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L. Definite integral Contents

CHAPTER L
[ Definite integral

I.1 Existence of definite integrals

e Determine whether the definite integrals exist:

1 1
3
Example 1. /0 f(z) dx :/0 ;2—:_ 1 dx

L . 3. . .
Solution : Yes, it exists, because the function f(z) = x;; | is continuous on the interval (0; 1) .
“ [
10 10 2
"+ 3
24+3 2+3
Solution : Tt does not exist, because the function f(z) = p _x3x+2 s @ _f 1;_@ >y
is not continuous at x = 4 (m € (1; 10)) and hrfi f(z) = £oo  (f is not bounded). ]
T—
1 1 62:0 -1
Example 3./ f(z) dx :/ dx
-1 1 T
. : : : et —1 . : .
Solution : The integral exists. Although the function f(z) = is not continuous at the point
x
2r 1
=0 (x € (-1 1)) we have lim f(z) = lim ¢ =2 (fis bounded). ]
z—0 z—0 x
1 2 . 2 2
4. / MY e !}’es , lim i 0] 5. / ze® dx [yes]
0 x x—0 x 0
w/2 1
6./ . no, lim — = too
o L—2coszx a—2+1—2cosx
I.2 Newton-Leibniz formula
e Compute the integrals using the Newton-Leibniz formula:
7r/41 a2
Example 7. / w dz
0 cos*x
w/4 1 c 02 w/4 1 1— 2 /4 9
Sotwion: [ L gy [TIE S g ( : _1) do =
0 cos* x 0 cos? x 0 cos* x
w/4
:[2tan$—x]0 =2tan T — 7 =2—17. |

8
Example 8. / V1+zdr
3
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® 2 8 2 38
Solution : / (1+2)?de =2 [(1 + x)3/2] =2 (V9 -4V = = n
3 3 3 3 3
2
-3
Example 9. /o ;2 ) dx
2 2 2
r—3 1 2z 1
Solution : dr = - dr — 3 dr =
oon /Oa;2+4 ! 2/0 24" /0x2+4 !
1 2 3 21 3 1 3
== [ln(x2+4)} — = [arctan q =—-(In8—In4)—--arctan 1 = = -In2 — °r, ]
2 o 2 2lo 2 2 2 8
5
5 1
Example 10. / QL dx
9 x°+1x—2
Solution : First decompose the integrand into partial fractions and compute the integral :
5 1 A
v 4 5+ 1= A(z+2)+ Bla — 1)

2tz —1 x-1 z+2’
r=1:6=34 =— A=2; zxr=-2:-9=-3B =— B=3

5 5
) 1 2 3 5
/de:/ + dx:[2ln|x—1|+3ln|x+2| =
o X241 —2 o \x—1 x+2 2

=2In4+3In7—-2Inl1 —-31n4 = 31n7—1n4:1n¥.

CAUTION ! The same integral on another interval (a;b) may not exist if (a;b)
contains at least one of the numbers x = —2 or z = 1. |

/2 T
Example 11. / cos® = dx
—7/2 2

Solution : Here we use the fact that the function f(z) = cos® o is even, le.

/_Zf(x)dsz/Oaf(m)d:v.

/2 /2 /2] /2
/ COSQEdZEZQ/ congd;E:2/ mdx: |:x+sjngj} _ T -
—7/2 2 0 2 0 2 0 2

w/2
Example 12. / 2?sinz dx
—7/2

Solution : Now we use the fact that the function f(z) = x?sinx is odd, i.e. / f(z) dz = 0.

—a

[
Example 13. / 3~ cosx‘ dx
0
1
Solution : Remove the absolute value: 3~ cosx >0 forxe <g, 7T>
1
and — —cosz <0 forxe <O, g), thus for the given integral we have:
™1 /3 1 T
/ —cosx’dw—/ —(f—cos:):> dx—i—/ (*-COS%’) dx =
0 12 0 2 7/3\2
/3 T
:[sinx—%xh +[%x—sinx] /32?—%—1—%—%—%?:\/54-% |
™
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4
14 * / # dx 2 ln3 15. / sin [ln 3]
_4avVx2+9 2+ cosz x

1 x
16. / C oz / [2 In 4]
0o v +e 3

1.3 Integration by parts

e Compute the integrals using the integration by parts method:

w/2
Example 18. / |z| cos x dx
—7/2
w/2
Solution : The integrand is even. Thus /
—7/2

w/2 /2 T w/2
:2[xsin:1:] —2/ sin$d$:2-—+2[cosx] =7 -2
0 0 2 0

w/2 w/2
]w\cosxdx:2/ ]w\cosxdx:2/ xrcosx dx =
0 0

u=ux, v =cosz
=1 v=sinz

|
e—1
Example 19. / In(z + 1) do
0
e—1 u=In(zx+1), v =1 e—1 -1
Solution : / In(z+1)dx = o - 1 I [,{L‘ln(gﬂ—{—l)}o _/ +1dg;:
0 B N U
e—1
1-1 e—1
= (6—1)lne—/0 %dmze—l— [x—ln(a:+1)}0 =e—1-(e—1—Ine)=1.
|
/2
Example 20. [ = / e?® sinz dx
0
/2 — 2T A /2 /2
Solution : / e sina de = u/ ‘ 2% e {e% cos x} + 2/ e cos x dx =
0 u = 2e**, v=—coszx 0 0
— o2 = /2 /2
= u, © 9 v cosT :1—}—2[e2msina¢yr —4/ e sin - da.
u = 2e**, v=sinx 0 0
We obtained the equation I = 1 + 2e™ — 41 , from which 57 =1 + 2¢".
1
The result of the given example is I=—(1+2e"). ]

5

w/2
Example 21.*% I,, = / sin” x dx
0

Solution :
w/2 T
* for n = 0 we have Ig:/ dw:?
0

w/2

I
S— S—

I

*xforn =1wehave I sinz dr = [—cosx

T2, ™21 — cos 2 1 sin2z17/2 7w
sin“ xdr = 7&3:7[357 } =
0 2 2 2 lo 4

*x forn =2 we have Iy

w/2

/2
*forn > 3 wehave I, sin" 2z - sin? x dx = / sin" 2 z(1 — cos? z) dz =
0

I
S—

3
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/2 /2 U = Cos T, v =sin""2 . cosz
—/ sin"Qxdx—/ sin" 2z -cosz-cosxdr=| . L =
0 0 u =—sinz, v= sin" "z
n—1
g, - [ /”/2 S o
n—1 0 n—1J
-1
We obtain the equation I,, = I,,_o — 0 — 1In, from which we compute I,, = ——1I,_o.
n— n
We perform a discussion:
n—1 2k—1 2k—3 1 k-1 =«
— 2k we have I,, = =~ = . = D
For {” ORI E T I T o T2k —2 20T 2 2
n—1 2% 2%k —2 2 (2k)!
=2k+1wehavel, = ——1I, o= . e = 2
m= ek Lwe have n 2T k41 2k—1 73T @k + 1)

Thus we have derived the so-called Wallis formulas.

w/2 w/2 w/2
The same result also holds for / cos” x dx, since / sin" xdx = / cos" x dzx.
0 0 0

]
w/2 1 1 w/2 1
22.*/ sin’ z dx —6 23.*/ sin® z dx 35—7T
0 35_ —/2 128
™ w/2 -
24.*/ cos® z dx 51 25.*/ sin’ x dz {0
0 16_ —7/2 -
V3 2 3] ¢ 2]
26./ x - arctan x dz —W—i 27./ |In x| dx 2— -
0 3 2 ] 1/6 6—
1
28. / y-In(z +y)dz, (y >0) [y(y +Din(y+1) —y%lny — y}
0
I.4 Substitution method
e Compute the integrals using the substitution method:
Example 29.
P / zv1+ ln:n
Soluti /e . d %ilenx:t =1 =t;=1
olution : —_——dx = =
1 zvV1l+Inx ?x:dt .’172:63 ==ty =4
dt 4
_ —dt_2[\f] —2.(2-1)=2. n
/1 < =22-1)
2/m 1 1
Example 30. / — -sin—dz
1/71. X X
1 1
2/71-1 1 — =1 r=— =t =7
Solution : — .sin—dr=| 7T T =
1/ x? x dr =dt : _—t T
7 Ty — 2 .
x? 2 s 2 2
/2 ™ -
:—/ sintdt:/ sint dt = [—cost} =1. [ ]
™ w/2 /2

4
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1
X

E le 31. —d

xample /()1+x4 x

Solution : 17x dr = z* =1 rn=0 =h=01_
o Jo 142t | 2zdr=dt xo=1 = to=11|
1/1 dt 1[ . t}l 1 m .
== —— = —|arctan ==,
2 )y 14+t 2 o 2 4 8
2
Example 32. / Vi —ax2de
0
2 .
.o 2, | T=2sint r1=0 =t =0 _
Solution /0 d—atde dx = 2costdt Teg =2 = to=m/2
w/2 w/2 7r/21 2%
:/ \/4—4sin2t-2costdt:4/ COS2tdt:4/ Hiosdt:
0 0 0 2
in 2¢77/2
—2[t+ 25 |’ —2.2=r. -
2 x
Example 33. | ——— dx
P /1 (224 4)2
Solution : 2736 dr = 2+ 4=t n=l=h=5_
Sy @242 | 2zde=dt To=2 =>13=8|
_1/8dt_ 1 HS_ 1 (1 1)_ 3 .
2 s 2 2 Ltls 2 \8 5/ 80
/2 Cos T -1 d T
4. 2L 4y Inv/3 35/ x Ll
0 +/sin?z+3 : ] ")y 22 +4x+5 4
/2 aresinz [ 2] /4 1]
36./ ———dx — 05 -
0o V1-—22 72| 37-/0 sin® x - cos x dx I
/3 .. 3 -5_ 1/2 '1'
38. sin® x dz 21 39./ r/1 — 4r2 dr il
0 [“% ] 0 12
4 /2
1 dx 37
40. ——d 2(2—1n2 41./ e -—
/0 NoTES 22 = In2) 0 2+cosw [ 9 ]
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CHAPTER1I.
Differential calculus of functions of several variables

