywhere in E2 and

n⃗ =

∣∣∣∣∣∣∣
ı̂ ȷ̂ k̂

−a sinu cos v a cosu cos v 0

−a cosu sin v −a sinu sin v a cos v

∣∣∣∣∣∣∣ = (a2 cosu cos2 v; a2 sinu cos2 v; a2 sin v cos v),

∥n⃗∥ = a2 cos v ̸= 0 for all u ∈ ⟨0; 2π), v ∈
〈
0;
π

2

)
. On the boundary of the set B, where u is

arbitrary and v =
π

2
, we have n⃗ = 0⃗ and on the boundary ΓB the mapping is not one-to-one. It

follows that the given mapping is not a parametrization of the surface Q.
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595. The surface Q = {[x; y; z] ∈ E3 : x2 + y2 = 4, x ≥ 0, z ∈ ⟨1; 4⟩} is oriented so that
the normal vector n⃗

Q
at any point satisfies the condition n⃗

Q
· ı̂ ≥ 0. a) Verify that

the mapping P (u, v) = [2 cosu; 2 sinu; v], [u; v] ∈ B,B =
〈
− π

2
;
π

2

〉
× ⟨1; 4⟩ is a

parametrization of the surface Q and decide about the orientation of the surface with re-
spect to this parametrization. b) Justify why the mapping P (u, v) =

[√
4− u2;u; v

]
,

[u; v] ∈ B = ⟨−2; 2⟩ × ⟨1; 4⟩ is not a parametrization of the surface Q.[
a) the orientation of the surface Q is consistent with the parametrization ,
b) Pu is discontinuous at infinitely many points of the set B.

]

• Propose a parametrization of the surface Q, whose orientation is determined by the normal vec-
tor n⃗

Q
. Determine whether the surface Q is oriented consistently or oppositely with the proposed

parametrization :

596. Q = {[x; y; z] ∈ E3 : x
2 + y2 = 4, x ≥ 0, 0 ≤ z ≤ 4}, n⃗

Q
([2; 0; 2]) = (1; 0; 0) P (u, v) = [2 cosu; 2 sinu; v]

[u; v] ∈
〈
− π

2
;
π

2

〉
× ⟨0; 4⟩

the orientation of the surface Q is consistent with the parametrization


597. Q = {[x; y; z] ∈ E3 : z = xy, x2 + y2 ≤ a2, a > 0}, n⃗

Q
· k̂ > 0 P (u, v) = [v cos; v sinu; v2 sinu cosu]

[u; v] ∈ ⟨0; 2π)× ⟨0; a⟩
the mapping is not a parametrization


598. Q = {[x; y; z] ∈ E3 :

(y − 1)2

4
+ z2 = 1, x ∈ ⟨−1; 3⟩, z > 0}, n⃗

Q
([0; 0; 1]) = (0; 0;−1) P (u, v) = [v; 1 + 2 cosu; sinu]

[u; v] ∈ ⟨0;π⟩ × ⟨−1; 3⟩
the orientation of the surface Q is consistent with the parametrization


599. Q = {[x; y; z] ∈ E3 : 2x+ 3y + z = 6, x ≥ 0, y ≥ 0, z ≥ 0}, n⃗

Q
= (n1;n2;n3), n1 > 0 P (u, v) = [u; v; 6− 2u− 3v]

0 ≤ u ≤ 3, 0 ≤ v ≤ 6− 2u
the orientation of the surface Q is consistent with the parametrization



V.2 Surface integral of a scalar function

Let Q be a simple smooth surface in E3 with parametrization X = P (u, v), [u; v] ∈ B ⊂ E2.
Let f be a scalar function defined and bounded on the surface Q.

If the double integral
�

B

f (P (u, v)) ∥Pu(u, v)× Pv(u, v)∥ du dv exists, then we define
�

Q

f dp =

�
B

f (P (u, v)) ∥Pu(u, v)× Pv(u, v)∥ du dv

and say that f is integrable on Q.
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If the surface Q ⊂ E3 is simple piecewise smooth, Q =
k⋃

i=1

Qi the union of simple smooth

surfaces Q1, . . . , Qk and f is a function integrable on each surface Qi, 1 ≤ i ≤ k, then

�
Q

f dp =
k∑

i=1

�
Qi

f dp.

NOTE : We know that neither the existence nor the value of the double integral
�

B
f du dv depends

on the “behavior” of the function f on a set of measure 0. It follows that one may compute
�

Q
f dp

using a mapping P (u, v), which, strictly speaking, is not a parametrization of the surface Q, but the
required conditions for a parametrization are violated only on a set of measure 0 in B.

• Decide whether the surface integral exists and if it does, compute it.

Example 600.
�

Q

xy ln |x|
z

dp, where Q = {[x; y; z] ∈ E3 : (x− 2)2 + y2 + z2 = 1, z ≥ 0}

Solution :

y

z

x

The integral does not exist, because the function

f(x, y, z) =
xy ln |x|

z
is not defined for z = 0 and is unbounded
in every neighborhood of points with zero z-
coordinate.

Example 601.*
�

Q

dp

x2 + y2 + z2 − 1
, Q = {[x; y; z] ∈ E3 : x

2 + y2 + (z − 3)2 = a2, a > 0}

Solution : Continuity of the integrand on the surface Q is sufficient for the existence of the integral.
This condition is satisfied whenever Q is disjoint from the sphere x2 + y2 + z2 = 1, which
holds for a ∈ (0; 2) ∪ (4;∞). Conversely, for a ∈ ⟨2; 4⟩, the integral does not exist, because
the function f is not bounded on the surface Q .

y

z

x

x2 + y2 + z2 = 1

x2 + y2 + (z − 3)2 = a2
Q is the sphere with center [0; 0; 3] and ra-
dius a, and we may describe it using
spherical coordinates, where the radius
equals a.

Q :


x = a cosu cos v
y = a sinu cos v
z = 3 + a sin v

u ∈ ⟨0; 2π⟩

v ∈
〈
−π
2
;
π

2

〉
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Parametrization of the sphere Q:∣∣∣∣∣∣∣
P (u, v) = [a cosu cos v; a sinu cos v; 3 + a sin v]; B =

{
[u; v] ∈ E2 : u ∈ ⟨0; 2π⟩, v ∈

〈
− π

2
,
π

2

〉}
Pu(u, v) = (−a sinu cos v; a cosu cos v; 0); Pu × Pv = (a2 cosu cos2 v; a2 sinu cos2 v; a2 sin v cos v)
Pv(u, v) = (−a cosu sin v; −a sinu sin v; a cos v); ∥Pu × Pv∥ = a2 cos v

∣∣∣∣∣∣∣
1

x2 + y2 + z2 − 1
=

1

a2 cos2 u cos2 v + a2 sin2 u cos2 v + (3 + a sin v)2 − 1
=

1

a2 + 8 + 6a sin v�
Q

f dp =

�
B

f
(
P (u, v)

)
∥Pu × Pv∥ du dv =

� π
2

−π
2

(� 2π

0

a2 cos v

a2 + 8 + 6a sin v
du

)
dv =

= 2π · a
2

6a

� π
2

−π
2

6a cos v

a2 + 8 + 6a sin v
dv =

πa

3

[
ln |a2 + 8 + 6a sin v|

]π
2

−π
2

=
πa

3
ln
∣∣∣a2 + 8 + 6a

a2 + 8− 6a

∣∣∣.
• Compute the integrals over the surface Q ⊂ E3 :

Example 602.
�

Q

xz dp, Q is △ABC, where A = [1; 0; 0], B = [0; 1; 0] and C = [0; 0; 1]

Solution : Q is a part of the plane x+y+z = 1. The projection of the triangle △ABC onto the plane
(xy) is the triangle D bounded by the lines x+ y = 1, x = 0, y = 0.

y

z

x

B

C

A

Q

1− x

y

x

0 1

1

D

D :
{ 0 ≤ x ≤ 1,

0 ≤ y ≤ 1− x

Q :


x = u
y = v
z = 1− u− v,

∣∣∣∣∣∣
P (u, v) = [u; v; 1− u− v], B =

{
[u; v] ∈ E2 : 0 ≤ u ≤ 1, 0 ≤ v ≤ 1− u}

Pu = (1; 0;−1), Pv = (0; 1;−1)

Pu × Pv = (1; 1; 1), ∥Pu × Pv∥ =
√
3

∣∣∣∣∣∣
�

Q

xz dp =

�
B

u · (1− u− v) ·
√
3 du dv =

√
3 ·
� 1

0

(� 1−u

0

u(1− u− v) dv

)
du =

=
√
3

� 1

0

(
u(1− u) [v]1−u

0 − u

2

[
v2
]1−u

0

)
du =

√
3

� 1

0

(
u(1− u)2 − u

2
(1− u)2

)
du =

=

√
3

2

� 1

0

u(1− 2u+ u2) du =

√
3

2

[
u2

2
− 2u3

3
+
u4

4

]1
0

=

√
3

2
(
1

2
− 2

3
+

1

4
) =

√
3

24
.

NOTE : Since the given surface Q is the graph of an explicitly given function z = g(x, y)
of two variables, we may directly regard the independent variables x, y as parameters
P (x, y) = [x; y; 1− x− y], where [x; y] ∈ D. Then the tangent vectors are Px = (1; 0;−1),
Py = (0; 1;−1) and the normal vector is Px × Py = (1; 1; 1) and�

Q

xz dp =

�
D

x · (1− x− y) ·
√
3 dx dy = · · · =

√
3

24
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Example 603.
�

Q

√
x2 + y2 + 1 dp, Q = {[x; y; z] ∈ E3 : 2z + x2 + y2 = 4, z ≥ 0}

Solution :

y

z

x

2

Q is a part of a paraboloid, which is the graph of the

explicitly given function z = 2− x2 + y2

2

Q :


x = u,
y = v,

z = 2− u2 + v2

2
,

u2 + v2 ≤ 4

∣∣∣∣∣∣∣
P (u, v) =

[
u; v; 2− u2 + v2

2

]
, B = {[u; v] ∈ E2 : u

2 + v2 ≤ 4}
Pu = (1; 0;−u), Pv = (0; 1;−v)
Pu × Pv = (u; v; 1), ∥Pu × Pv∥ =

√
u2 + v2 + 1

∣∣∣∣∣∣∣
�

Q

√
x2 + y2 + 1 dp =

�
B

√
u2 + v2 + 1 ·

√
u2 + v2 + 1 dudv =

�
u2+v2≤4

(u2 + v2 + 1) dudv = (polar coordinates) =

∣∣∣∣∣∣
u = r cosφ
v = r sinφ
J = r

0 ≤ r ≤ 2
0 ≤ φ ≤ 2π

∣∣∣∣∣∣ =
=

� 2

0

(� 2π

0

(r2 + 1) · r dφ
)
dr =

[
φ
]2π
0

·
� 2

0

(r3 + r) dr = 2π ·
[r4
4
+
r2

2

]2
0
= 12π.

Example 604.
�

Q

xy dp, Q = {[x; y; z] ∈ E3 : x
2 + y2 = 4, 0 ≤ z ≤ 1}

Solution :

y

z

x

Q is a part of a cylindrical surface of radius r = 2.
We start from cylindrical coordinates.

Q :


x = 2 cosu
y = 2 sinu
z = v,

u ∈ ⟨0; 2π⟩
v ∈ ⟨0; 1⟩

The integral exists, since the function f(x, y, z) = xy
is continuous on Q.

∣∣∣∣∣∣
P (u, v) = [2 cosu; 2 sinu; v], B = ⟨0; 2π⟩ × ⟨0; 1⟩
Pu = (−2 sinu; 2 cosu; 0), Pv = (0; 0; 1)
Pu × Pv = (2 cosu; 2 sinu; 0), ∥Pu × Pv∥ = 2

∣∣∣∣∣∣
�

Q

xy dp =

�
B

2 cosu · 2 sinu · 2 du dv =

� 1

0

(� 2π

0

4 sinu cosu · 2 du
)
dv =

= 8

� 2π

0

sinu cosu du ·
� 1

0

1 dv = 8

[
sin2 u

2

]2π
0

· [v]10 = 8 · 0 · 1 = 0.