IL.1 Domain of the function z = f(z,y)

e Determine the domains of the functions and sketch them:

In(zy)

NTE

Solution : The variables x and y must satisfy the following conditions simultaneously:

Example 42. z =

y§ 2?2y>0 = y>0, #0
y—xr>0 = y>u=x

Dlz{[w;y]eEQ::r<0,y>0},
Dy = Dy Dgz{[ﬂv;y]eEgzm>0,y>m}.
0 x
For the domain of the given function we get D = D; U Ds [ |
y—1
Example 43. z = arcsin
Y . .
The variables x and y must satisfy
. the following conditions simultaneously:
Solution : Dy 1 Do .
d —1§y_ <1 and z#0.
. x
Thus: x>0: —2x<y—1<z — —2x+1<y<z+1
r<0: —z>2y—1>22z — —-z+1>2y>x+1
Dlz{[x;y]eEgzx<0, x+1§y§1—x},
DQ:{[x;y]EEz:x>0, 1—:U§y§x—|—1}.
For the domain of the given function we get D = D1 U Ds. n

2

T —y 2,2 2
4. 2= ——— D ={|x; Es : 1, 2>
Z ln(l_xg_yg) : [ {[m,y]e 2:0<x +y < ,x_y}]
- >\
16 9 9
46. z = 3—7In(z+1Iny) [D = {[z;y] €Ea:y > e *}]




II. Differential calculus of functions of several variables Contents

[D = {[z;y] € Bz : 2? +y? < 16; y > 4 — 2x}]

[D = {z;y] € Ba : [z| + |y < 1}]

[D = {[z;9] € Ez: zy > 4}]

e Determine and sketch the domain, write the graph of the function, and sketch in E3 the surface that is the
graph of the given function:

Example 50. f(z,y) =4 — /22 + 2

Solution :
?24+y2>0 = D(f)={[z;y] €Ep;a®+1> >0} = D(f)=E

The graph of the function is the set

G(f) = {[w:7] € Bai [o3y] € D(F), 2 =4~ /a7 £ 2.

Y [ |
Example 51. f(z,y) = /x —y> + 2
Solution :
Yy

r—y’4+2>0 =

D(f) = {[z;y] € Ep;z—y* +2>0}.

The boundary of D(f) is the parabola z + 2 = 32
with axis along the z-axis and vertex at [—2;0].

The graph of the function is the set

G(f) = {lz;y; 2] € Es;[z;9] € D(f) C Eg, 2 = /& — y? + 2},
which is the “upper” half of the paraboloid of revolution

with equation = + 2 = y? + 22, whose axis of rotation is the x-axis,
and vertex at [—2; 0; 0].
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Example 52. f(x,y) = /22 — 9y? — 36

Solution :

22 -9 —-36>0 =
D(f) = {[z;y] € Ep;2? — 9y*> — 36 > 0},
2 2

Y

T
the boundary is the hyperbola — — = =
e boundary is the hyper oa36 1

with vertices at [—6; 0] and [6; 0]

The graph of the function is the set
G(f) = {lwsy:2] € Esi lwiy) € D(F) € Ba, 2 = \/a? =02 = 36 |

A
SN
53N\

N d this is the “upper” half of an ellipti heeted
',',,"':',',:,:'.:,}k}\&%\\ and this is the “upper” half of an elliptic two-sheete
l,ﬁ!:""i‘&m‘%@ 6 hyperboloid with vertices at [—6; 0; 0] and [6; 0; 0]
il |
x
II.2 Limit and continuity of a function
e Investigate the limits of the function at the point:
(2 2
Example 53. lim w
[zy]—[0s0] 2% +y
Solution : 'We use the fact that : I]Hn[ | (> 4+»*) =0 and make the substitution ¢ = z% + 3.
z;y]—[0;0
. 2 2 .
t
Then fm STty st =
[yl —[00) 22+ g2 =0 ¢
23—y
Example 54.* lim —— 1> Tyl € M, where M = {lz;y) € By ; & —y #0}
[zy] = (1] & Y
[z;9] € M
Solution : This is the indeterminate form ”% ”, but an elementary simplification suggests itself, which
we perform
: o’ —y° : (z —y)(@® + 2y +y°) : o tay+y? 3
lim 1= lim 5 o~ = lim 5 N =0
sy = T =Y ey - 1] @ = DEEDEEAY) gy 151] @ FY)EE )
[z3y] € M [zy] €M [z;9] € M
]
2(z4+y%) _ 1 tan (22 + y* 1
55 lim 0~ 2] 56. lim % 3
[z;y]—1[0;0] x? + y2 [z5y]—(0;0] 3(.T +y ) 3




II. Differential calculus of functions of several variables Contents

222
: o : ——— [1;y] # [0; ]
Example 57. Investigate the continuity of the function f(x,y) = Vr2y2 +1-1
2, ;9] = [0;0]

at the point [0; 0].

Solution : The function f(z,y) is continuous at the point [x¢; yo| if and only if : ]lir[n : f(z,y) = f(zo,v0)-
;Y= %0390

Inour case  lim L _»0» _ | substitution | _ im _t  vH
el =00) \/22y2 +1 -1 ° iy? =t t50t+1—1
1
= lim —— =2 = f(0,0) = the given function f(x,y) is continuous at the point [0; 0]. [ |
t—0
2V/t+1

e Determine the sets on which the given functions are defined:

2yz—12
59. f(w,y,2) = 1" - sin(z + ) [Es]
1 x2
0. f(r) = o ORI
4 4
61. f(z,y) = ;T;

2,2
D(f) = E9\[0;0], it can be continuously extended by defining f(0,0) = lim % =0
[zy]—=[0;0] T° + Y

2 (7)o [D() = {lriiz] € Byt o? 442 4 22 £ 111 {[0:0:0)]

_sin (a2 4y + 22)2

63. f(x,y,2) = N [D(f) = E3\[0; 0; 0], it can be continuously extended by defining
£(0,0.0)=0 |
1 -
64. f(x,y,2) = ——— D(f)={lz;y;2] € Es: x ONz#0
fesy?) = [D() = {392 € By oy £ 002 £ 0)
B y+4 (T . ]
65 e,y 2) = 3 [DU) = {lwsys2] € By s £ 0,3 £ 1y # —4}]
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I1.3 Partial derivatives of a function

r

Notation for the function z = f(z,y):

first partial derivatives: gi(x, y) = fo(z,y) = 22 = gi
gi(w,y) = fy(@,y) = 2y = g;
first partial derivatives at the point [a; b]:
gi ] fo(a,b); g;’[a;b] = fula;9)
second partial derivatives: Efa: (g‘i) = g;f = Jia fi/(g;) = (;)Z{ — T
2 2
%@inizmm i@@zié:%”

¢ Find the first-order partial derivatives of the given functions with respect to their variables.

Example 66. f(x,y) = (2o — 3y)*

0
Solution : o1 =42 —3y)*-2 o1 = 4(2z — 3y)* - (=3) |
T Jy
Example 67. f(z,y) = bz'y® + z + 222 — 3y
Y
0 1 0
Solution : —f =202y + — + 4z, —f = 10zty — x_ 3 [
Ox y dy y?
Example 68. f(x,y) = y$2+3, y>0
0 0
Solution : or = y$2+3 ‘Iny -2z of = (z2+3)- yz2+2 [ ]
ox oy
Y
Example 69. f(x,y) = \/ﬁ, for |z| > |y
Soluti af -2z —xy
olution: ——=vy- =
x 2(22 — y2)3/2 (22 — y2)y/22 — 2
—2y
02 — 2 — - J
of Yy -y -yt 22
9y 2? —y? (22 —y)Va? =7 (22— y)a? =y .
Example 70. f(z,y,z) = (2¥)*
0 0 0
Solution :  f(x,y,z) = 2%, 8—£: ¥ L 8ch—xyz-lnx-z, %zxyz'lnx-y.
[ |
e Compute the partial derivatives of the given function with respect to all variables:
L f(x,y) = In(3x—y +2) i R —
flz,y) =In(3z — -2 -
Y Y T T3 —ytr2 T 35—yt 2

10
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3x — 2y 3 3|
72, f(x,y) = 22 [f:’f:_
(z,9) ; =y T
9 1 2]
73. f(z,y) = In (zy”) fo=— fy=-
Z Yl
1. ) 1 1
74. f(:p,y):cosx+§s1ny—3 fo = —sinz, fy:§ cosy
Y —y 1 x
75 f(z,y) = = -2y [fz VY fy=—7= -

(y) =g oV P ve V=T
76. f(z.y) = (* +y) [fx — 2z — 20 4yl f=e
7. fay) = "L 4 arct (%) [ +

. f(z,y) = —— + arctan (= = - = =z —-—
Y 2 T TTy T 2y T T
1 x 1 Y
78. f(z,y) = In(xy) — V22 +y% — 20 {f——,f——
(#,y) = In(ay) T 2ry2—20 "y z? +y* — 20
301 1 2 ]
79. f(z,y) = 23 + LA — 2%yt — 15z fo=32% — S ayt — 15, f, = y* — = 2%y’
3 6 3 3 |
2 2 2
Y —2zy 2x%y
80. = R id A —
f(@,y) 2+ 42 [fx 2 1 22 fy (@2 + 42)?
81. f(p, %) =sinp - costp {fw = cosp cos, f, = —sinyp siny
2u vt 3u? v3
_ 2,3 _ _ 2,3
82. g(u,v)—v-tan(uv ) |:gu_cos2(u21]3)’ gv—tan(u v )+m_
1 1
83. f(t,u,v) = In(tu) — e*’ + cos(tv) |:ft =50 sin(tv), fu=——wve", f, = —ue" —t sin(tv)
U
Example 84. Determine the domain of differentiability of the function f(x,y) = z/x? — y2.
of 2 of —zy
Solution : = =+/a? —y> + ——, ==
oz 22 — o2 Oy /22 — 42
From theory we know that continuity of the partial derivatives is sufficient for differentiability
of functions. In this example this is the condition:
Y 22—y >0 = |y < |z
Dy = {[z;y] € E2: 2 <0,y € (2;—2)},
D1 D2
Dy ={[z;y] €Ea:x >0,y € (—z;2)} .
x
|
. . 1 .
Example 85. Given the function f(z,y) = In(|z| + y) + ———————= . Determine

V9 —a? —y?

a) the conditions for the domain and illustrate the domain graphically,

b) the value f(A), where A = [—1;2], c) %(A)

11
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Solution :

a) conditions for the domain:

|| +y>0=y > —|z|
9—22 -2 >0=2+1y><9

1 1
of (—z) 1 —27 11
—(4) = - = =——.
©) 830( ) (\x|—|—y 2 (9—%2—y2)3)A 24 "

86. Prove that the function z = f(x,y) = y?sin(a? — y?) satisfies the differential equation y?z, +
xyzy = 22z forall [x;y] € Eo.

[Hint : It is enough to compute z,, z, and substitute into the equation]

e Compute the partial derivatives of the given function at the point A :

87. =2 —y? A=][2;0] [22(A) =1, 2y(4) =0

]
88.22%, A=1[3;2] [22(A) = —2/9, 2,(A 1/3]
89. f = x%eYsinz, A =[1;0;7/6] [fo(A) =1, f,(A) =1/2, f.(A) = V3/2]
90. f =In(z? —y+32), A=[2;1;1] [fo(A) =2/3, f,(A) =—1/6, fz ) =1/2]

II.4 Total differential and tangent plane

r

Notation for the function z = f(x,y):
the (total) differential of the function f at the point A = [z¢; yo]:

0 0
4141 = 5LA) (@~ 20) + L (4) - (v = o)
Letdx = x — xg, dy = y — yo. Then
_9f 4 of
df[A]—%( ) - da +@( ) - dy

Example 91. Given the function f(z,y) = y_z
x

a) Determine and sketch the regions in which the function is differentiable.
b) Write the differential of the function at the point A = [z; yo.

Solution : A sufficient condition for differentiability is continuity of the partial derivatives =- continuity

1 1
of the functions C{Lf:_ﬂ_f g:——i-i = x#0Ay#0.
Ox 22 oy Oy x 2

12
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We obtain the following sets :

Yy
Dy ={[x;y] € Ey: 2 < 0,y < 0},
DQ D3
Dy ={[z;y] € Ea: x <0,y > 0},
D3 ={[z;y] € Ey:x >0,y > 0}. o x
Dy ={[x;y] €Ey: 2z >0,y < 0}, D Dy
AfLA) = G (A do 5 (A dy e dflA) = (=5 =) do+ (o) dy

Example 92. Determine the total differential and the approximate increment of the function z = J at the point
x
A =[2;1] for Ax = 0.1 and Ay = 0.2. Compare them.

) )
Solution : The total differential at the point A is dz[A] = £(A) dx + aTj(A) dy.
) 0z Y 0z 1 0z 1 0z 1
Atth time &2 =Y o Py =_= 9z _ 1 0z, _
e same time - 3 8$( ) 1 o = 8y( ) 5

1 1
dz[4] = 1 dx + 3 dy.

If we set de = Az = 0.1 and dy = Ay = 0.2, then we obtain the required differential
of the function f at the point A for the given increments Az, Ay :

1 1
dz[A] = = 0.1+ 5 0.2=0.075,

while the exact increment is Az = z(zg + Az, yo + Ay) — z(xo, y0) =
= 2(2.1,1.2) — 2(2,1) = 0.071.

Example 93. Using the total differential, compute approximately the increment of the function
z = arctan J when x changes from zg = 1toxz; = 1.2 and y from yg = —3

x

toy; = —3.1.

Solution : We approximately replace the increment by the differential, i.e.
0 0

Az = dz[A] = ai(A) dx + FZ(A) - dy, where A = [1;—3], dz = 0.2, dy = —0.1.

€z Y

We compute

0z 1 y 3 0z 1 1
a”(<><>)\ 0= (e )
3 1

Then dz[A] = 0 0.2+

— - (=0.1) = 0.06 — 0.01 = 0.05. ]

10

Example 94. Compute approximately the value of the expression In(1/9.03 — 1/0.99 — 1) using the total dif-
ferential of a suitably chosen function.

Solution : Let z(x,y) = In(y/x — /y — 1), 0 = 9, yo = 1, then dx = 0.03, dy = —0.01. We use the
relation

- 0z 0z
Az = z(x + z0,y + o) — 2(T0,Y0) = p (w0, %0) - dx + o (z0,yo) - dy,

from which we get

. 0z 0z
2(x + 0,y + yo) = 2(x0,y0) + e (x0,yo0) - dx + ay (w0, y0) - dy.

13



Contents I1. Differential calculus of functions of several variables

Let us prepare :

0z 1 1 1

o) = (VI —VI-1) =0, Z) = (g5 -G
[9;1]

02 (A) < ! -1 > L Now we substitute and compute the required
e = . = ——. Now we su u u u
8y \f - \/y -1 2\/@ [9;1] 2

1 1
value In(v9.03 —v0.99 — 1) = 8 -0.03 — 3 (—0.01) =0.01. ]

Example 95. Compute the approximate value of the expression 0, 98> using the total differential
of a suitably chosen function.

Solution : z(x,y) =Y, ©g =1, yo = 3, i.e. A =1[1;3], de = —0.02, dy = 0.04,

0z 0z
eyl 2 Y] h
8xyx’8 xr” Inx, thus
. 0z 0z
2(0.98,3.04) = z(A) + dz[A] = 2(A) + — (A) - de + — (A) - dy =
Ox oy
=1+4+3-(-0.02) +0=0.94. ]

Example 96. Find the equation of the tangent plane 7 and the normal n to the graph of the function z =
222 — 4y? at the point T = [2;1;7] .
Compute approximately the value of the function at the point [2.2;1.3].

Solution : The tangent plane 7 has equation

T 2_20:g;(A).(x_xo)—i_gZZ/(A).(y_yO)’

where A = [x0;y0] = [2;1], and 29 = z(20,yo). Inthiscase 20 =2-4—-4-1=4 —

T=[Ld, Fo(A)=da| =8 F(A)=-8 =-8 —

T7: z—4=8(rx—-2)—-8(y—1)=8r—-8y—2—4=0.
The normal n is the line passing through the point 7', whose direction vector is the normal
vector of the plane 7. Thus  n: [z;y;z] = [2;1;4] +¢(8;—8;—1), t € R.

We compute the function value at the point [2.2; 1.3] by substituting the coordinates of the point
into the equation of the tangent plane z = 4 + 8(z —2) — 8(y — 1) =
2(2.2,1.3) =4+4+8(22—-2)—8(1.3—-1)=4+1.6—-24=32 ]

Example 97. Find the equation of the tangent plane 7 to the surface z = x? + zy — y?> + x + 3 parallel to the
given plane g : bx — 3y — z = 0.