Example 605.*
�

Q

xyz dp, Q = {[x; y; z] ∈ E3 : y
2 + 9z2 = 9, 1 ≤ x ≤ 3, y ≥ 0, z ≥ 0}
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Solution :

y

z

x

This is a part of an elliptic cylindrical surface parallel
to the x-axis and of radius r = 3.
We start from generalized cylindrical coordinates:

Q :


x = v
y = 3 cosu
z = sinu

u ∈
〈
0;
π

2

〉
v ∈ ⟨1; 3⟩

∣∣∣∣∣∣∣
P (u, v) = [v; 3 cosu; sinu] B =

〈
0;
π

2

〉
× ⟨1; 3⟩

Pu = (0;−3 sinu; cosu) Pv = (1; 0; 0)

Pu × Pv = (0; cosu; 3 sinu) ∥Pu × Pv∥ =
√

8 sin2 u+ 1

∣∣∣∣∣∣∣
�

Q

xyz dp =

�
B

v · 3 cosu · sinu ·
√

8 sin2 u+ 1 du dv =

= 3

� 3

1

v dv ·
� π/2

0

cosu sinu ·
√
8 sin2 u+ 1 du =

∣∣∣∣∣∣
8 sin2 u+ 1 = t

16 sinu cosu du = dt
t ∈ ⟨1; 9⟩

∣∣∣∣∣∣ =
= 3

[
v2

2

]3
1

· 1

16

� 9

1

√
t dt =

3

2
(9− 1) · 1

16

[
2t3/2

3

]9
1

=
3

4
· 2
3
(27− 1) = 13.

Example 606.*
�

Q

(xy + yz + xz) dp, Q : y =
√
x2 + z2, lying inside the surface x2 + z2 = 2x.

Solution :

y

z

x

D

Q

The surface Q is a part of the lateral surface of the
cone of revolution

y =
√
x2 + z2,

(the y-axis is the axis of rotation), lying inside the
cylindrical surface

x2 + z2 = 2x.
The projection of the surface Q onto the plane (xz)
is the disc D
x2 + z2 ≤ 2x =⇒ (x− 1)2 + z2 ≤ 1

D = {[x; y; z] ∈ E3 : (x− 1)2 + z2 ≤ 1, y = 0}.

∣∣∣∣∣∣∣∣∣
P (u, v) =

[
u;
√
u2 + v2; v

]
, B = {[u; v] ∈ E2 : (u− 1)2 + v2 ≤ 1}

Pu =
(
1;

u√
u2 + v2

; 0
)
, Pv =

(
0;

v√
u2 + v2

; 1
)

Pu × Pv =
( u√

u2 + v2
;−1;

v√
u2 + v2

)
∥Pu × Pv∥ =

√
u2

u2 + v2
+ 1 +

v2

u2 + v2
=

√
2

∣∣∣∣∣∣∣∣∣
�

Q

(xy + yz + xz) dp =

�

(x−1)2+z2≤1

(
(x+ z)

√
x2 + z2 + xz

)√
2 dx dz =
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=

�

(u−1)2+v2≤1

(
(u+ v)

√
u2 + v2 + uv

)√
2 du dv =

∣∣∣∣∣∣
u = r cosφ
v = r sinφ
J = r

0 ≤ r ≤ 2 cosφ

−π
2
≤ φ ≤ π

2

∣∣∣∣∣∣ =
=

√
2

� π
2

−π
2

(� 2 cosφ

0

(
r(cosφ+ sinφ) · r + r2 sinφ cosφ

)
r dr

)
dφ =

=
√
2

� π
2

−π
2

(cosφ+ sinφ+ sinφ cosφ) ·
[
r4

4

]2 cosφ
0

dφ =

=
√
2

� π
2

−π
2

(cosφ+ sinφ+ sinφ cosφ) · 4 cos4 φdφ =

= 4
√
2

� π
2

−π
2

cos5 φ+ sinφ cos4 φ+ sinφ cos5 φ︸ ︷︷ ︸
odd functions

 dφ = 4
√
2

(
2

� π
2

0

cos5 φdφ+ 0 + 0

)
=

( see Ex. 21) = 8
√
2 · 4 · 2

5 · 3
· 1 =

64
√
2

15
.

• Compute the integrals over the surface Q ⊂ E3 :

607.
�

Q

(x+ y + z) dp, Q = {[x; y; z] ∈ E3 : x
2 + y2 + z2 = a2, z ≥ 0, a > 0} [πa3]

608.
�

Q

(x2 + y2) dp, Q =
{
[x; y; z] ∈ E3 : z =

√
x2 + y2, 0 ≤ z ≤ 1

} [√
2
2
π
]

609.
�

Q

x dp, Q =
{
[x; y; z] ∈ E3 : z =

√
a2 − x2 − y2

}
[0]

610.
�

Q

z dp, Q = {[x; y; z] ∈ E3 : 2z = x2 + y2, 0 ≤ z ≤ 1}
[
2

15
π(1 + 6

√
3)

]

V.3 Applications of the surface integral of a scalar function

• Using a surface integral, compute the area of the surface Q ⊂ E3 :

Example 611. Q is the part of the plane 12x+ 3y + 4z = 12 lying in the first octant.

Solution : Q =
{
[x; y; z] ∈ E3, z =

12− 12x− 3y

4
, x ≥ 0, y ≥ 0, z ≥ 0

}

y

z

x

4

3

1
Q

The projection of the surface Q
onto the plane z = 0
is the set D
D : 0 ≤ x ≤ 1

0 ≤ y ≤ 4− 4x

D

y

x
1

4

0
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∣∣∣∣∣∣∣∣∣∣
P (x, y) =

[
x; y;

12− 12x− 3y

4

]
B = {[x; y] ∈ E2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 4− 4x}

Px =
(
1; 0; 3

)
Py =

(
0; 1;−3

4

)
Px × Py =

(
− 3;−3

4
;−1

)
∥Px × Py∥ =

13

4

∣∣∣∣∣∣∣∣∣∣
A =

�
Q

1 dp =

� 1

0

(� 4−4x

0

13

4
dy

)
dx =

13

4

� 1

0

(4− 4x) dx =
13

4
(4− 2) =

13

2
.

Example 612. Q is the part of the sphere x2 + y2 + z2 = 16 lying inside the cylindrical
surface x2 + y2 = 9.

Solution : The surface Q consists of two equal parts Q = Q1 ∪Q2.

y

z

x

x2 + y2 = 9

x2 + y2 + z2 = 16

y

z

x

Q1

We restrict ourselves to z ≥ 0 =⇒ A = 2

�
Q1

1 dp∣∣∣∣∣∣∣∣∣∣
P (u, v) =

[
u; v;

√
16− u2 − v2

]
, B = {[u; v] ∈ E2 : u

2 + v2 ≤ 9}

Pu =
(
1; 0;

−u√
16− u2 − v2

)
, Pv =

(
0; 1;

−v√
16− u2 − v2

)
Pu × Pv =

( u√
16− u2 − v2

;
v√

16− u2 − v2
; 1
)
, ∥Pu × Pv∥ =

4√
16− u2 − v2

∣∣∣∣∣∣∣∣∣∣
A =

�
Q1

1 dp = 2

�

u2+v2≤9

4 du dv√
16− u2 − v2

=

∣∣∣∣∣∣
u = r cosφ
v = r sinφ
J = r

0 ≤ r ≤ 3
0 ≤ φ ≤ 2π

∣∣∣∣∣∣ =
= 8

� 2π

0

� 3

0

r dr dφ√
16− r2

= 8 · 2π ·
[
−
√
16− r2

]3
0
= 16π(4−

√
7).

Example 613. Q is the part of the surface z = 2xy lying in the first octant inside the cylindrical
surface x2 + y2 = a2.

Solution :

z

x

y

x2 + y2 = a2

z = 2xy

z

x

y

z

x

y

Q
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∣∣∣∣∣∣∣
P (u, v) = [u; v; 2uv], B = {[u; v] ∈ E2 : u

2 + v2 ≤ a2}
Pu = (1; 0; 2v), Pv = (0; 1; 2u)

Pu × Pv = (−2v;−2u; 1), ∥Pu × Pv∥ =
√
4v2 + 4u2 + 1

∣∣∣∣∣∣∣
A =

�
Q

1 dp =

�
B

√
1 + 4u2 + 4v2 du dv =

∣∣∣∣∣∣
u = r cosφ
v = r sinφ
J = r

0 ≤ r ≤ a

0 ≤ φ ≤ π

2

∣∣∣∣∣∣ =
=

� π/2

0

� a

0

√
1 + 4r2 · r dr dφ =

π

2
· 1
8

� a

0

√
1 + 4r2 · 8r dr = π

16

[
2(1 + 4r2)3/2

3

]a
0

=

=
π

24

(
(1 + 4a2)

√
1 + 4a2 − 1

)
.

Example 614. Q is the part of the conical surface z =
√
x2 + y2 lying inside the cylindrical

surface x2 + y2 = 2x.

Solution : x2 + y2 ≤ 2x =⇒ (x− 1)2 + y2 ≤ 1

y

z

x y

z

x

∣∣∣∣∣∣∣∣∣∣
P (u, v) = [u; v;

√
u2 + v2], B = {[u; v] ∈ E2 : (u− 1)2 + v2 ≤ 1}

Pu =
(
1; 0;

u√
u2 + v2

)
, Pv =

(
0; 1;

v√
u2 + v2

)
Pu × Pv =

(
− u√

u2 + v2
;− v√

u2 + v2
; 1
)
, ∥Pu × Pv∥ =

√
u2

u2 + v2
+

v2

u2 + v2
+ 1 =

√
2

∣∣∣∣∣∣∣∣∣∣
A =

�
Q

1 dp =
√
2

�

(u−1)2+v2≤1

1 dx dy =(the integral equals the area of a disc of radius 1) =
√
2 · π · 12

Example 615. Determine the mass of the surface Q = {[x; y; z] ∈ E3 : x
2+ y2+ z2 = 9, x ≤ 0},

if the density is ϱ(x, y, z) =
1

z2 + 9
.

Solution :

y

z

x

3

Q :


x = 3 cosu cos v
y = 3 sinu cos v
z = 3 sin v

u ∈
〈
π

2
;
3π

2

〉
v ∈

〈
−π
2
;
π

2

〉
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∣∣∣∣∣∣∣
P (u, v) = [3 cosu cos v; 3 sinu cos v; 3 sin v] B =

〈π
2
,
3π

2

〉
×
〈
− π

2
,
π

2

〉
Pu = (−3 sinu cos v; 3 cosu cos v; 0) Pv = (−3 cosu sin v; −3 sinu sin v; 3 cos v)

Pu × Pv = (9 cosu cos2 v; 9 sinu cos2 v; 9 sin v cos v) ∥Pu × Pv∥ = 9 cos v

∣∣∣∣∣∣∣
m =

�
Q

ϱ(x, y, z) dp =

�
Q

1

z2 + 9
dp =

� π/2

−π/2

(� 3π/2

π/2

9 cos v

9 sin2 v + 9
du

)
dv =

= π ·
� π/2

−π/2

cos v

sin2 v + 1
dv =

∣∣∣∣ sin v = t
cos v dv = dt

∣∣∣∣ = π ·
� 1

−1

dt

t2 + 1
= π · [arctan t]1−1 = π · π

2
=
π2

2
.

Example 616. Determine the moment of inertia with respect to the z-axis of the surface
Q =

{
[x; y; z] ∈ E3 : z =

√
x2 + y2, 0 ≤ z ≤ 2

}
,

if the density is constant (ϱ(x, y, z) = k).
Solution :

y

z

x

2 Q :


x = v cosu
y = v sinu
z = v

u ∈ ⟨0; 2π⟩
v ∈ ⟨0; 2⟩

∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu; v] B = ⟨0; 2π⟩ × ⟨0; 2⟩
Pu = (−v sinu; v cosu; 0) Pv = (cosu; sinu; 1)

Pu × Pv = (v cosu; v sinu; −v) ∥Pu × Pv∥ = v
√
2

∣∣∣∣∣∣
Jz =

�
Q

(x2 + y2)ϱ(x, y, z) dp =

�
B

v2 · k · v
√
2 dudv =

√
2 k

� 2

0

� 2π

0

v3 du dv =

=
√
2 k · 2π

[
v4

4

]2
0

= 8
√
2 kπ.