0 0
Solution :  We must find the point A at which 87,2 =5, a—z = —3. From this we obtain the system of
£z Y
. 2c+y+1=25,
equations { . g2jy _ 3 Hence xo = 1,y0 = 2, 20 = 2(x0,y0) = 3, s0O
T = [1;2; 3]. The equation of the tangent plane 7: 5z —3y—2+d=0, T €T
— 7T1:5x—-3y—z2+4=0. [

e Compute approximate values of the given expressions using the total differential :

V0.97
98. \/7.95 - v/8.96 59742] 99, — 0.936
[ ] 1.023 - /0.99 [ :

14



II. Differential calculus of functions of several variables Contents

100. v4.04 - In1.02 - arctan 0.9 [0.0314]

e Find the equation of the tangent plane 7 and the equation of the normal n to the surface z = f(z,y) at the
point 7" :

101. 2 =4\/z2 +y2, T =[3;47] [122+ 16y — 52 = 0; [z;y; 2] = [3;4;20] + ¢(12;16;—5), ¢ € R]

102. z = xy, T =10;0;7] [2=0; [z;y; ]—tOO 1),t €R]
1 2 2 2 2
103. z = 2% - cos—, T =[1;=;7] [z-ﬂ—<y——); [x;y;z]:[l 0}—1—1&(0 ) tER}
Y T 4 s s
1 ' 1 V2 T —22y+z2z—n+2=0;
104. z = — arcsiny, T = [7;—;?} 1 \[
t 22 [2;y; 2] = {2 5 2]+t(7r;—2\/5;1),t6R

e Find the equation of the tangent plane 7 to the surface z = z(z, y) parallel to the plane o :

105. 2 =222 — 4%, 0:8c—6y—2z—15=0 [7‘:8:6—6y—z+1:0]
106. z = In(2? +2y°%), 0:20—2+5=0 [r:22—2—2=0]
107. z = 2% —y®> + 62y + 2z, p:4dx+6y—2=0 [7‘:45B+6y—z—1:0]

IL5 Derivatives and differentials of higher orders

Example 108. Find all second-order partial derivatives of the function

2
fla,y) =ay® —y -V,

0
Solution : —f = y3 —y- ex+y2,
ox

0
aif = 3zy? — "V — gy oY 2y = 3% — eHyQ(l + 2¢%),
Y
0
ﬁ = 8(£) =—y- e$+y2
Ox? Ox ’
of
2f  0(5)
ayé - aayy = Gy — 2ye™ ™V (14 2¢) — "V 4y = 6ay — "V (6y + 4y°),
o2f (% ) > > 2
= — 32 — MY etV L9y = 302 — Y (1 4+ 22
dyor oy y —e ye y =3y —eV (14 2y7),
of
0? e
f _ (8y> :3y2_ z+y? (1+2y )
Ox Jy oz
: . . 0% f 0’ f .
We see that for the given function f it holds that = at all points [z;y] € Eo.
Oxdy Oyox

Example 109. Show that the function u = u(z,t) = arctan (2z — t) satisfies the partial differential equation

0%u 9%u
Gl 2l 0 in B
81'2 + 8t6x 0 in 2
2 _ 9. _ . . _
Solution : u = %7 0 Z _ 2 2(2x — 1) 22: 8(2z — 1) .
ox 1+ (2$ — t) ox (1 + (233 _ t)2) (1 + (Q.T . t)g)
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Contents I1. Differential calculus of functions of several variables

ou 3(%) B ) 923 £ (1) — 42z —t)
Otz Ot (14 (2w —1)2)° 22w —t)-(-1) = (1+ 2z —1)2)*

After substitution it is clear that the equation holds at all points [z;t] € Es.

Example 110.* Given the function f(x,y)
x? — 2y?

ry——5 for |x; 0;0

f(a:,y):{ yw2+y2 [z;y] # [0; 0]

0 for [x; y] = [0;0].

0% f 0’ f
0,0 0,0).
Solution : Tt is easy to verify that the function f is continuous at the point [0; 0] :

[ l}lm[oo f(z,y) =0= f(0,0). The derivatives f,(0,v), fy(x,0), fzy(0,0), fy=(0,0)
3yl =

are computed using the corresponding definitions :

of fhy) = F0,y) . hylhasE -0
oz 9z 0Y) = f17,1*>0 h o iILlHO h o

8f f(xv k) _ f(xv 0) im xk22_+2kk22 -0

oy (z,0) k30 k k30 k “
0 f

ayor 00 = fim k = ==

O f o fy(h0) = £y (0,0) R

ox 8y(0’0) N flzlg(l) h h—0 h

0% f 0% f
Ox Oy (0,0)# Oy Ox

Prove that

Let the scalar field ¢(z,y, z) and the vector field f = (U;V; W) be given, both having continuous
second-order partial derivatives in the region D C Es.

Denote:

Example 111. Given the scalar field p(z,y, 2) = zy? + 23 — xyz + 3.
Compute grad ¢, curl grad ¢.

Solution : The function ¢(x,vy,2) = xy? + 2% — xyz + 3 is differentiable in the region E3. Then

_ (9¢ O9¢p Op 2 2.2
gradgo—(a m 82) (y* —yz; 20y — xz; 32° — xy)

curl grad p =
B (8(322 —xy) 02wy —wz), o(y? — y2) B 9(32% —xy) O(2wy — x2) B o(y? — yz))_
oy 0z ’ 0z Ox ’ Ox oy
=(—z— (—a); —y+y; 2y —2—(2y —2))=0
NOTE: The second-order partial derivatives of the function ¢ are continuous in Es. |

16



II. Differential calculus of functions of several variables Contents
Example 112. Given the vector field f = (U; V; W) = (zy; 2% — 2%; %)
T+ z
Compute div f, curl f, div curl f
Solution : The vector field f = (U; V; W) = (zy; 2 — 2% %) is defined on the set
T+ z
D(f) ={lz;y;2] €E3 1z + 2 # 0}.
Partial derivatives:
ou oV ow Y
a3 =Y, Y 2LU, = -
Oz Ox Oz (x + 2)?
oU ov 0 ow 1
— =X _— _—
oy Oy 0y w+z
ou 0 ov 9 ow Y
_— —_— = —4Z = —
0z "0z T 0z (x+ 2)?
divf:y—i—O—L Curlf: (L—i—%' L—O' 2x—x)
(x4 2)? r+z "(x+2)2 7 ’
- 1 Y 1 1
div cwrl f = div ( 22, Ja)=- 0=0
iveur f = div a:+z+ ‘ (x+ 2)? v (x+z)2+(x+z)2+
NOTE: The coordinate functions U, V, W have continuous second-order partial derivatives in D.
]
113.* Let the scalar field p(x, y, ) in the region D C E3 have continuous partial derivatives
of order 2. Prove that curl grad ¢ = 0in D.
114.* Let the vector field f (U, V,W) in the region D C [E3 have continuous partial derivatives
of order 2. Prove that divcurl f = 0in D.
¢ Find the differentials of the stated order :
Example 115.* z = sin(2x +y), d%z="7
0 0
Solution : The differential of order nis d"f = <8— - dxr + 90 dy)n f, then
€x Y
0 0\2 0%z 82 0%z
@ = (do o +dy =) = d dz dy dy)? =
o= (o gy v ) = = G (do) + 25 o dady + 5 (d)
= —4sin(2z +y) (dz)? — 4sin(2z + y) dz dy — sin(2z + y) (dy)? =
= —sin(2z + y) (2dz + dy)>. n
Example 116.* z = 23 — 3 —xy +¢%, d32 =7
03z 03z 03z 03z
PSR 3, _ 3 2 2 3
Solution : d°z = ﬁ(dx) +38 oy (dz) dy—i—Sa By 5 dz (dy) +87y3<dy)
2 =32 —y, zy=—3y° —x+2y,
Zgg = 0, Zyy = —6y + 2, Zgy = —1,
Zgza = 0, Zyyy = —6, Rzxy = Rxyy = 0,
d3z = 6(dx)? — 6(dy)>. ]

Example 117.% u = e2*=3%  d?u[A] =7, d3u[A] =7, d"u[A] =7, A =[0;0]
Solution : d*u[A] = (eQm_?’y(de - 3dy)2) ‘A: (2dz — 3dy)?,

dPulA] = (e2$_3y(2dx - 3dy)3) = (2dz — 3dy)?,

’

17
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I1. Differential calculus of functions of several variables

d"ulA] = (eQz*Sy(de — 3dy)”>

e (2dz — 3dy)". ]

Differentials can be used in the important Taylor theorem : Let f(x,y) be a function (n+1) times differentiable
at every interior point of the rectangle M centered at the point A = [z; yo).

Then for every point [x;y] € M there exists a point [£;1] € M such that

2 mn
Fle.) = 1) +afta)+ THA o DT

n' + R’n+17

where df[A] = df (xo,y0) = %(A) (= x0) + i(A) (¥ — %),

214 = 2Ly @ —aop 2. S

=3 (1) gty
k=0

W(A) Az —20)* - (y —yo)" ",

_ 1 m—+1
Rn+1 - (TL+ 1)| d f(fﬂ?)

Example 118.* Write the Taylor expansion of the function f(z,y) = 2% — 32y + y? + 42 — 5y

in a neighborhood of the point A = [2; —1] and use the result to compute an approximate value
of the function f at the point [2.1; —1.1].
Solution : f(A) =16, der=z—ax0=2—-2, dy=y—yo=y+1,

Fo(d) = (822 — 37 + )] = 13
A }:>dz(A):13dx+5dy:13(x—2)+5(y+1)7
14) = (=6zy + 2y = 5)| =5
far(A) = (62)| =12

2 = 2 _ 2 _
Fuu(A) = (—6z + 2)‘A: 0 b d°z(A) =12 (dx)* + 12dz dy — 10 (dy)* =

=12(z —2)2 4+ 12(x — 2)(y + 1) — 10(y + 1)?,
facy(A) = (_Gy)‘A: 6

fmz(A) =6

fyyw(A) =—6

— d32(A) = 6 (dz)® — 18 dx (dy)* = 6(x — 2)® — 18(x — 2)(y + 1)%,
fyx:]c(A) = fyyy(A) =0

flz,y) =16+13(x —2)+5(y+1)+6(x —2)* +6(z —2)(y+1) = 5(y+1)*+ (z—2)* = 3(z —2)(y + 1)?,
R4 = 0, because derivatives of order 4 and higher are zero

f(21,-1.1) =16 +13-0.1 +5(-0.1) +6-0.12 - 6-0.1> = 5-0.12 4+ 0.13 = 3. 0.13 =
=17.3 — 0.552 = 16.748.

Example 119.* Write the fourth-degree Taylor expansion of the function f(z,y) = cos(z? + y?)
in a neighborhood of the point [0; 0].

2 4
z z .
Solution : We use the Taylor formula for cosz =1 — 5 + ik into which we substitute

. (12 +y2)2 (.7:2 4 y2)4
cos(z? + %) =1 — 51 + m :

z:x2—|—y2:

18



II. Differential calculus of functions of several variables Contents

1
Tu(z,y) =1 - (2" + 229" + ). n

5!

e Find the second-order partial derivatives of the given function:

3s(2t — s%) —3s2 7
120. ¢(s,t) = In(s® + ¢ |05 = ==
¢(37 ) n(s + ) (ZSSS (53 + t)2 } ¢tt ( )27 (Z)St ¢t5 ( + t) |
cos 2 -1, 5 9 . 2 9]
121. ¢(x,t) = . Opz = T(4x cos x2 + 2sin 22 ) b1t = Cosa: , Gut = Qte = —5 sinx
122. f(z,y) = et |:fmx = a’e™ foy = b26a$+byv fay = fya = ab ea$+by_
123. Verify that the function u(x, t) = sin(z — ct) and the function u(z, t) = sin(wct) - sin(wx) satisfy
0 0%u
the differential equation 5 g = ¢ E) (the so-called wave equation).
x
124. Verify that the function u(x, y) = e® siny satisfies the differential equation
0? 0?
GT;; + OT/Z = 0 (Laplace’s equation).

e Expand the function f(z,y) according to Taylor’s theorem in a neighborhood of the point A:

125.% f(x,y) = 23 4 5% — 62y + 2y%, A = [1; —2]

[ f(z,y) =26 +25(x — 1) — 14(y + 2) + 8(x — 1)? }
+2(y+2)2 —6(z —1)(y +2) + (z — 1)*
X = (T — X — 2
126 f(@,y) = a® + 3oy =y 1, A=D1 { f—i(-?)’(g)-i- 152 - ??();—SS)J(;}F)JE (y ?1; ]

II.6 Gradient. Directional derivative

e Determine the angle between the gradients of the given functions at the point A :
Example 127. f(x,y,2) = 2¥ + yz, g(z,y,z) =sin(zz) + z+y — c 1, A=1[1;1;0]
Yy

Solution :  grad f = (gf, gf; gf) = (ya:yfl;xy Inx + z;y) = grad f(A) = (1;0;1)
T z

1
grad g (z cos(zz) + 1;1 + xcos(acz) — 7) — grad g(A) = (1;1;0)
)
Let o = <(grad f(A), grad g(A)). Then

__grad f(A)-gradg(4)  (1;0;1)-(1;1;0) 1 .7
Cos = llgrad f(A)]| - |lgrad g(A)|| V22 =5 == 3 ]
Example 128. f(z,y) = arctan - ; g(x,y) = yvx, A= [1;1]
Solution : grad f(A) =V f(A) = (%, —%), grad g(A) = (%, 1)7
cos p = grad f(A) -gradg(4) _ (3:-3) (1) _ V2
lgrad f(A)[[llgrad g(A)|| \[\f 2V
(v = arccos (—@) u

19



Contents I1. Differential calculus of functions of several variables

Example 129. Determine at which points of D(f) = Es the gradient of the function
flz,y,2) = 2 + y2 + 22— 2xyz is equal to the zero vector.

Solution : grad f = (2x — 2yz; 2y — 2x2;2z — 2zy) = (0;0;0) — z—yz=0
y—zz=0
z—xy=20
It is clear that one of the points is the point A; = [0; 0; 0]. We compute the others from the system :
=Yz } Ay =[1;1;1), Az =[-1;1;-1],
—

y—yz2=0= 2=+l A o 4 o
00— g1 d= L) As = [1-11)

Example 130. Determine at which points of D(f) = E, the gradient of the function
f(z,y) = (2 + y*)%/? has magnitude 9.

Solution :
lerad f(z,y)|| = ||(3zv/22 + ¥, 3yv/22 + 2)|| = /922(22 + y2) + 9% (22 + ) = 9,

922(2? + v*) + 9% (2% + y?) = 81,

(m2+y2)2:9:x2+y2:3.

Therefore the required points lie on the circle with center [0; 0] and radius /3. ]

e Compute the directional derivative of the function f in the direction s at the point A :

Example 131. f(z,y) =22* + 2y + 13, 5= (3;-4), A=][1;2]

Solution :

SLA) = grad f(A) - 1, grad ] = (860 4 g+ 30°),

of (3;—-4)  30—52 22
df(A)=(10;1 —(A) =(10;13) - = =——.

Example 132. f(x,y,2) = 22 +2y? — 22, A = [~3;2;4]; the direction 5'is the vector xﬁ
where B = [—2;4;2].

of g (1;2;-2)

9T (A) = (203 4y; —22)| o = (—6;8;-8) ot )

55 ) = (22;4y; —22) l ( ) Tricd

NE
1 26
— —(—6+16+16) = =—.
3( 6+ 16 + 16) 3 [ ]

Solution : § = zﬁ = (1;2;—-2),

Example 133. Determine the derivative of the function z = x2 + In(x + y?) at the point A = [3;2+/3] in the
direction of the tangent to the parabola 32> = 4x. Consider the vector forming an acute angle with
the vector 7.

Solution : We obtain the coordinates of the direction vector of the tangent from its slope

Y g , 1
y:2\/;37 Yy _77
A R , 1 s
5 A=1(4) 7 an o a=
B 31
a §:(cosa;sina):<\2[;2), II5] = 1.

\ v 20



II. Differential calculus of functions of several variables Contents

1 2y )
Tty Tty

(91 4\f>

15" 15

Now let us prepare grad z(A) = (2x + —

the required derivative will be

Oz § (91 4\f> (\/3'1)_95\/3_

—(A) =gradz(A) - — — = ]
g A) = erad2(4) - =r = (355 55 272 30
Example 134. Determine in which direction the derivative of the function f(x,y) = 23y + % + 2y
Y
at the point A = [—1; 1] is maximal and compute this derivative.
Solution : From general theory we know that the derivative is maximal in the direction of the gradient.
1 2
grad f(A) = <3m2y+2;x3—§+2> =(4;3) = §=(43).
Y Y A
0 5 16+9
GE) = grad f(A) - o = 2 = .

05 5

Example 135. Given the function z = /2x + y, the point A = [1; 2], and the vector § = (—1; 1). Determine

a) at which points the function z is differentiable, b) ?(A),
S
c) the tangent plane to the graph of the function z at the point 7" = [1;2; 7].
0 1 0 1
Solution :  a) o A = 22+4+y>0=1y> -2z,

dr 2z +y Oy 22r+y

0z 11y (-1 -1
b 54 = (2 4) V2 42
) T=1[12;2], 7: z—2:1(x—1)+1(y—2). |

2 4

Example 136. Determine the vector §in whose direction the rate of change of the function values of the function
f(z,y,2) = 2> + y* + 2% — 2zyz at the point A = [1; —1;2] is maximal, and compute this
maximal rate.

Solution : The function increases maximally, or decreases maximally, in the direction §, or (—§), where

S ora e g S g _ (1;—-1;1)
af e g '(1;—1;1)_18_ an of _
55(4) = (6:-6:6) ERV-a ——\/§—6\/§ d a(—g)(A)_ 6v/3. n

Example 137. Determine at which points the gradient of the function f(x,y,2) = 2% + y? + 22 — 2zyz is
perpendicular to the z-axis.

Solution : 7= (1,0,0) is the direction vector of the z-axis, grad f = (2o — 2yz; 2y — 2xz; 2z — 2zy),
71l gradf means 7-gradf=0. Hence2xr—2yz=0
so the required points lie on the surface x = yz. ]

Example 138. Determine the angle of the vectors grad f(A) and grad g(A), where
f(z,y,2) =2 — 3y + 3By + 23, g(x,y,2) = 21/22 + y2 + 2yz, A = [3;4;0].

9
Solution :  grad f(A) = <1 + = \/ \/> ) 2: - 0)

grad g(A) = v +y?+ wy)

= (0;0;17)

(Jm \/m
(2;—%;0)- (0;0;17)
12 =55 0)1111(0; 0;17) |

Cosp = Y= g = grad f(A) L grad g(A)
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e Determine the gradients of the given functions

1 -3z
139. f(z,y) = W [grad fz,y) = (\/($2 = y2)5 y:2 )
140 f(2.) = sin(a?y) + = [grad,f<x,y>-— (2xy cos (1) +

141. f(x,y) = In (2 + /22 + y?)

d f(e.y) . R .
grad f(z,y) = | ————= " ;
z+ /22 + 92 Va2 +y2 ] a4 a2 \/:132 Y2

142. f(x,y,2) = 2% yz + Iny — 15 [grad flx,y,2) = <2myz 2z + —; z? y)

).
o cos(ay))|
)

143. f(u,v,t) =t Vu2 + v? [grad flu,v,t) = < fu . v ; Vu? + 02

VuZ + 02 VuZ 02

e Determine the gradients of the given functions at the point A

1 2Y]
144. f(z,y) = arccotan (z — 2y), A = [4;1] [grad f(A) = (—5; 5)
1N
145. (z,y,2) = x\/yz, A=][-2;1;4] [grad f(A) = <2; —2; —2>
146. f( )—ﬁ+i2_é A=1[1;2;-3] ad f(A) = E _9. _@ ]
* x? y’ z - 2 2y ;E’ - ) ) gr - 3 i 87 ]_8
. o . . 1 16
147. At which points is the gradient of the function f(z,y) = In (x + 7> the vector (1; —§> ?
)
) 13 7 3
[at the points [—g, ﬂ and {g, _ZH