Example 617. Find the center of mass of the part of the paraboloid x2 + y2 = 2z bounded by the
plane z = 1, with density ϱ(x, y, z) = 1.

Solution :

y

z

x

1

The center of mass lies on the axis of rotation z, i.e.
T = [0; 0; z

T
], z

T
= mxy

m
,

Q :


x = v cosu
y = v sinu

z =
v2

2

u ∈ ⟨0; 2π⟩
v ∈ ⟨0;

√
2⟩

∣∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu; v2/2] B = ⟨0; 2π⟩ × ⟨0;

√
2⟩

Pu = (−v sinu; v cosu; 0) Pv = (cosu; sinu; v)

Pu × Pv = (v2 cosu; v2 sinu; −v) ∥Pu × Pv∥ = v
√
1 + v2

∣∣∣∣∣∣∣
m =

�
Q

ϱ dp =

� √
2

0

(� 2π

0

1 · v
√
1 + v2 du

)
dv = 2π · 1

2

� √
2

0

(
1 + v2

)1/2 · 2v dv =
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= π

[
2(1 + v2)3/2

3

]√2

0

=
2π

3
(3
√
3− 1),

mxy =

�
Q

zϱ dp =

� √
2

0

(� 2π

0

v2

2
· 1 · v

√
1 + v2 du

)
dv =

=
1

2

� √
2

0

(� 2π

0

v2
√
1 + v2 · v du

)
dv =

1

2
· 2π ·

� √
2

0

v2
√
1 + v2 · v dv =

∣∣∣∣∣∣
1 + v2 = t2

2v dv = 2t dt

t ∈ ⟨1;
√
3⟩

∣∣∣∣∣∣ =
= π ·

� √
3

1

(t2 − 1)t2 dt = π

[
t5

5
− t3

3

]√3

1

= π

(
9
√
3

5
−
√
3− 1

5
+

1

3

)
=

2π

15
(1 + 6

√
3),

z
T
=

2π(1 + 6
√
3) · 3

15 · 2π(3
√
3− 1)

=
1 + 6

√
3

5(3
√
3− 1)

[
T =

[
0; 0;

1 + 6
√
3

5(3
√
3− 1)

] ]

• A surface Q ⊂ E3 is given.
a) Sketch the given surface Q and its projection onto the plane (xy).

b) Propose a suitable parametrization of the surface Q and compute the length of the vector
perpendicular to the surface Q for the proposed parametrization.

c) Determine the area of the given surface.

618. Q = {[x; y; z] ∈ E3 : x+ 2y + z = 6, 1 ≤ x2 + y2 ≤ 4}

x y

z

x

y
 b)P (u, v) = [u; v; 6− u− 2v],

B = {[u; v] ∈ E2 : 1 ≤ u2 + v2 ≤ 4}, ∥n⃗∥ =
√
6

c) 3π
√
6



619. Q = {[x; y; z] ∈ E3 : z = y2 − x2, 1 ≤ x2 + y2 ≤ 4}

y

z

x
x

y


b)P (u, v) = [u; v; v2 − u2],

B = {[u; v] ∈ E2 : 1 ≤ u2 + v2 ≤ 4}, ∥n⃗∥ =
√
4u2 + 4v2 + 1

c)
π

6
(17

√
17− 5

√
5)


620. Q = {[x; y; z] ∈ E3 : z = 4−

√
x2 + y2, 0 ≤ z ≤ 2}

x y

z

x

y



b1)P (u, v) = [u; v; 4−
√
u2 + v2],

B = {[u; v] ∈ E2 : 4 ≤ u2 + v2 ≤ 16}, ∥n⃗∥ =
√
2

b2)P (u, v) = [v cosu; v sinu; 4− v],

B = {[u; v] ∈ E2 : 0 ≤ u ≤ 2π, 2 ≤ v ≤ 4}, ∥n⃗∥ = v
√
2

c) 12π
√
2


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621. Q is the part of the sphere x2 + y2 + z2 = 12 lying inside the paraboloid x2 + y2 = 4z.

x y

z

x y

z

x

y


b)P (u, v) = [

√
12 cosu cos v;

√
12 sinu cos v;

√
12 sin v],

B = {[u; v] ∈ E2 : 0 ≤ u ≤ 2π, arctan(
√
2/2) ≤ v ≤ π/2},

∥n⃗∥ =
√
12 cos v

c) 8π(3−
√
3)



• Determine the area of the surface Q ⊂ E3 :

622. Q = {[x; y; z] ∈ E3 : z = x2 + y2, x2 + y2 ≤ 1}
[π
6
(5
√
5− 1)

]
623. Q = {[x; y; z] ∈ E3 : 3x+ 4y + z = 1, x ≥ 0, y ≥ 0, z ≥ 0}

[√
26

24

]

624. Q is the part of the conical surface z = 4
√
x2 + y2 cut out by the planes x = 0, y = 0,

2x+ 3y = 6. [3
√
17]

625. Q is the part of the plane 2x+y−z = 0 lying inside the elliptic cylindrical surface
x2

9
+
y2

16
= 1.

[12
√
6π]

626. Q = {[x; y; z] ∈ E3 : x = u+ v, y = u− v, z = 4v, [u; v] ∈ ⟨0; 1⟩ × ⟨0; 1⟩}. [6]

• A surface Q and a surface density ϱ(x, y, z) are given.
a) Sketch the surface Q and its projection onto the plane z = 0.
b) Propose a suitable parametrization of the surface Q, write a vector perpendicular to the given

surface and determine its length for this parametrization.
c) Determine the mass of the surface Q.

627. Q = {[x; y; z] ∈ E3 : z = 4− x2 − y2, z ≥ 0}, ϱ(x, y, z) =
√

1 + 4(x2 + y2).

x y

z

x

y



b1)P (u, v) = [u; v; 4− u2 − v2],
B = {[u; v] ∈ E2 : u

2 + v2 ≤ 4},
n⃗ = (2u; 2v; 1), ∥n⃗∥ =

√
4u2 + 4v2 + 1

b2)P (u, v) = [v cosu; v sinu; 4− v2],

B = {[u; v] ∈ E2 : 0 ≤ u ≤ 2π, 0 ≤ v ≤ 2},
n⃗ = (2v2 cos v; 2v2 sin v; v), ∥n⃗∥ = v

√
4v2 + 1

c) 36π


628. Q = {[x; y; z] ∈ E3 : x

2 + y2 = 4, x ≥ 0, y ≥ 0, z ∈ ⟨0; 3⟩}, f(x, y, z) = xyz

x y

z

x

y
 b)P (u, v) = [2 cosu; 2 sinu; v], B = ⟨0;π/2⟩ × ⟨0; 3⟩

n⃗ = (2 cosu; 2 sinu; 0), ∥n⃗∥ = 2

c) 18



629. Q = {[x; y; z] ∈ E3 : z
2 = x2 + y2, x ≥ 0, z ∈ ⟨0; 1⟩, ϱ(x, y, z) =

√
x2 + y2
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x y

z

x

y



b1)P (x, y) = [u; v;
√
u2 + v2],

B = {[u; v] ∈ E2 : u
2 + v2 ≤ 1, u ≥ 0},

n⃗ =

(
−u√
u2 + v2

;
−v√
u2 + v2

; 1

)
, ∥n⃗∥ =

√
2

b2)P (u, v) = [v cosu; v sinu; v],

B = {[u; v] ∈ E2 : −π/2 ≤ u ≤ π/2, 0 ≤ v ≤ 1}, ∥n⃗∥ = v
√
2

c)
√
2π/3


•A surface Q and a scalar function f are given.

a) Sketch the surface Q and its projection onto the plane x = 0.

b) Compute
�

Q

f dp.

c) State what the integral from part b) could represent.

630. Q = {[x; y; z] ∈ E3 : x
2 + y2 = 4, x ≥ 0, z ∈ ⟨0; 3⟩}, ϱ(x, y, z) = xy2.

x y

z

y

z

x

 b) 0

c)m for density ϱ = xy2

myz for density ϱ = y2



631. Q = {[x; y; z] ∈ E3 : z =
1

2
(x2 + y2), z ∈ ⟨0; 1⟩, f(x, y, z) = kz, k > 0

x y

z

x y

z
 b) 2π(1 + 6

√
6)k/15

c)m for density ϱ = kz
mxy for density ϱ = k



632. Q = {[x; y; z] ∈ E3 : z =
√

9− x2 − y2, f(x, y, z) = x2 + y2

x y

z

x y

z
 b) 108π

c)m for density ϱ = x2 + y2

Jz for density ϱ = 1



633. A surface Q = {[x; y; z] ∈ E3 : z = xy, x2 + y2 ≤ 3} is given.
a) In three separate drawings, sketch the curves obtained by intersecting the graph of the function
z = xy with the plane z = 1, with the plane x− y = 0, and with the plane x+ y = 0.

b) Propose a suitable parametrization of the surface Q. Write a vector perpendicular to the
surface Q and compute its length (for this parametrization).

c) Determine the area of the surface Q.[
a) hyperbola

{
xy = 1
z = 1

, parabola
{
z = x2

x− y = 0
, parabola

{
z = −x2
x+ y = 0

]
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x

y

z

x

y

z

x

y

z

 b)P (u, v) = [u; v;uv], B = {[u; v] ∈ E2 : u
2 + v2 ≤ 3},

n⃗ = (−v;−u; 1), ∥n⃗∥ =
√
u2 + v2 + 1

c) 14π/3


634. Compute the mass of the surface Q = {[x; y; z] ∈ E3 : x

2 + y2 + z2 = a2, z ≥ 0 a > 0}
with surface density ϱ(x, y, z) = z. [πa3]

635. Compute the mass of the surface Q = {[x; y; z] ∈ E3 : x+ y + z = 1, x ≥ 0, y ≥ 0, z ≥ 0}

with surface density ϱ(x, y, z) =
1

(1 + x+ y)2
.

[√
3

(
ln 2− 1

2

)]
636. Compute the center of mass of the part of the conical surface z =

√
x2 + y2 cut out by the

cylinder x2 + y2 = ax, (a > 0), if the density is constant ϱ(x, y, z) = k. [
T =

[
a

2
; 0;

16a

9π

]]
637. Compute the center of mass of the surface
Q =

{
[x; y; z] ∈ E3 : x =

√
y2 + z2, y ≥ 0, 0 ≤ x ≤ 2

}
with surface density ϱ(x, y, z) = x.

[
T =

[
3

2
;
3

π
; 0

]]
638. Compute the coordinate y

T
of the center of mass T of the surface

Q = {[x; y; z] ∈ E3 : x
2 + z2 = 4,

x ≥ 0, z ≥ 0, y ∈ ⟨0; 3⟩} with surface density ϱ(x, y, z) = xyz. [2]

639. Compute the static moment with respect to the axis of rotation of the surface of a homogeneous

hemisphere of radius R, ϱ(x, y, z) = k.
[π
6
(3π + 4)k R3

]
640. Compute the moment of inertia with respect to the z-axis of a homogeneous triangle

with vertices [a; 0; 0], [0; a; 0], [0; 0; a] (a > 0, ϱ(x, y, z) = k).

[√
3

6
a4k

]

641. Compute the moment of inertia with respect to the z-axis of a homogeneous surface
Q = Q1 ∪Q2, where Q1 = {[x; y; z] ∈ E3 : x

2 + y2 ≤ 16, z = 0}, Q2 = {[x; y; z] ∈ E3 :

z = 4−
√
x2 + y2, z ≥ 0}, ϱ(x, y, z) = k.