148. At which point is the gradient of the function f(z,y, z) = 22 +y? —222 +ay+ 3y + 82
a) perpendicular to the z-axis; b) parallel to the z-axis; c) equal to the zero vector?
a) at the points of the plane z = 2 i.e. [z; y; 2]
b) at the points of the linexz =1, y = -2, z=¢,t€R

o)[1;-2;2]

1
, y # 0, at the points

149. Find the angle ¢ of the gradients of the function f(z,y) = arcsin T

2
A=1[1;1],B = [3;4]. [ :arccos—}
[1;1] [3;4] @ 7
e Given a function f(x,y), a point A, and a vector 3. Determine at which points the function f is differentiable,

compute F’(A) and write the equation of the tangent plane to the graph of the function f at the point
3

T =1[4; f(A)]:

150. f(r,y) = lol 4y, A= (10, 5= (-11)  [{lg] €Bara £ 0}, L) =0, w4y —2=0]
151. f(z,y) = 2% + 3zy + 3%, A =[1;0], §= (1;2) |:E2, %(A) = \i;), 2x+3y—z—1:0}
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r+y

152. Determine in which direction the derivative of the function f(z,y) = In , at the point A = [3; 0]
T —

. . . — . 6\ Of 27

is maximal and compute this derivative. [s =grad f(A) = (0; §), a—JA) =3

s ]
153. Determine the derivative of the function f(z,y) = 2% — y? at the point A = [2; 3] in the direction &,
~ . o 0 T

forming the angle « = g with the vector 7. (a = g is the direction angle) [a—‘i(A) =2-3V3

s ]

154.* Determine the derivative of the function f(z,y, 2) = 2% — 3xy + y?z — 5z at the point A = [1; —2; —1]
37 [8]" 7 — /27
4 ]

in the direction §, whose direction angles are o« = g, B=—,7€ (0 W). a—JA) =—3
5

2
Example 155. Given the function z = f(z,y) = /18 — 22 — 23?2
a) Write a sufficient condition for differentiability of a function of n variables in an open set M C E,,.

Determine and sketch in [Eg the set D in which the function z = f(z,y) is differentiable. Justify!

b) Determine and sketch the graph of the function z = /18 — 22 — 2y2.
¢) Compute the derivative of the function f at the point A = [1; —2] in the direction determined by
the vector § = E where the point B = [0;0]. Describe the behavior of the function f at the

point A in the given direction (the function increases or decreases, how quickly (estimate)).
d) Write the equation of the tangent plane and the parametric form of the normal to the graph of the

function z = f(z,y) at the point of contact 7' = [1; —2; 7.
e) Write the equations of the level curves (i.e. f(z,y) = k) of this function for £ = 0, k = 3. Sketch

the level curves.

Solution.

of 1 g_ 1

Y o 20 By T e 22

(—dy) =

Or  2,/18 — 22 — 22
18—2*—2y>>0 = D={[x;y] €Ey:18—2%—2y* >0},

i.e. the interior of the ellipse with center at the origin, semiaxes: a = 3v/2, b= 3,
JUSTIFICATION: in the region D the given function has continuous partial derivatives

Projection of the surface onto the (zy)-plane

=
The graph is the “upper” half
(i.e. z > 0) of the ellipsoid 22 +2y%+22 = 18
0 3v5
c)gradf(A) = (—1/3;4/3), § = (—1;2), a—{(A) = \5[, the given function is
S

at the point A increasing in the given direction, the tangent direction forms an angle of about 50° with the
direction §
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d) A=1[1;,-2] € D(f), T = [1;—2; 7] lies on the surface = zp = f(A4) =3
0 0
The tangent plane 7 has equation z — zyp = 8—2 (A) - (z —x0) + a—z (A) - (y — o),
T Yy
0z 1 0z 4
(A== — (A== =
1 4
T:z=3— g(x —1)+ g(y + 2), after rearrangement to general form = — 4y + 3z = 18,

normal n : [x;y; 2] = [1;—2;3] +t(1;—4;3), t € R
e)

The level curves are ellipses:

22 +2y2 =k

22 +2y? = 18 (boundary of D(f), for k=0),

22 +2y* =9 (fork = 3).

Example 156. Given the function z = f(z,y) = — /by — z2.
a) Write (and justify) at which points [z;y| € Eg the function z = f(x,y) is differentiable. Sketch

the set of these points.
b) Compute the first-order partial derivatives of the given function at the point A = [4; 5]. Describe

the behavior of the given function at the point A (the function increases or decreases, in which
direction, and estimate how quickly).

¢) Determine the direction §'in which the function f decreases most rapidly at the point A. Compute
the derivative of the function f at the point A in this direction .

d) Write the differential of the function f at the point A = [4; 5]. Using it, compute the

approximate value of the function f at the point [4.3; 5.3].

e)Sketch the graph of the function z = f(x,y).

Solution :

a) On the set D = {[z;y] € Ea : 5y — 2% > 0} the given function has continuous partial
derivatives.

D is the "interior” of the parabola with vertex
at the origin and axis along the y-axis \

0 4
b) 8—f (A) = 3" the given function is increasing at the point A in the positive direction of
7
the x-axis, and does so at an angle of about 50° — 55°,
0 5
a—f (A) = ~5 the given function is decreasing at the point A in the positive direction of
Y

the y-axis, the angle between the tangent vector and the vector 7 is about 40°.
¢) § = —gradf(A) = (-4/3;5/6),
OF 1) _ Brad/(4) - (~radf(4))
05 | — gradf(A)]
the function is decreasing at the point A in the direction of the vector 5 and the angle between

the tangent and the vector S is about 60°

d) df[A] = % dz — g dy, F(4.3:5.3) = F(A) +

= —[lgradf(A)]| = — V89/6 = ~ 16,

3
- — = —2.85.
10

S| Ut

3
10

ol
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e) The graph is the “lower” half (z < 0) of the paraboloid of revolution y = (z2 4 22)/5,

the axis of rotation is along the y-axis.

157.

158.

159.

a) Determine and sketch in E; the regions in which the function z = In(zy — 4)

is differentiable and justify.
b) Determine the gradient of this function f at the point A = [—2; —4]. Describe what the
computed vector represents.
¢) Determine the magnitude of the derivative of the given function at the point A in the direction
of the gradient.
d) Determine the vector §in whose direction the derivative of the given function at the point A is
zero. Verify it by computation.
e) Write the equations of the level curves of this function for £ = 0 and for £ = In 4.

[a)Dl = {[z;y] €Eg: 2 <0,y <4/x}, Dy = {[z;y] €Er: 2 >0,y > 4/37},}

[b)grad f(A) = (—1; —1/2) gives the direction of maximal increase of the given function at the point A]
[0)5-gradf(A) =0= 5L gradf(A),e.g. §= (1/2;-1), d)y =5/z, y = 8/x. |

Given the function f(x,y) = 2? — y? + 6xy + 2z, the point A = [~1;2] and the direction

§ = (2;—2). a) Compute gii(A) Is it the direction of maximal increase of the function f at the
point A?
b) Determine all points at which grad f(z,y) = 0.
¢) Find the point of contact and the equation of the tangent plane 7 to the graph of the function f
parallel to the plane o : 4x + 6y — 2+ 3 = 0.

of

a)55(4) = 11V2, NO}

[b) x = —1/10, y = =3/10, ¢) T = [1;0; 3], 4o + 6y — 2 — 1 = 0. |

Given the function z = f(z,y) = y?sin(z? — 3?).
a) Determine where the function is differentiable and compute f,, fy.
b) Write the equation of the tangent plane to the graph of the function f at the point of contact
[1; 1; 7).
¢) Using the differential, compute an approximate value of the function f
at the point [0.9; 1.1].

la)fr = 2zy? cos(z? — y?), fy =2y sin(x? — y?) — 2y3 cos(z? — y?)]
[b)z =2z — 2y, ¢) £(0.9; 1.1) = —0.4.]
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II.7 Derivative of a composite function

's N

Let the differentiable functions z = f(z,y), z = x(u,v), y = y(u, v) be given. Then

os _of ox of oy
ou Ox Ou Oy Ou’

0: _of ox of o
ov  Ox Ov Oy Ov’

e Compute the derivatives of the given differentiable functions.

Example 160. Let the differentiable functions z = f(x,y), © = ucosv, y = usinv be given.
o . . z 0z
a) Compute the derivatives of the composite function —, 90"
U v
b) Verify them by direct computation for z = f(z,y) = e* Iny.
Solution :
a) The dependence between the variables can be represented by z

an oriented graph, from which we build
the formulas for the individual derivatives.
0z Of 0

[
ou Oz cos v+ dy . . ‘
%—_g.usjnv—ka—f‘ U COSvV
v Ox oy

u v

bl) Substitute for x and y and obtain the function z(u,v) = e" “*?In(u sinwv), then
0z

U COSv

—=e -cosv - In(u sinv) + e Y. ——— - sinw,
ou u sinv
0 1
7= _ Ueosv (—y sinw) - In(u sinv) + e* “*Y . ——— -4 cosv .
ov u sinwv

. . 0 0
b2) Substitute into the formulas from a) for —f, —f

oxr’ 0Oy

0z Of . 0 ) v . e’ .
— = —-.cosv+ = -sinv=¢€e"lny-cosv+ —sinw,
ou  Ox dy Y Y
dz Of . of . . e*
— = —-usinv+ == - ucosv = —e”lny - usinv + — ucoswv.
ov Oz y
Substituting for z and y gives the same result as in bl). [ |

A1 ow, 10w, 10w
423 Ox  4y3 Oy 423 0z

Solution : Letu = x* +y* —22% = w = f(u) be a function of one variable.