[128 kπ(1 +
√
2)]

642. Compute the moment of inertia with respect to the z-axis of a homogeneous surface

Q =
{
[x; y; z] ∈ E3 : z

2 =
h2

a2
(x2 + y2), 0 ≤ z ≤ h

}
, ϱ(x, y, z) = k.

[π
2
a3k
√
a2 + h2

]
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V.4 Surface integral of a vector function

Let Q be a simple smooth surface oriented at points X ∈ Q by the unit normal vector n̂(X).

Let f⃗ be a vector function bounded on Q and let the scalar function
(
f⃗ · n̂

)
be integrable

over the surface Q. Then we say that f⃗ is integrable over Q and
�

Q

f⃗
(
X
)
· dp⃗ =

�
Q

(
f⃗
(
X
)
· n̂
(
X
))
dp.

If X = P (u, v) is a parametrization of the surface Q defined on the set B ⊂ E2, then the
surface integral of the vector function f⃗ can be computed directly by the formula:

�
Q

f⃗
(
X
)
· dp⃗ = ±

�
B

f⃗
(
P (u, v)

)
· (Pu × Pv) du dv,

where the sign is chosen according to whether the surface Q is oriented consistently or incon-
sistently, respectively, with the parametrization P (u, v), i.e. whether

(
Pu × Pv

)
· n̂
(
X
)
≷ 0.

NOTE : Another notation is sometimes used: If f⃗ = (U ;V ;W ), then the surface integral of the
vector function f⃗ can be written in the form

�
Q

f⃗ · dp⃗ =
�

Q

U dy dz + V dx dz +W dxdy

• Compute the given surface integrals
�

Q

f⃗ · dp⃗ over the surface Q ⊂ E3, which is oriented by the

given normal vector.

Example 643. f⃗ = (x; y; z), Q = {[x; y; z] ∈ E3 ; x ∈ ⟨0; a⟩, y ∈ ⟨0; a⟩, z = a, a > 0}
is oriented by the vector k̂ = (0; 0; 1).

Solution :

y

z

x

a

a a

Q
6̂
k

Q


x = u,
y = v,
z = a,

u ∈ ⟨0; a⟩
v ∈ ⟨0; a⟩

∣∣∣∣ P (u, v) = [u; v; a], B = ⟨0; a⟩ × ⟨0; a⟩
Pu × Pv = (1; 0; 0)× (0; 1; 0) = (0; 0; 1) ⇒ Q is oriented consistently with the parametrization

∣∣∣∣
�

Q

f⃗ · dp⃗ =
�

Q

(x; y; z) · dp⃗ =
�

B

(u; v; a) · (Pu × Pv) du dv =

=

�
B

(u; v; a) · (0; 0; 1) du dv = a

�
B

1 du dv = a · a2 = a3.
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Example 644. f⃗ = (z; y; 2x), Q = {[x; y; z] ∈ E3 ; x+ 2y + z = 6, x ≥ 0, y ≥ 0, z ≥ 0},
the normal vector of the surfaceQ forms an acute angle with the vector k̂ = (0; 0; 1).

Solution :

y

z

x

Q
-⃗
n

Q

x = u

3

0

B

6

y = v

Q


x = u,
y = v,
z = 6− u− 2v,

u ∈ ⟨0; 6⟩

v ∈
〈
0; 3− u

2

〉

∣∣∣∣∣∣∣∣∣
P (u, v) = [u; v; 6− u− 2v], B =

{
[u; v] ∈ E2 : 0 ≤ u ≤ 6, 0 ≤ v ≤ 3− u

2

}
Pu × Pv = (1; 0;−1)× (0; 1;−2) = (1; 2; 1)

the vector (1; 2; 1) forms an acute angle with the vector k̂ i.e.(1; 2; 1) · k̂ > 0 ⇒
⇒ Q is oriented consistently with the parametrization

∣∣∣∣∣∣∣∣∣
�

Q

f⃗ · dp⃗ =
�

Q

(z; y; 2x) · dp⃗ =
�

B

(6− u− 2v; v; 2u) · (1; 2; 1) du dv =

=

�
B

(6 + u) du dv =

� 6

0

(6 + u) [v]3−u/2
0 du =

� 6

0

(
18− u2

2

)
du =

[
18u− u3

6

]6
0

= 72

Example 645. f⃗ = (y; z; x2), Q = {[x; y; z] ∈ E3 ; x
2 + y2 = 16, 0 ≤ z ≤ 3, x ≤ 0, y ≥ 0}, the

surface is oriented at the point [−4; 0; 0] by the normal vector ı̂ = (1; 0; 0).

Solution :

y

z

x

Q

�+ı̂

Q is part of a cylindrical surface ⇒
we use cylindrical coordinates, where r = 4

Q


x = 4 cosu,
y = 4 sinu,
z = v,

u ∈
〈π
2
; π
〉

v ∈ ⟨0; 3⟩

∣∣∣∣∣∣∣
P (u, v) = [4 cosu; 4 sinu; v] B =

〈π
2
;π
〉
× ⟨0; 3⟩

Pu × Pv = (−4 sinu, 4 cosu, 0)× (0; 0; 1) = (4 cosu; 4 sinu; 0)
n⃗
(
[−4; 0; 0]

)
= (4 cosπ; 0; 0) = (−1; 0; 0) = −ı̂ ⇒ Q is oriented inconsistently with the parametrization

∣∣∣∣∣∣∣
�

Q

f⃗ · dp⃗ = −
�

B

(
4 sinu; v; 16 cos2 u

)
· (Pu × Pv) du dv =

= −
�

B

(
4 sinu; v; 16 cos2 u

)
· (4 cosu; 4 sinu; 0) du dv =

=

� π

π
2

(� 3

0

(
− 8 sin 2u− 4v sinu

)
dv
)
du =

� π

π
2

[(
− 8v sin 2u− 4

v2

2
sinu

)]3
0
du =
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=

� π

π
2

−24 sin 2u− 18 sinu du =
[
12 cos 2u+ 18 cosu

]π
π
2

= 12− 18 + 12 = 6

Example 646. f⃗ = (y; x; 2), Q = {[x; y; z] ∈ E3 ; x
2 + y2 − (z − 1)2 = 0, y ≤ 0,

1 ≤ z ≤ 3}, n⃗
Q

forms an obtuse angle with the vector k̂ = (0; 0; 1), i.e.
n⃗

Q
· k̂ < 0.

Solution :

y

z

x

Q
�	

n⃗
Q

x2 + y2 − (z − 1)2 = 0

z − 1 =
√
x2 + y2 ⇒ z = 1 +

√
x2 + y2

Q


x = v cosu,
y = v sinu,
z = 1 + v,

u ∈ ⟨π; 2π⟩
v ∈ ⟨0; 3⟩

∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu; 1 + v] B = ⟨π; 2π⟩ × ⟨0; 3⟩
Pu × Pv = (−v sinu; v cosu; 0)× (cosu; sinu; 1) = (v cosu; v sinu;−v)
(v cosu, v sinu,−v) · (0; 0; 1) = −v < 0 ⇒ Q is oriented consistently with the parametrization

∣∣∣∣∣∣
�

Q

f⃗ · dp⃗ =
�

B

(v sinu; v cosu; 2) · (Pu × Pv) du dv =

=

�
B

(v sinu; v cosu; 2) · (v cosu; v sinu;−v) du dv =

�
B

(2v2 sinu cosu− 2v) du dv =

=

� 2π

π

( � 3

0

(
v2 sin 2u− 2v

)
dv
)
du =

� 2π

π

[(v3
3
sin 2u− v2

)]3
0
du =

=

� 2π

π

[
9 sin 2u− 9

]3
0
du = 9

[
− cos 2u

2
− u
]2π
π

= −9π

Example 647. f⃗ = (y; x; z), Q = {[x; y; z] ∈ E3 ; z = 6− x2 − 2y2, 0 ≤ x ≤ 2,

0 ≤ y ≤ 1, z ≥ 0}, n⃗
Q

forms an acute angle with the vector k̂ = (0; 0; 1).

Solution :

y

z

x

Q

6

[2; 1; 0]

n⃗
Q

HHY

x = u

y = v

0

1

2

B

Q is part of a paraboloid

Q


x = u,
y = v,
z = 6− u2 − 2v2,

u ∈ ⟨0; 2⟩
v ∈ ⟨0; 1⟩

∣∣∣∣∣∣
P (u, v) = [u; v; 6− u2 − 2v2] B = ⟨0; 2⟩ × ⟨0; 1⟩
Pu × Pv = (1; 0;−2u)× (0; 1;−4v) = (2u; 4v; 1)
(2u; 4v; 1) · (0; 0; 1) > 0 ⇒ Q is oriented consistently with the parametrization

∣∣∣∣∣∣
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�
Q

f⃗ · dp⃗ =
�

B

(v;u; 6− u2 − 2v2) · (Pu × Pv) du dv =

=

�
B

(v;u; 6− u2 − 2v2) · (2u; 4v; 1) du dv =

� 2

0

( � 1

0

(
6uv + 6− u2 − 2v2

)
dv
)
du =

=

� 2

0

[(
3u
v2

2
+ 6v − vu2 − 2

3
v3
)]1

0
du =

� 2

0

(
3u+ 6− u2 − 2

3

)
du =

=
[3
2
u2 − u3

3
+

16

3
u
]2
0
= 14

Example 648. f⃗ = (xz2; yz2; (x2 + y2)z) , Q : x = v cosu, y = v sinu, z = bu
(helicoidal surface), [u; v] ∈ ⟨0; a⟩ × ⟨0; 2π⟩ (a > 0, b > 0), oriented by the
normal vector n⃗

Q
= (n1;n2;n3), where n3 > 0.

Solution :

y

z

x
C
CO

n⃗
Q

Q

∣∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu; bu] B = ⟨0; a⟩ × ⟨0; 2π⟩
Pu = (cosu; sinu; 0), Pv = (−v sinu; v cosu; b)
Pu × Pv = (b sinu;−b cosu; v)
v > 0 =⇒ the orientation of the surface is consistent with the parametrization

∣∣∣∣∣∣∣
�

Q

f⃗ · dp⃗ =
�

Q

(
xz2; yz2; (x2 + y2)z

)
· dp⃗ =

=

�
B

(b2u2v cosu; b2u2v sinu; buv2) · (b sinu;−b cosu; v) du dv =

=

�
B

(
b3vu2 sinu cosu− b3vu2 sinu cosu+ bv3u

)
du dv =

�
B

bv3u du dv =

=

� 2π

0

(� a

0

bv3u dv

)
du = b

[
u4

4

]a
0

·
[
u2

2

]2π
0

=
1

2
π2a4b.

Example 649.* Compute
�

Q

z2 dx dy, Q = {[x; y; z] ∈ E3 : x
2 + y2 + z2 = 4,

x ≤ 0, y ≥ 0, z ≥ 0}, n⃗
Q

forms an acute angle with the vector k̂ = (0; 0; 1).

Solution :

y

z

x

�
��n⃗Q

Q

2

Q is part of a spherical surface ⇒
we use spherical coordinates, where r = 2 :

Q


x = 2 cosu cos v
y = 2 sinu cos v
z = 2 sin v

π

2
≤ u ≤ π

0 ≤ v ≤ π

2

∣∣∣∣∣∣∣
P (u, v) = [2 cosu cos v; 2 sinu cos v; 2 sin v] B =

〈π
2
; 2π
〉
×
〈
0;
π

2

〉
Pu = (−2 sinu cos v; 2 cosu cos v; 0) Pv = (−2 cosu sin v; −2 sinu sin v; 2 cos v)

Pu × Pv = (4 cosu cos2 v; 4 sinu cos2 v; 4 sin v cos v) Q is oriented consistently with the parametrization

∣∣∣∣∣∣∣
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�
Q

z2 dx dy =

�
Q

f⃗ · dp⃗ =
�

Q

(0; 0; z2) · dp⃗ =

=

�
B

(0; 0; 4 sin2 v) · (4 cosu cos2 v; 4 sinu cos2 v; 4 sin v cos v) =

=

� π

π
2

� π
2

0

16 sin3 v cos v du dv = 16 · π
2

[
sin4 v

4

]π/2
0

= 2π.