Example 161. w = f(z* + y* — 224). Compute the expression V' =

w ow df Ou 3

l or du Bw AT
ow df Ou y 3
D 4

Y 9y~ du 9y fi(u) - 4y,
ow df Ou 3

/I\ 0z du az_f(“) (=82
x Yy z
After substitution we easily compute that V' = 0. [ |
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162. Verify that the function y = f(x + at) + g(z — at) satisfies the partial differential equation

Py _ 0%
—= — a“— = 0, where the constant ¢ € R. Assume that f and g have
ot? Ox?
continuous second-order partial derivatives. [Hint: u =z + at, v=2 —at, y = f(u) + g(v)]
. . . . 0 0
163. Verify that the function z = f (y) satisfies the equation z - a—z +y- a—z =0.
x x Yy

Assume that f is a differentiable function.

164. Let the functions z = f(u,v), u = 2% — y?, v = e be given. Compute the differential expression

0 d 0
W=y- i +x- —Z, where [ is a differentiable function. [W = (2% + %) exy—f}
Oz oy v
. : 9 . o 9 of of
165. Let the function f(u,v) = z¥ be given, where z = u® 4+ v°, y = uv + v*. Compute u and 0
u v
: . of of
at the point A, whose coordinates are u = 1, v = —1. [8—(14) = 8—(A) =—In 2}
u v

I1.8 Implicitly defined functions

Example 166. Prove that the equation By =224y —1 implicitly defines a unique function y = f(x) in
a neighborhood of the point A = [1;0]. Determine /(1) and f”(1).

Solution : Let F(x,y) = 23 + y> — 222 — 2y + 1. This function is continuous and has continuous first-
and second-order partial derivatives in Eg, thus also in a neighborhood of the point A, verify this. For the
existence and uniqueness of the implicit function y = f(x) with continuous first and second derivatives it

is now sufficient that F(A) = F(1,0) = 0 and F,,(A) = (3y? — z) ’A: —1 # 0. Next we compute

2 — 4z — " —
y'=71)= _gj - - 3y24— x y’ r' = _iy(ji a _3—14 =-1
"o oen _ d / _ (6$—4—y’)(3y2—x)—(3x2—4x—y)(6y-y’—1)
v =)= (@) = - G — 2
iy = G- DD =G 0-) .

Example 167. Write the equation of the tangent ¢ and the normal n at the point A = [1; 1] to the curve defined
implicitly by the equation F'(z,y) = 23y + y3z + 2%y —3 =0,
Solution :  Since F'(1,1) = 0 and Fy(A) = (333 + 3yx + :c2>‘ = 5 # 0, the equation F'(z,y) = 0

[151]
indeed defines the function y = y(z), whose graph passes through the point A.

y/():_Fx(A): 32y 4¢P + 2uy ‘:_g
F,(A) 3+3y2x+2% )la 5
t: y—yo=1y(v0)(x— ), where A = [z0;yo], y—lz—g(:c—l):6x+5y—11:0,
1 5
: — Yo = — — —1==-(zx—1) =5z —6 1=0. []
n: y-—7yo y,(xo)(ﬂ: T0), Y 6(95 ) T — 6y +

Example 168. The equation In \/z2 + y? = arctan y implicitly defines the function y = f(z) for x # 0.

Determine 3’ and y”. !
Fy
Fy
directly and keep in mind that y depends on z, i.e. y = y(x).

Solution :  We may use the known formula y' = ——", F;, # 0 or we may differentiate the given equation
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Let us differentiate directly :

1 20 +2yy’ 1 vz —y z+yy YT —y
Vit ajirig 1+ (D a2 PR R S
T+
ety =yr—y=z+ty=y'x—-y) = M:x_z7 r#y, x#0.

We compute the second derivative similarly :
(x+yy:(LHN@—y%%x+wﬂ—y)_$—y—x—y+d@—y+w+w

T —y (x —y)? B (x —y)?
Tty
”__2y+2xy/_—2y+2x-ﬁ_2(x2+y2) =+ #0 [ ]
IR L U N CE
T —y T —y (z—y

Example 169. Show that the equation 2% + 2xy + 3% — 4z + 2y — 3 = 0 implicitly defines a function y = f(z)
whose graph passes through the point A = [0; 1] . Determine whether the function f is convex in
a neighborhood of the point zo = 0. Write the equation of the tangent to the graph of the function

at the point A.
Solution : F(z,y) = x? + 2xy +y* — 4x + 2y — 3 is differentiable in Ey (thus also in a neighborhood of the
point A) and has continuous second-order partial derivatives in [Eo. Furthermore:
F(A)=F(0,1)=0, Fy(A)=2zx+2y+2) = 4£0,

, F, 2042y — 4 T+y—2 , 1
Y == - y0) =3,
y T+ 2y +2 r+y+1 2
g= Aty )= @+y-20+y) _ 30+y)
(z+y+1) (@ +y+1)?
y"(0) = —L—F%) = ) < 0. The function y = f(z) is concave in a neighborhood of the point
O+1+1)2 8 7 0
1
since y”(0) < 0. The tangent at the point A has equation y — 1 = 3% |

Example 170. Prove that the relation F(z,y, z) = 23 + 3222 — 2zy = 0 implicitly defines a unique function
z = f(z,y) in a neighborhood of the point A = [—1; —2; 1]. Determine grad f(—1, —2).
Solution : The function F' has continuous partial derivatives in a neighborhood of the point A,
F(A) = F(~1,-2,1) = 0, FXA%:®¥+3ﬁﬂX:6#Q
Thus the existence and uniqueness of the function z = f(x,y) are proved in a neighborhood of the point

A, which
has continuous first-order partial derivatives in a neighborhood of the point [—1; —2].

Now grad f(—1,—2) = gi(A), (;];(A) , Where

af F, 6xz — 2y af 1
Ox F, 322 4 322 — 8:13( »—2) 3’
of  F, 2z af 1
e BN ¢ O )\
oy F, 322 + 322 - 8y( =) 3’
1 1 1
grad f(—1,-2) = (5i—3) = 3L -1). .

Example 171. In a neighborhood of the point [2; —2; 1] the function z = f(x,y) is given in implicit form by the

g; (A), where § = ﬁ,A =[2;-2],B =[3;-3].

equation In z + z?yz + 8 = 0. Determine

1
Solution : Let F(x,y,2) = Inz + 2?yz + 8. The functions F, = 2zyz, F, = 2?2, F, = — + 2°y are
P

continuous in a neighborhood of the point [2; —2; 1].
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Contents
At points where F'(z,y,z) =0 and F,(z,y, z) # 0 we have:
of F, 20y z of 8 JIf F, z2z af 4
Ox F, %+x2y:>8x( ) 77 Oy F, %+x2y:8y( ) 7’
of g 8 4\ (1;-1) —12  —6v2
YA =grad f(A) - o = (-2,2) - =< .
g5 (A) = grad f(4) - 7= ( 7’7) NN "

Let the surface z = z(x, y) and the point of contact T' = [A; f(A)] be given, where A = [z0; yo], then
0 d
the tangent plane 7 : z — 2o = é(xﬂayO) (x — o) + £($o,yo) (¥ — yo)

0 0
thenormaln: X =T +tn,t € R, wheren = (az (x0,Y0), 8Z(x0,yo), —1)
Zz Y

Example 172. Write the equation of the tangent plane 7 and the normal n to the surface z = z(x, y)
defined implicitly by the equation F(z,7,2) = 22 + 3% + 22 =25 =0
at the point A = [3;0;4].
Solution : 'We know that a normal vector to the surface has the expression
0z 0z F, F
n==—; =—; —1) = (——m;——y;—1> ~n=(Fy; F,; F,).
" (833 oy F, F, = (Fas By F)
If the surface is expressed in implicit form, then the latter notation is more convenient. Thus
i = (22;2y; 22) ~ (z;; 2)| ,= (3;0;4),
7:3x—-3)4+0-y+4(z—4)=0=3x+42—25=0,
n:lr;y; 2] = [3;0;4] +6(3;0;4), t € R. |

Example 173. Write the equation of the tangent plane to the surface defined implicitly by the equation
F(z,y,2) = z(y + 2z) + 22 — 5 = 0 parallel to the plane g : 3z — 3y + 62 = 2.
Solution : 7= (3;-3;6) ~ (1;-1;2)
n=FpFy F.) = (y+ 2250 +22) = k(1; -1;2), k € R\{0}

y+z==%k
r=—kK } and from this system we must determine the coordinates of the point of contact A.
T+ 2z =2k
k 3 . : . .
Wegetx = —k, y= 3 z= 3 k. We know that the required point must lie on the given

surface, so we substitute into F'(x,y, z) = 0 and determine the parameter k , and thus also the coordinates
of the required point. We obtain successively

k3 3 .\%2 2, 9,0 2 _ -
—k(—§+§k>+<§kz) =5 K+ 1R =5 > =4 = k=22,
Ay =[-2;-1;3], Ay = [2;1; -3],
T:r—y+2z2—-5=0, m:rx—y+22+5=0.