• Determine the flux of the vector field f⃗ through the surface Q ⊂ E3 oriented by the given normal
vector n⃗.

Example 650. f⃗ = (x; y − z; 2z), Q is the triangle with vertices A,B,C, where
A = [3; 0; 0], B = [0; 2; 0], C = [0; 0; 6], n⃗ · ı̂ < 0.

Solution : This time we compute the flux according to the definition, i.e. by converting it to an integral
of a scalar function.

B
A

C

z

x

y

PPi
n⃗

Q is part of a plane, whose equation we write in inter-
cept form:

x

3
+
y

2
+
z

6
= 1 =⇒ 2x+ 3y + z = 6∣∣∣∣∣∣∣∣

Q is a plane with normal vector n⃗ = ±(2; 3; 1)
from the condition n⃗ · ı̂ < 0 it follows that n⃗ = −(2; 3; 1)

n̂ =
n⃗

∥n⃗∥
=

−(2; 3; 1)√
4 + 9 + 1

=
−(2; 3; 1)√

14

∣∣∣∣∣∣∣∣
�

Q

f⃗ · dp⃗ =
�

Q

f⃗ · n̂ dp =
�

Q

(x; y − z; 2z) · (−2;−3;−1)√
14

dp =

=
1√
14

�
Q

(−2x− 3y + 3z − 2z) dp =
1√
14

�
Q

(z − 2x− 3y) dp =

=

∣∣∣∣∣ P (u, v) = [u; v; 6− 2u− 3v] 0 ≤ u ≤ 3, 0 ≤ v ≤ 6− 2u

3
Pu × Pv = (1; 0;−2)× (0; 1;−3) = (2; 3; 1) ∥Pu × Pv∥ =

√
1 + 4 + 9 =

√
14

∣∣∣∣∣ =
=

1√
14

�
B

(6− 2u− 3v − 2u− 3v)
√
14 du dv =

� 3

0

(� 6−2u
3

0

(6− 4u− 6v) dv

)
du =

=

� 3

0

[
6v − 4uv − 3v2

] 6−2u
3

0
du =

� 3

0

(
−4u+

4

3
u2
)
du =

[
−2u2 +

4u3

9

]3
0

= −6.

Example 651. f⃗ = (x2 − y2; y2 − z2; z2 − x2), Q = Q1 ∪Q2, where Q1 = {[x; y; 0] ∈ E3 :
x2 + y2 ≤ 1, x ≥ 0, y ≥ 0}, Q2 = {[x; 0; z] ∈ E3 : x

2 + z2 ≤ 1, x ≥ 0, z ≥ 0},
the unit normal vector of the surface Q2 is n̂2 = −ȷ̂.
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Solution :

Q1

Q2

1

z

x
y

1
?

n̂2
PPi

n̂1

In accordance with the normal vector n̂2 = −ȷ̂ the unit
normal vector of the surface Q1 will be n̂1 = −k̂.
�

Q1∪Q2

f⃗ · dp⃗ =
�

Q1

f⃗ · dp⃗+
�

Q2

f⃗ · dp⃗

Q1 :

∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu; 0] B1 = ⟨0;π/2⟩ × ⟨0; 1⟩
Pu × Pv = (−v sinu; v cosu; 0)× (cosu; sinu; 0) = (0; 0;−v)
(0; 0;−v) · (0; 0;−1) = v > 0 ⇒ Q1 is oriented consistently with the parametrization

∣∣∣∣∣∣
�

Q1

f⃗ · dp⃗ =
�

B1

v3 cos2 u du dv =

� π/2

0

(� 1

0

v3 cos2 u dv

)
du =

=

� 1

0

v3 dv ·
� π/2

0

cos2 u du =

[
v4

4

]1
0

·
� π/2

0

1 + cos 2u

2
du =

1

8

[
u+

sin 2u

2

]π/2
0

=
π

16
.

Q2 :

∣∣∣∣∣∣
P (u, v) = [v cosu; 0; v sinu] B2 = ⟨0;π/2⟩ × ⟨0; 1⟩
Pu × Pv = (−v sinu; 0; v cosu)× (cosu; 0; sinu) = (0;−v; 0)
(0;−v; 0) · (0;−1; 0) = v > 0 ⇒ Q2 is oriented consistently with the parametrization

∣∣∣∣∣∣
�

Q2

f⃗ · dp⃗ =
�

B2

v3 sin2 u du dv =

� π/2

0

(� 1

0

v3 sin2 u dv

)
du =

=

[
v4

4

]1
0

·
� π/2

0

1− cos 2u

2
du =

1

8

[
u− sin 2u

2

]π/2
0

=
π

16
.

�

Q1∪Q2

f⃗ · dp⃗ =
�

Q1

f⃗ · dp⃗+
�

Q2

f⃗ · dp⃗ = π

8
.

Example 652. f⃗ = (y;−x; z), Q = {[x; y; z] ∈ E3 : z = 4− x2 − y2, z ≥ 0}, whose
normal vector satisfies the condition n⃗ · k̂ > 0.

Solution :

y

z

x

4

2

��:
n⃗Q

Q is a paraboloid of revolution

Q


x = v cosu,
y = v sinu,
z = 4− v2,

u ∈ ⟨0; 2π⟩
v ∈ ⟨0; 2⟩

∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu; 4− v2] B = ⟨0; 2π⟩ × ⟨0; 2⟩
Pu × Pv = (−v sinu; v cosu; 0)× (cosu; sinu;−2v) = (−2v2 cosu;−2v2 sinu;−v)
(2v2 cosu; 2v2 sinu;−v) · (0; 0; 1) = −v < 0 ⇒ Q is oriented inconsistently with the parametrization

∣∣∣∣∣∣
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�
Q

f⃗ · dp⃗ = ±
�

B

f⃗ · (Pu × Pv) du dv =

= −
�

B

(
v sinu;−v cosu; 4− v2

)
· (−2v2 cosu;−2v2 sinu;−v) du dv =

=

�
B

(4v − v3) du dv =

� 2

0

(4v − v3) dv ·
� 2π

0

1du = 2π
[
2v2 − v4

4

]2
0
= 8π

Example 653. f⃗ = (−y; x; z), Q = {[x; y; z] ∈ E3 ; z = 4−
√
x2 + y2, 1 ≤ z ≤ 3},

the normal vector n⃗ = (n1;n2;n3) has n3 > 0.

Solution :

x

z

y

Q



�
n⃗

Q is part of a conical surface

1 ≤ z ≤ 3 ⇒
1 ≤ 4−

√
x2 + y2 ≤ 3 ⇒

1 ≤ x2 + y2 ≤ 9

∣∣∣∣∣∣∣∣
P (u, v) = [u; v; 4−

√
u2 + v2] B =

{
[u; v] ∈ E2 : 1 ≤ u2 + v2 ≤ 9

}
Pu × Pv =

(
1; 0;

u√
u2 + v2

)
×
(
0; 1;

v√
u2 + v2

)
=

(
u√

u2 + v2
;

v√
u2 + v2

, 1

)
,

the third coordinate is positive ⇒ Q is oriented consistently with the parametrization

∣∣∣∣∣∣∣∣
�

Q

f⃗ · dp⃗ = +

�
B

f⃗(P (u, v)) · (Pu × Pv) du dv =

=

�
B

(
−v;u; 4−

√
u2 + v2

)
·
(

u√
u2 + v2

;
v√

u2 + v2
; 1

)
du dv =

=

�
B

(
4−

√
u2 + v2

)
du dv =

∣∣∣∣∣∣
u = r cosφ
v = r sinφ
J = r

1 ≤ r ≤ 3
0 ≤ φ ≤ 2π

∣∣∣∣∣∣ =
=

� 3

1

(� 2π

0

(4− r) · r dr
)
dφ = 2π

[
2r2 − r3

3

]3
1
=

44

3
π.

Example 654. f⃗ = (x; y; z), Q = {[x; y; z] ∈ E3 : x
2 + 9y2 = 9, 0 ≤ z ≤ 4}, the surface is

oriented at the point [3; 0; 4] by the normal vector n⃗ = −ı̂ = (−1; 0; 0).

Solution :

1
3

[3; 0; 4]

z

x y

��*
−ı̂

Q

Q is an elliptic cylindrical surface ⇒
we use generalized cylindrical coordinates

Q


x = 3 cosu
y = sinu
z = v

0 ≤ u ≤ 2π
0 ≤ v ≤ 4
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∣∣∣∣∣∣
P (u, v) = [3 cosu; sinu; v] B = ⟨0; 2π⟩ × ⟨0; 4⟩
Pu × Pv = (−3 sinu; cosu; 0)× (0; 0; 1) = (cosu; 3 sinu; 0)
n⃗
(
[3; 0; 4]

)
= n⃗(u = 0, v = 4) = (1; 0; 0) ⇒ orientation of the surface is inconsistent with the parametrization

∣∣∣∣∣∣
�

Q

f⃗ · dp⃗ = ±
�

B

f⃗(P (u, v)) · (Pu × Pv) du dv =

= −
� 4

0

(� 2π

0

(3 cosu; sinu; v) · (cosu; 3 sinu; 0) du
)
dv =

= −
� 4

0

(� 2π

0

(3 cos2 u+ 3 sin2 u) du

)
dv = −3 · 2π · 4 = −24π.

Example 655. f⃗ = (−y; x; x2y2z), Q = {[x; y] ∈ E3 : x
2 + y2 + z2 = a2, z ≤ 0, a > 0}, the

normal vector n⃗ forms an obtuse angle with the vector k̂ = (0; 0; 1).
Solution :

y

z

x
JĴ
n⃗

Q

Q is part of a spherical surface
x2 + y2 + z2 = a2, z ≤ 0 ⇒

z = −
√
a2 − x2 − y2

∣∣∣∣∣∣∣∣∣∣∣∣∣

P (u, v) =
[
u; v;−

√
a2 − u2 − v2

]
B = {[u; v] ∈ E2 : u

2 + v2 ≤ a2}

Pu =

(
1; 0;

−u√
a2 − u2 − v2

)
Pv =

(
0; 1;

−v√
a2 − u2 − v2

)
Pu × Pv =

(
u√

a2 − u2 − v2
;

v√
a2 − u2 − v2

; 1

)
from the condition n⃗Q · (0; 0; 1) < 0 ⇒ orientation of the surface is inconsistent with the parametrization

∣∣∣∣∣∣∣∣∣∣∣∣∣
�

Q

(−y;x; x2y2z) · dp⃗ =

= −
�

B

(
− v;u;−u2v2

√
a2 − u2 − v2

)
·

(
u√

a2 − u2 − v2
;

v√
a2 − u2 − v2

; 1

)
du dv =

=

�
B

u2v2
√
a2 − u2 − v2 du dv =

∣∣∣∣∣∣
u = r cosφ
v = r sinφ
J = r

0 ≤ r ≤ a
0 ≤ φ ≤ 2π

∣∣∣∣∣∣ =
=

� 2π

0

� a

0

r4 sin2 φ cos2 φ
√
a2 − r2 · r dr dφ =

=

� 2π

0

sin2 φ(1− sin2 φ) dφ

� a

0

r4
√
a2 − r2 r dr =

∣∣∣∣ a2 − r2 = t2

−r dr = t dt

∣∣∣∣ =
= 4

� π/2

0

(sin2 φ− sin4 φ) dφ ·
� 0

a

(a2 − t2)2t · (−t) dt =( see Ex. 21)=

= 4

(
1

2
· π
2
− 3 · 1

4 · 2
· π
2

)
·
� a

0

(a4 − 2a2t2 + t4)t2 dt =
π

4

[
a4
t3

3
− 2a2

t5

5
+
t7

7

]a
0

=
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=
π

4

(
a7

3
− 2a7

5
+
a7

7

)
=

2π

105
a7.

• A vector function f⃗ and a surface Q are given.
a) Sketch the given surface. Propose its parametrization and write down, for it, a vector

perpendicular to the surface Q.
b) Compute the flux of the given vector field f⃗ through the surface Q with the orientation given

by the normal vector n⃗.

656. f⃗ = (3x; 2y; z), Q = {[x; y; z] ∈ E3 ; 2x+ 2y + z = 4, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1},
n⃗ forms an acute angle with the vector k̂ = (0; 0; 1).

x y

z


a)P (u, v) = [u; v; 4− 2u− 2v],

B = {[u; v] ∈ E2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1},
Pu × Pv = (2; 2; 1)

b) 7



657. f⃗ = (z;x; y), Q = {[x; y; z] ∈ E3 ; x+ z = 2, x2 + y2 ≤ 4}, n̂ =
1√
2
(1; 0; 1)

x
y

z


a)P (u, v) = [v cosu; v sinu; 2− v cosu],

B = {[u; v] ∈ E2 :}, 0 ≤ u ≤ 2π, 0 ≤ v ≤ 2
Pu × Pv = (v; 0; v)

b) 8π



658. f⃗ = (x; 0; 2z), Q = {[x; y; z] ∈ E3 ; z = x2 + y2, z ≤ 9}, the normal vector forms
an obtuse angle with the vector k̂ = (0; 0; 1).

x y

z



a1)P (u, v) = [u; v;u2 + v2],
B = {[u; v] ∈ E2 : u

2 + v2 ≤ 9},
Pu × Pv = (−2u;−2v; 1)

a2)P (u, v) = [v cosu; v sinu; v2],

B = {[u; v] ∈ E2 : 0 ≤ u ≤ 2π, 0 ≤ v ≤ 3},
Pu × Pv = (2v2 cosu; 2v2 sinu; −v)

b) − 81π

2


659. f⃗ = (−y; x; z), Q = {[x; y; z] ∈ E3 ; z =

√
x2 + y2, z ≤ 3, x ≥ 0}, the normal

vector forms an acute angle with the vector k̂ = (0; 0; 1).

x y

z



a1)P (u, v) =
[
u; v;

√
u2 + v2

]
,

B = {[u; v] ∈ E2 : u
2 + v2 ≤ 9},

Pu × Pv =

(
−u√
u2 + v2

;
−v√
u2 + v2

; 1

)
a2)P (u, v) = [v cosu; v sinu; v],

B = {[u; v] ∈ E2 : 0 ≤ u ≤ 2π, 0 ≤ v ≤ 3},
Pu × Pv = (v cosu; v sinu; −v)

b) 9π


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660. f⃗ = (x, y,−2z), Q = {[x; y; z] ∈ E3 ; y = 9−
√
x2 + z2, y ≥ 3}, n⃗ · ȷ̂ < 0

x y

z



a1)P (u, v) =
[
u; 9−

√
u2 + v2; v

]
,

B = {[u; v] ∈ E2 : u
2 + v2 ≤ 9},

Pu × Pv =
( u√

u2 + v2
; 1;

v√
u2 + v2

)
a2)P (u, v) = [v cosu; 9− v; v sinu],

B = {[u; v] ∈ E2 : 0 ≤ u ≤ 2π, 0 ≤ v ≤ 2},
Pu × Pv = (v cosu; −v; v sinu)

b) − 108π


661. f⃗ = (x; y;−z), Q = {[x; y; z] ∈ E3 ; x

2 + y2 + z2 = 4, x ≥ 0}, n̂([2; 0; 0]) = −ı̂

x y

z



a1)P (u, v) =
[√

4− u2 − v2;u; v
]
,

B = {[u; v] ∈ E2 : u
2 + v2 ≤ 4},

Pu × Pv =

(
1;

u√
u2 + v2

;
v√

u2 + v2

)
a2)P (u, v) = [2 cosu cos v; 2 sinu cos v; 2 sin v],

B =
〈
− π

2
;
π

2

〉
×
〈
− π

2
;
π

2

〉
,

Pu × Pv = (4 cosu cos2 v; 4 sinu cos2 v; 4 cos2 v sin v)

b) − 16π

3



• Determine the flux of a vector field f⃗ through the surface Q ⊂ E3 oriented by the normal vector n⃗:

662. f⃗ = (0; 0; 2), Q is the triangle with vertices A = [0; 0; 0], B = [5; 0; 0], C = [0; 4; 1],

the normal vector forms an acute angle with the vector k̂ = (0; 0; 1). [20]

663. f⃗ = zı̂− xȷ̂+ yk̂, Q is the parallelogram with vertices A = [0; 0; 0], B = [0; 3; 3],

C = [−1; 4; 5], D = [−1; 1; 2] oriented by the normal vector n⃗ = (1;−1; 1). [12]

664. f⃗ = (x; y; 0), Q = {[x; y; z] ∈ E3 ; z = 9− x2 − y2, z ≥ 0}, the normal vector
n⃗ = (n1;n2;n3) has positive third component. [81π]

665. f⃗ = (y;−x; z), Q = {[x; y; z] ∈ E3 ; z = x2 +
y2

9
− 4, y ≥ 0, z ≤ 0}, n⃗ · k̂ < 0

[12π]

666. f⃗ = (x; y; z), Q = {[x; y; z] ∈ E3 ; x
2 + y2 = 9, 0 ≤ z ≤ 4}, n̂([3; 0; 0]) = −ı̂.

[−72π]

667. f⃗ = (z;x2 + y2; 1), Q = {[x; y; z] ∈ E3 ; z
2 = x2 + y2, 0 ≤ z ≤ h}, n⃗ · k̂ < 0

[−h2π]

668. f⃗ = (x; y; x2 + y2), Q = {[x; y; z] ∈ E3 ; x
2 + y2 = b2, 0 ≤ z ≤ h, y ≥ 0}

n̂([b; 0; 0]) = ı̂. [b2hπ]

669. f⃗ = (y;−x; z), Q = {[x; y; z] ∈ E3 ; z = 4− x2 − y2

9
, y ≥ 0, z ≥ 0}, n⃗ · k̂ > 0

[12π]

670. f⃗ = (x2; y2; z2), Q = {[x; y; z] ∈ E3 ; z
2 = x2 + y2, 0 ≤ z ≤ 2}, n⃗ · k̂ < 0

[8π]
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671. f⃗ = (x; y; 3z), Q = {[x; y; z] ∈ E3 : z = x2 + y2 + 1, 1 ≤ z ≤ 2, x ≥ 0, y ≥ 0},
n⃗ · k̂ < 0

[
7

8
π

]

672. f⃗ = (x2; y2; z2), Q = {[x; y; z] ∈ E3 ;
y2

16
+
z2

4
= 1, z ≥ 0, 0 ≤ x ≤ 3},

n̂([1; 0; 2]) = −k̂. [−64]

673. Compute the surface integral
�

Q

x2 dy dz + z2 dx dy, Q = {[x; y; z] ∈ E3 :

x2 + y2 = z2, 0 ≤ z ≤ 1}, n⃗ forms an obtuse angle with the vector k̂.
[
−π
2

]

V.5 Gauss–Ostrogradsky (divergence) theorem

If the vector function f⃗ = (U ;V ;W ) has all first partial derivatives continuous in an open set
G ⊂ E3, then the scalar function

div f⃗(X) =
∂U

∂x
(X) +

∂V

∂y
(X) +

∂W

∂z
(X), X ∈ G

is called the divergence of the vector field f⃗ .
The field f⃗ is called solenoidal inG if the flux of the vector field f⃗ through every closed, simple,
piecewise smooth surface Q ⊂ G is zero.

Let
a) the function f⃗ = (U ;V ;W ) have first partial derivatives continuous in the region G ⊂ E3;
b) Q ⊂ G be a closed, simple, piecewise smooth surface oriented by the unit

outward normal vector;
c) int Q ⊂ G.
Then �

Q

f⃗ · dp⃗ = +

�

Int Q

divf⃗ dx dy dz

NOTE: If the surface Q is oriented negatively, i.e. by the inward normal vector, then the right-hand
side has a minus sign.

Example 674. Given the scalar function φ(x, y, z) = xy2 − y3z2 and the vector function
f⃗(x, y, z) = (xy2; x2 + 2z; 3yz) in E3. Compute div(gradφ) and div(curlf⃗).

Solution: grad φ = ∇φ =

(
∂φ

∂x
;
∂φ

∂y
;
∂φ

∂z

)
= (y2; 2xy − 3y2z2;−2y3z),

div(gradφ) = ∇ ·
(
∇φ
)
= ∆φ = 0 + 2x− 6yz2 − 2y3,

curlf⃗ = ∇× f⃗ =

∣∣∣∣∣∣∣∣∣
ı̂ ȷ̂ k̂

∂

∂x

∂

∂y

∂

∂z

U V W

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

ı̂ ȷ̂ k̂

∂

∂x

∂

∂y

∂

∂z

xy2 x2 + 2z 3yz

∣∣∣∣∣∣∣∣∣ = (3z − 2; 0; 2x− 2xy),

div(curl f⃗ ) = ∇ ·
(
∇× f⃗

)
= 0.
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Example 675.* Determine where the vector field

f⃗(x, y, z) =

(
1

x
+ 3y + 5; 2x− 2

y
− 3; 1 +

z

x2
− 2z

y2

)
is solenoidal.

Solution: For the domain of definition we must have x ̸= 0 and y ̸= 0.
This gives the regions Gi, i = 1, 2, 3, 4 :

G1 = {[x; y; z] ∈ E3 : x < 0, y < 0}, G2 = {[x; y; z] ∈ E3 : x < 0, y > 0},
G3 = {[x; y; z] ∈ E3 : x > 0, y < 0}, G4 = {[x; y; z] ∈ E3 : x > 0, y > 0}.

In each of these regions we have divf⃗ = − 1

x2
+

2

y2
+

1

x2
− 2

y2
= 0.

To compute the flux of the given field f⃗ through any closed surface Q lying in any one
of these regions, we may use the G.-O. theorem, whose assumptions are satisfied. Thus�

Q

f⃗ · dp⃗ =
�

Int Q

divf⃗ dx dy dz =
�

Int Q

0 dx dy dz = 0.

The given vector field is solenoidal in each of the regions Gi.

Example 676. Given the vector field f⃗(x, y, z) =
(z − y;x;−x)
x2 + y2 + z2

. Determine the domain of defi-

nition G ⊂ E3 of the function f⃗ and verify that divf⃗ = 0 in G. For which of the

following positively oriented surfaces does
�

Q

f⃗ ·dp⃗ exist and when may the G.-O.

theorem be used?
a) Q1 = {[x; y; z] ∈ E3 ; x

2 + y2 + z2 − 4x = 0};
b) Q2 is the surface of the rectangular box: x = −1, x = 3, y = −2, y = 1, z = −1, z = 1;
c) Q3 = {[x; y; z] ∈ E3 ; x

2 + y2 + z2 − 6y + 5 = 0}.

Solution: The domain of definition is E3 \[0; 0; 0]. It is easy to verify that divf⃗ = 0 :

divf⃗(X) = − (z − y) · 2x
(x2 + y2 + z2)2

− x · 2y
(x2 + y2 + z2)2

+
x · 2z

(x2 + y2 + z2)2
= 0.

a) (x2 − 4x+ 4) + y2 + z2 = 4 =⇒ (x− 2)2 + y2 + z2 = 22,

O = [0; 0; 0] ∈ Q1 =⇒

The integral does not exist and the G.-O. theorem cannot be used.

z

O
x

b)
z

x

y

O

O = [0; 0; 0] ̸∈ Q2 ⇒ the integral exists,

but O = [0; 0; 0] ∈ IntQ2 ⇒

the integral exists, but the G.-O. theorem cannot be used.
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c)
x2 + (y − 3)2 + z2 = 4,

O = [0; 0; 0] ̸∈ Q3,

O = [0; 0; 0] ̸∈ IntQ3.

The given integral exists and the G.-O theorem may be used.

x

z

y

O

�
Q3

f⃗ · dp⃗ =
�

Int Q3

div f⃗ dx dy dz =

�

Int Q3

0 dx dy dz = 0.

• Using the G.-O. theorem, compute the flux of the vector field f⃗ through the outer side of the closed
surface Q :

Example 677. f⃗ = (3x+ y; 2y− z+5;x+2y+ z), Q is the surface of the solid bounded by the
planes x = 0, y = 0, z = 0, x+ z = 1, y = 2.

Solution: z

1

x
2

1
y

�
Q

f⃗ · dp⃗ =
�

Int Q

divf⃗ dx dy dz =

=

�

Int Q

(3 + 2 + 1) dx dy dz =

= 6

�

int Q

1 dx dy dz =

∣∣∣∣∣∣
�

int Q

1 dx dy dz equals the volume of the interior of the surfaceQ,

which is the volume of a triangular prism

∣∣∣∣∣∣ =
= 6 · 1 · 1

2
· 2 = 6.

Example 678. f⃗ = (xy2; yz2; zx2), Q = Q1 ∪Q2 ∪Q3, where Q1 = {[x; y; z] ∈ E3 :
x2 + y2 + z2 = 1, z ≥ 0}; Q2 = {[x; y; z] ∈ E3 : x

2 + y2 + z2 = 9, z ≥ 0};
Q3 = {[x; y; z] ∈ E3 : 1 ≤ x2 + y2 ≤ 9, z = 0}

Solution:

z

x y
Q2

Q3

Q1

@
@
@

z

1 3 xy
O

⟲

�
Q

f⃗ · dp⃗ =
�

Int Q

divf⃗ dx dy dz =

=

�

Int Q

(y2 + z2 + x2) dx dy dz =

=

∣∣∣∣∣∣∣
IntQ : 1 < x2 + y2 + z2 < 9

z > 0
x = r cosφ cosϑ
y = r sinφ cosϑ
z = r sinϑ
J = r2 cos v

1 < r < 3
0 ≤ φ ≤ 2π
0 < ϑ ≤ π

2
x2 + y2 + z2 = r2

∣∣∣∣∣∣∣ =
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=

� π/2

0

(� 2π

0

(� 3

1

r2 · r2 cosϑ dr
)
dφ

)
dϑ =

� π/2

0

cosϑ dϑ ·
� 2π

0

1 dφ ·
� 3

1

r4 dr =

= [sinϑ]π/20 · 2π ·
[
r5

5

]3
1

= 1 · 2π · 1
5
(35 − 1) =

484

5
π.

Example 679. Determine the flux of the vector field f⃗ = (x; y;−z) through the surface
Q = {[x; y; z] ∈ E3 : x

2 + y2 + z2 = 4, x ≥ 0}, oriented by the normal vector
n̂([2; 0; 0]) = −ı̂.

Solution:
z

x Q

y

Q1

The surfaceQ is half of the sphere consisting of points
with nonnegative x-coordinates. This surface is not
closed. The flux through this surface can be computed

using the surface integral
�

Q

f⃗ · dp⃗. If we want to use

the G.-O. theorem, we must add another surfaceQ1 so
that Q∪Q1 becomes a closed surface with consistent
orientation. Thus

(⋆)

�

Q∪Q1

f⃗ · dp⃗ =
�

Q

f⃗ · dp⃗+
�

Q1

f⃗ · dp⃗ G.-O.
=== ±

�

Int (Q∪Q1 )

divf⃗ dx dy dz

�
Q1

f⃗ · dp⃗ =
�

Q1

(x; y;−z) · dp⃗ =

∣∣∣∣∣∣∣
Q1 : x = 0, y2 + z2 ≤ 4

n̂ = (1; 0; 0)
the normals of the surfaces Q,Q1

point into the interior of the surface Q ∪Q1

∣∣∣∣∣∣∣ =
=

�
Q1

(x; y;−z) · n̂ dp =
�

y2+z2≤4

(0; y;−z) · (1; 0; 0) dy dz = 0

Returning to (⋆), when using the G.-O. theorem we note that the normals point inward
to the surface Q ∪Q1, so on the right-hand side of the triple integral we put a minus sign.�

Q

f⃗ · dp⃗+ 0 = −
�

int (Q∪Q1 )

(1 + 1− 1) dx dy dz = − (1
2

of the ball volume) =

= −1

2
· 4
3
π · 23 = −16

3
π.

• A vector field f⃗ and a surface Q are given.
a) State the Gauss–Ostrogradsky theorem. Verify that the assumptions are satisfied

for computing the flux of the vector field f⃗ through the surface Q.
b) Sketch the given surface.

c) Compute divf⃗ .

d) Compute
�

Q

f⃗ · dp⃗, i.e. the flux of the vector field from part a).

680. f⃗ = (x+ cosx; y + ez; z + z sinx), Q is the inward oriented surface of the solid that is
bounded by the surfaces z = 4− x2 − y2, z = 0.
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x y

z [
c) divf⃗ = 3

d) − 24π

]

681. f⃗ = (x3; z2; y2), D = {[x; y; z] ∈ E3 : x
2 + y2 ≤ 4, 0 ≤ z ≤ 3}, the surface Q is the

boundary of the solid D oriented outward.

x y

z [
c) divf⃗ = 3x2

d) 36π

]

682. f⃗ = (y; x; z2), D = {[x; y; z] ∈ E3 : x
2 + y2 + z2 ≤ 4, z ≥ 0}. The surface Q is the boundary

of the solid D and is oriented by the outward normal.

x y

z [
c) divf⃗ = 2z

d) 8π

]

683. f⃗ = (y2; x+ z; zx2), Q is the boundary of the solid D, oriented inward,
D = {[x; y; z] ∈ E3 : x ≥ 0, y ≥ 0, x+ y ≤ 1, 0 ≤ z ≤ 4− x− 2y}.

x y

z [
c) divf⃗ = x2

d) − 1/4

]

684. f⃗ = (x; y; z), D = {[x; y; z] ∈ E3 : x ≤ 2, y ≤ 2, y ≥ 1/x, 0 ≤ z ≤ x2 + y}, Q is the
boundary of the solid D oriented outward.

y

x

z [
c) divf⃗ = 3

d) 135/8

]

685. f⃗ = (2x+ y2; 0; 2x− y2), D = {[x; y; z] ∈ E3 :
√
x2 + y2 ≤ z ≤ 6− x2 − y2},

Q is the boundary of the solid D oriented outward.

x y

z [
c) divf⃗ = 2

d) 64π/3

]

686. f⃗ = (xy2; ze−x; zx2), D = {[x; y; z] ∈ E3 :
√
3x2 + 3y2 ≤ z ≤ 3}, the surface Q is an

inward oriented boundary of the solid D.

161



Contents V. Surface integral

x y

z [
c) divf⃗ = x2 + y2

d) − 27π/10

]

687. f⃗ = (z; y3; x), Q is the boundary of the solid D = {[x; y; z] ∈ E3 : x
2 + y2 ≤ z ≤ 4},

which is oriented outward.

x y

z [
c) divf⃗ = 3y2

d) 16π

]

688. f⃗ = (xz2; x2y; yz), Q is the outward oriented boundary of the solid bounded by the surfaces
x2 + z2 = 4, y = 1, y = 3.

x y

z [
c) divf⃗ = x2 + y2 + z

d) 32π

]

• Using the G.-O. theorem, compute the flux of the vector field f⃗ through a piecewise smooth closed
oriented surface Q :

689. f⃗ = (x; y; z), Q is the surface of a cone with base radius a and height b, oriented
by the outward normal vector. [πa2b]

690. f⃗ = (xy2; yz; x2z), Q is the surface of a hollow cylinder bounded by the surfaces
Q1 : x

2 + y2 = 1, Q2 : x
2 + y2 = 4, Q3 : z = 1, Q4 : z = 3,

oriented by the outward normal. [27π]

691. f⃗ = (x3; y3; z3), Q = Q1 ∪Q2 Q1 : x
2 + y2 + z2 = 1, z ≤ 0, Q2 : z = 0,

x2 + y2 ≤ 1 orientation is inward.
[
−6

5
π

]
692. f⃗ = (x2; y2; z2), Q is the surface of the cube 0 ≤ x ≤ a, 0 ≤ y ≤ a, 0 ≤ z ≤ a, oriented

by the outward normal. [3a4]

693. f⃗ = (x; y; z), Q = {[x; y; z] ∈ E3 : x
2 + y2 + y2 = a2}, oriented by the inward normal.

[−4πa3]

694. f⃗ = (x2; y2; z2), Q is the sphere centered at the point [1;−2; 0] with radius
r = 3, oriented by the outward normal. [−72π]

695. f⃗ = (y; 2x;−z), Q is the surface of the solid bounded by the surfaces Q1 : x
2 + y2 = a2,

Q2 : z = −a, Q3 : z = a (a > 0), orientation is inward. [2πa3]

696. f⃗ = (x2; y2; z2), Q is the surface of the solid bounded by −2 ≤ z ≤ 4−x2−y2, x2+y2 ≤ 4,

orientation is inward.
[
−16

3
π

]
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697. f⃗ = (x; y; z), Q is the surface of the solid bounded by the surfaces x2 = y2 + z2, x = 3,
oriented by the outward normal. [27π]

698. f⃗ = (x3; z; y), Q is the surface of the solid bounded by the surfaces z = x2 + y2, z = 4,

oriented by the outward normal.
[
16

3
π

]
699. f⃗ = (2xy;−y2; 2z), Q = {[x; y; z] ∈ E3 :

x2

4
+
y2

4
+
z2

9
= 1}, oriented by the outward

normal. [32π]

700. f⃗ = (x; y;x2+y2), Q is the surface of the solid bounded by the surfaces x2+y2 = b2, z = 0,
z = a, y = 0 (y ≥ 0, a ≥ 0), oriented by the outward normal. [b2aπ]

701. f⃗ = (x; y; z), Q is a part of the cylindrical surface x2 + y2 = 9, 0 ≤ z ≤ 4
(the surface is open), n̂([3; 0; 0]) = −ı̂ . Compute a) directly using the surface integral;
b) using the G.-O. theorem (The surface must be closed by Q1 : z = 0, Q2 : z = 4). [−72π]

702. f⃗ =

(
x

x2 + y2
;

y

x2 + y2
; x2 + z

)
. For which of the following descriptions of the surfaceQmay

the G.-O. theorem be used? In the affirmative case, compute
�

Q

f⃗ ·dp⃗. a) Q : x2+y2+z2 = 4,

oriented by the outward normal; b) Q is the surface of the rectangular box bounded by the
planes x = 0, x = 1, y = 1, y = 3, z = 2, z = 5, oriented by the inward normal.

[a) cannot be used; b) can be used; −6]

V.6 * Stokes’ theorem

Let:
a) the vector function f⃗ have continuous first-order partial derivatives throughout a region
G ⊂ E3;
b) C ⊂ G be a closed, simple, piecewise smooth oriented curve;
c) Q ⊂ G be a simple, piecewise smooth surface with boundary C, oriented consistently

with the curve C.
Then �

C

f⃗ · ds⃗ =
�

Q

curl f⃗ · dp⃗

NOTE: The statement of Stokes’ theorem holds for any simple piecewise smooth surface Q, and the
choice of this surface does not affect the result.

Let us illustrate this property with the following series of examples.

Example 703. Let the positively oriented curve be C = {[x; y; z] ∈ E3 : x
2 + y2 = 1, z = 0} and

the vector field be f⃗ = (−y; z; x). Compute the circulation
�
C

f⃗ · ds⃗.

Solution: The curve C is a circle of radius r = 1 centered at O = [0; 0; 0], lying in the plane z = 0.

We first compute the circulation using the line integral of a vector-valued function.∣∣∣∣∣∣ C


x = cos t
y = sin t t ∈ ⟨0; 2π⟩
z = 0

P (t) = [cos t; sin t; 0]

Ṗ (t) = (− sin t; cos t; 0)

f⃗
(
P (t)

)
= (− sin t; 0; cos t)

∣∣∣∣∣∣
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�
C

f⃗ · ds⃗ =
� 2π

0

f⃗
(
P (t)

)
· Ṗ (t) dt =

� 2π

0

(− sin t; 0; cos t) · (− sin t; cos t; 0) dt =

=

� 2π

0

sin2 t dt =
1

2

� 2π

0

(1− cos 2t) dt =
1

2

[
t+

sin 2t

2

]2π
0

= π

To compute the circulation by Stokes’ theorem, we need to determine curl f⃗ :

curl f⃗ =

∣∣∣∣∣∣∣∣
ı̂ ȷ̂ k̂
∂

∂x

∂

∂y

∂

∂z
−y z x

∣∣∣∣∣∣∣∣ = (−1;−1; 1).

The surface integral
�

Q

curl f⃗ · dp⃗ on the right-hand side of Stokes’ theorem will be computed

using a suitably chosen surface Q whose boundary is the consistently oriented curve C.

a) Disc:
z

x

n⃗

y

O C
6

Q = {[x; y; z] ∈ E3 : z = 0, x2 + y2 ≤ 1}

�
C

f⃗ · ds⃗ =
�

Q

curl f⃗ · dp⃗ =
�

Q

(−1;−1; 1) · dp⃗ =

∣∣∣∣∣∣
P (x, y) = [x; y; 0]
Px × Py = (0; 0; 1),
B = {[x; y] ∈ E2 : x

2 + y2 ≤ 1}

∣∣∣∣∣∣ =
=

�
B

(−1;−1; 1) · (0; 0; 1) dx dy =

�
B

1 dx dy = π · 12 = π

b) Conical surface: Q = {[x; y; z] ∈ E3 : z = −1 +
√
x2 + y2, x2 + y2 ≤ 1}

z

x y

O C
6

Q :


x = v cosu
y = v sinu
z = −1 + v

u ∈ ⟨0; 2π⟩
v ∈ ⟨0; 1⟩ n3 > 0

�
C

f⃗ · ds⃗ =
�

Q

curl f⃗ · dp⃗ =
�

Q

(−1;−1; 1) · dp⃗ =

=

∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu;−1 + v]
Pu × Pv = (−v sinu; v cosu; 0)× (cosu; sinu; 1) = (v cosu; v sinu;−v)
B = ⟨0; 2π⟩ × ⟨0; 1⟩

∣∣∣∣∣∣ =
= −

�
B

(−1;−1; 1) · (v cosu; v sinu;−v) du dv =

= −
� 1

0

(� 2π

0

(−v cosu− v sinu− v) du

)
dv =
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=

� 1

0

(
v
[
sinu− cosu+ u

]2π
0

)
dv = 2π

� 1

0

v dv = 2π
[v2
2

]1
0
= π

c) Paraboloid of revolution Q = {[x; y; z] ∈ E3 : z = −1 + x2 + y2, x2 + y2 ≤ 1}
z

x y

O C
M

Q :


x = v cosu
y = v sinu
z = −1 + v2

u ∈ ⟨0; 2π⟩
v ∈ ⟨0; 1⟩ n3 > 0

�
C

f⃗ · ds⃗ =
�

Q

curl f⃗ · dp⃗ =
�

Q

(−1;−1; 1) · dp⃗ =

=

∣∣∣∣∣∣
P (u, v) = [v cosu; v sinu;−1 + v2]
Pu × Pv = (−v sinu; v cosu; 0)× (cosu; sinu; 2v) = (2v2 cosu; 2v2 sinu;−v)
B = ⟨0; 2π⟩ × ⟨0; 1⟩

∣∣∣∣∣∣ =
= −

�
B

(−1;−1; 1) · (2v2 cosu; 2v2 sinu;−v) du dv =

= −
� 1

0

(� 2π

0

(−2v2 cosu− 2v2 sinu− v) du

)
dv =

=

� 1

0

(
2v2
[
sinu− cosu

]2π
0

+ v
[
u
]2π
0

)
dv = 2π

� 1

0

v dv = 2π
[v2
2

]1
0
= π

d) Hemisphere: Q = {[x; y; z] ∈ E3 : z = −
√
1− x2 − y2, x2 + y2 ≤ 1}

z

x y

O C
O

Q :


x = cosu cos v
y = sinu cos v
z = sin v

u ∈ ⟨0; 2π⟩
v ∈ ⟨−π/2; 0⟩ n3 > 0

�
C

f⃗ · ds⃗ =
�

Q

curl f⃗ · dp⃗ =
�

Q

(−1,−1, 1) · dp⃗ =

=

∣∣∣∣∣∣∣∣
P (u, v) = [cosu cos v, sinu cos v, sin v]
Pu × Pv = (− sinu cos v, cosu cos v, 0)× (− cosu sin v,− sinu sin v, cos v) =
=
(
cosu cos2 v, sinu cos2 v, sin v cos v

)
B = ⟨0; 2π⟩ ×

〈
− π

2
; 0
〉

∣∣∣∣∣∣∣∣ =
= −

�
B

(−1;−1; 1) ·
(
cosu cos2 v, sinu cos2 v, sin v cos v

)
du dv =

= −
� 0

−π
2

(� 2π

0

(
− cosu cos2 v − sinu cos2 v + sin v cos v

)
du

)
dv =
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=

� 0

−π
2

(
cos2 v

[
sinu− cosu

]2π
0

− sin v cos v
[
u
]2π
0

)
dv =

= −2π

� 0

−π
2

sin v cos v dv = −2π

[
sin2 v

2

]0
−π

2

= π

CONCLUSION: For all tested surfaces, the surface integral always equaled the circulation previously
computed by the line integral, thus confirming Stokes’ theorem in these specific cases.

• Using Stokes’ theorem, compute the circulation of the vector field f⃗ along the curve C oriented
by the normal vector n⃗ of the plane in which the curve C lies:

Example 704. f⃗ = (y + z; x+ z;x+ y), C is the closed curve x2 + y2 = a2, x+ z = 0
oriented consistently with the normal vector n⃗ = (1; 0; 1), and the curve C is the
boundary of the planar surface Q = {x = u, y = v, z = −u, u2 + v2 ≤ a2}.

Solution:

The curve C is the intersection of the cylin-
drical surface x2 + y2 = a2 with the plane
x+ z = 0, and is therefore an ellipse.

z

n⃗

x y

C
6

�
C

f⃗ · ds⃗ =
�

Q

curl f⃗ · dp⃗ =

∣∣∣∣∣∣∣ curl f⃗ =

∣∣∣∣∣∣∣∣
ı̂ ȷ̂ k̂
∂

∂x

∂

∂y

∂

∂z
y + z x+ z x+ y

∣∣∣∣∣∣∣∣ = (0; 0; 0)

∣∣∣∣∣∣∣ =
�

Q

0⃗ · dp⃗ = 0.

NOTE: The field f⃗ is potential in E3, because curlf⃗ = 0⃗ =⇒ for every closed curve C ⊂ E3 we have�
c

f⃗ · ds⃗ = 0.

Example 705. f⃗ = (−y; z;x), C : x2 + y2 + z2 = a2, 2x − y + 2z = 0, the orientation of the
curve is consistent with the normal vector n⃗ = (2;−1; 2).

Solution: The curve C is the intersection of the sphere with a plane passing through its center, and
is therefore the boundary of the planar surface
Q = {x = u, y = 2u+ 2v, z = v, 5u2 + 5v2 + 8uv ≤ 1}.

�
C

f⃗ · ds⃗ =
�

Q

curl f⃗ · dp⃗ =

=

�
Q

curl f⃗ · n̂ dp =

n⃗

z

x y

O

C
6
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=

∣∣∣∣∣∣∣∣∣∣∣∣
curl f⃗ =

∣∣∣∣∣∣∣∣
ı̂ ȷ̂ k̂

∂

∂x

∂

∂y

∂

∂z
−y z x

∣∣∣∣∣∣∣∣ = (−1;−1; 1)

n̂ =
(2;−1; 2)√
4 + 1 + 4

=
1

3
(2;−1; 2)

∣∣∣∣∣∣∣∣∣∣∣∣
=

1

3

�
Q

(−1;−1; 1) · (2;−1; 2) dp =

=
1

3

�
Q

1 dp =
1

3
· S (S is the area of the cross-section) =

1

3
πa2.

Example 706. f⃗ = (y2; z2; x2), C is the boundary of the triangle with vertices R = [2; 0; 0],
S = [0; 2; 0], T = [0; 0; 2], and the orientation of the curve C is consistent with the
normal vector n⃗ = (−1;−1;−1).

Solution:
�
C

f⃗ · ds⃗ =
�

△RST

curl f⃗ · dp⃗ =
�

△RST

curl f⃗ · n̂ dp =

T

z

n⃗

O

x

y
S

C

R




=

∣∣∣∣∣∣∣∣∣∣∣∣
curl f⃗ =

∣∣∣∣∣∣∣∣∣
ı̂ ȷ̂ k̂

∂

∂x

∂

∂y

∂

∂z

y2 z2 x2

∣∣∣∣∣∣∣∣∣ = (−2z;−2x;−2y)

n̂ =
(−1;−1;−1)√

3

∣∣∣∣∣∣∣∣∣∣∣∣
=

=

�
△RST

(−2x;−2y;−2z) · (−1;−1;−1)√
3

dp =
2√
3

�
△RST

(x+ y + z) dp =

=

∣∣∣∣∣∣∣
△RST lies in the plane with equationx+ y + z = 2
P (x, y) = [x; y; 2− x− y]

Px × Py = (1; 1; 1), ∥Px × Py∥ =
√
3

[x; y] ∈ △ORS

∣∣∣∣∣∣∣ =
2√
3

�
△ORS

2 ·
√
3 dx dy = 4P△ORS = 8.

707. f⃗ = (x, y, z), C : y2 + z2 = 1, x+ z = 1, the orientation of the curve is consistent with the
normal vector (1; 0; 1). [0]

708. f⃗ = (x+ 1;x+ y; 1− 2z), C is the boundary of the triangle △RST, R = [3; 0; 0],
S = [0; 2; 0], T = [0; 0; 6], the orientation of the curve is consistent with the normal
vector n⃗ = (2; 3; 1). [3]

709. f⃗ = (yz;xz; xy), C is the boundary of △RST, R = [1; 0; 0], S = [0; 2; 0], T = [0; 0; 2],
the orientation of the curve is consistent with the normal vector n⃗ = (2; 1; 1). [0]

710. f⃗ = (y;−z; x), C : x2 + y2 + z2 = a2, x− y = 0, the orientation of the curve is consistent
with the normal vector (1;−1; 0). [

√
2πa2]

711. f⃗ = (−y; x; z), C : x2 + y2 = a2, z = 5, the orientation of the curve is consistent with the
unit vector n̂ = (0; 0; 1). [2πa2]
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712. f⃗ = (z; 2; 5 + z), C : x2 + z2 = a2, y = 3, the orientation of the curve is consistent
with n̂ = (0; 1; 0). [πa2]

713. f⃗ = (y; z; x), C : x2 + y2 = 4, x+ z = 0, the orientation of the curve is consistent with
n⃗ = (1; 0; 1). [−8π]

714. f⃗ = (xy; yz; xz), C : y2 + z2 = 1, x+ z = 1, the orientation of the curve is consistent
with n⃗ = (1; 0; 1). [−2π]

715. f⃗ = (z + 1; x− y; y), C is the intersection curve of the sphere : x2 + y2 + z2 = a2

with the plane x+ y + z = 0, and the orientation of the curve is consistent with the normal n⃗,
making an acute angle with the vector k̂. [

√
3πa2]

716. f⃗ = (
−y

x2 + y2
;

x

x2 + y2
; 2z + 1), C : x2 + y2 = a2, z = b, the orientation of the curve C is

counterclockwise when viewed from the point [0; 0; 2b]. (Stokes’ theorem cannot be used.) [2π]

717. f⃗ = (x2 + 2y; y2 − 3x; z2 + 2x+ 3y), C : x2 + y2 + z2 = 6, z = x2 + y2, the orientation
of the curve is consistent with n⃗ = (0; 0;−1). [10π]
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