Example 174.* Determine the equation of the tangent at the point A = [—2;1; 6] to the curve in
E3, which is the intersection of two surfaces given implicitly by the equations
202 4+ 3y% + 22 = 47, 2% + 2% = 2.

Solution : We determine the tangent plane at the point A to the first surface 7 : —4x + 3y + 62 — 47 = 0 and
the tangent plane to the second surface 79 : —4z 4+ 4y — 2 — 6 = 0. The direction vector of the required
tangent is § = 71 X iy = (—27; —28; —4) ~ (27;28; 4) and the equation of the tangent is

[x;y; 2] = [—2;1;6] + t(27;28;4), t € R.
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We give another possible procedure. With the given expression of the curve as the intersection of two
surfaces we assume that the only independent variable is . Then y and z will be functions of the variable x,
i.e. y(x), z(x). The required tangent vector § will be (1,y'(x), 2/ (x)).

Therefore we differentiate the given system with respect to x :

4o 4+ 6yy +222' =0 . 20+ 3yy' + 22/ =0
or equivalently
2x + dyy’ = 2/ 2z + 4yy' = 2/

We are interested in the tangent vector at the given point, so we substitute the coordinates of the point A

and obtain successively the mutually equivalent systems

e
J = 4 —-11 28 28
~4+3y + 62 =0 3y + 62/ =4 DA
dtay —2 =0 [T ay—s=a [T o
Yy — 2 = Yy —z = ) 3 4 ‘
, 144l -4 4
TT T T Sar T an
: - 28 4 i
The required tangent vector is 5 = (1; 77 27) ~ (27;28;4). The parametric form

of the tangent is thus again  [z;y; 2] = [—2;1;6] 4 t(27;28;4), t € R. [ ]

Example 175. a) Find the unit vector 72 of the normal at the point A = [1; —1; 1]
to the surface expressed implicitly in the form F(z,y, 2) = 22 + y? + 22 — 3 = 0.

0
b) Compute —g(A), where g(z,y, z) = zy*23.

on
Solution : a): = (Fy; Fy F.) = (223 2y; 22) ~ (23 y; zz; ?;(fll)) = ||ZE§§H = \}3(1; -1;1)
94y = A(A) = (1:-2:3) . 051
b) %(A) =gradg(A) -n(A) = (1;-2;3) 7 2V/3. |

e Write the equation of the tangent ¢ and the normal n to the curve defined implicitly by the equation F'(z,y) =
0 at the point A :

176. F(x,y) = arcsinz + xy? = 0, A = [0;2] t:z=0,n:y=2]

177. F(z,y) = 2%y + 2y® — axy —a® = 0, A = [a; d] [t:y=—-x+2an:y==x]
178. Prove that the equation In(z + y) + 22 + y = 0 defines the function y = f(x) satisfying

f(=1) = 2. Write the equation of the tangent to the curve y = f(x) at the point A = [—1; 2].
[t:y—2:—%(x+1)]

e A function of one variable y = f(z) is defined implicitly by the equation F'(x,y) = 0.
a) Compute the first-order partial derivatives of the function F'.
b) Verify that the equation F'(x,y) = 0 implicitly determines in a neighborhood of the point [z¢; yo] the
function y = f(x), which has a continuous derivative f’(z) in a neighborhood of the point x.
¢) Determine the value of the derivative f’(z() and write the equation of the tangent and the normal to the
graph of the function f at the point of contact [z; yo]. Describe the behavior of this function at the point
Zo, 1.e. increasing or decreasing.
d) Use the tangent equation to compute approximately the value y = f(z) at the given point ;.
Sketch the tangent.
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179. F(z,y) = 2%y — 2> — 2 \/y+ 1, [x0; 0] = [1;4], 21 = 0.8

- 1 -
a) Fp = 2zy — 322, Fy = 2% — —
) x Yy , \/@
o) f'(1)=-10,t: y=4—10(x — 1), n : y:4+ﬁ(x—1),
the functionf is at the point zp = 1 decreasing

i d) £(0.8) =6 |

180. F(z,y) = ye* +y* — 20y — 2, [zo;y0] = [0; 1], 21 = —0.3

a) Fy = ye* — vy, F, =" + 2y — 227
c)ff(0)=—-1/3,t:y=1—2/3, n: y=1+ 3z,

Yy
the functionf is at the point xg = 0 decreasing :
d) f(-0.3) =1.1

181. F(z,y)) =In(z —y) + 2z + y> —2 =0, [zo;y0] = [1;0], z1 = 1.1

r—Y
o)ff(1)=3,t:3z—y=3,n:z+3y=1,
the functionf is at the point xg = 1 increasing
d) f(1.1) =0.3

2
182. F(.%',y) = l_yea:fy - g = 07 [370;?!0] = [17 2]7 T = 1.1

a)Fp = (y+zy) e Y, Fy(z,y) = (z —zy) e

off()y=4,t:y=2+4(x—1),n: x+4y=29, Y
the functionf is at the point g = 1 increasing 3 [1.2]
d) f(1.1) =24 :

e A function of one variable y = f(z) is defined implicitly by the equation F'(x,y) = 0.
a) Verify (all assumptions) that the equation F'(z,y) = 0 implicitly determines the function y = f(x),
whose graph passes through the point [x0; o] and has continuous first and second derivatives
in a neighborhood of the point z.
b) Determine the values of the derivatives f'(z¢) and f” ().
c¢) Write the Taylor polynomial of degree 2, T5(x) of the function f centered at the point x.
Using T5(z) compute approximately the value f(x) for the given x .
d) Sketch the graph of the function f in a neighborhood of the point [xq; 0.

183. F(z,y) = 3 4 222y + y4 —1=0, [zo;y0] = [2;—1], 21 = 2.2

b)f'(2) = f"(2) = -,
¢) Ta(x) zl—x—(xi

9

f(2.2) = —1.22
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2
184. F(x,y) = 2+ % —2?y—1=0, [zo;y0] = [1;2], 1 = 1.2

_1)2 /

o)To(x)=1+z+ ( 21) ,
F(1.2) = 2.22 [1,2]
185. F(z,y) = x° + xy2 +ay—7=0, [xo;y0] = [1;2], 1 = 0.9

11\ _ _9 " @
I70) =500 g5
c)Tr(z) =2 — 5@7— ) — ﬁ( - )27
f(1.2) - 27319
12500

186. F'(x,y) = 22 4 2y% — 22y —y = 0, [xo;y0] = [151], 21 = 1.2

b)f'(1) =0, f"(1) = -2,
a local maximum occurs at the point
c)Ty(z) =1— (z—1)2, f(1.2) =0.96

e Write the equation of the tangent plane 7 and the normal 7 to the surface F'(x,y, z) = 0 at the point A :

187. 22 +2y% + 322 —21 =0, A = [1;2;2]
[7:x4+4y+62—21=0, n: [x;y;2] = (1;2;2) + £(1;4;6), t € R]

188. 23 + 3 + 23 +ayz —6=0, A=[1,2,—1]
[7: 24+ 11ly+52—18=0, n: [z;y;2] = (1;2;—1) + ¢(1;11;5), t € R]

189. vy —2—y—2=0, A=[1,-1,-1]
[T: —2x4+2+43=0, n: [z;y;2] = (1;-1;-1) + t(—2;0; 1), t € R]

e Write the equation of such a tangent plane to the surface F'(x,y, z) = 0, that is parallel
to the plane p.

190. 22+ 2 +22—-1=0, 0: 2+ 2y +2=0
[:1; + 2y + 2z £ /6 = 0, points of contact Tio= [:l:%i; j:%; :l:%]]
191. 22 + 2y +322 =21 =0, p: z+4y+62=0 [z +4y+62£21 =0, Ty o = [+1; £2; £2]|
192. Let the function z = f(z,y) be given implicitly by e* — xyz = e. Determine f,(A), f,(A), foy(A),
where the point A = [0;e; 1] [f2(A) =1, fy(A) =0, foy(A) =1/e]
193. Two surfaces are given in implicit form by the equations z 4+ 2y —Inz +4 =0

and 22— 2y — 8z + 522 + 5= 0. Determine the mutual position of the tangent planes to both surfaces

at the common point 7" = [2; —3; 1]. [x + 2y — 2 + 5 = 0 is the common tangent plane]
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e A function of two variables z = f(x,y) is defined implicitly by the equation F'(z,y, z) = 0.
a) Verify (all assumptions) that the equation F'(x,y, z) = 0 implicitly determines the function

z=f(z,y

partial derivatives in a neighborhood of the point [x; yo].

), whose graph passes through the point A = [z¢; yo; 0] and has continuous first-order

b) Compute the derivatives e and 0 and determine grad f

of

X

of
y

(z0,%0)-

¢) Write the equation of the tangent plane 7 and the equation of the normal n to the graph of the function f

at the point A (i.e. also to the surface described by the equation F'(x,y, z) = 0).

d) Determine the differential of the function f at the point [z(; yo]. Compute approximately the value

of the function f at the given point [z1; y1].

e) Determine the derivative of the function f at the point [z¢; 3] in the direction @. Write the direction 3,

in which the function f at the point [x(; yo] decreases most rapidly. Compute the derivative of the

function f at the point [z; 3] in the direction §.

194. F(2,y,2) = 2x3yz —x4 9P+ 25 —2=0,4=[1;2;-1], [z1; 5] = [0.9;2.1], 7 = (2;4)
af 622yz — 1 of 2232 + 3y? (13 10\ 7
)ax_ 203y + 322 dy 23y + 322 grad £ (1,2) = 77
)T: 13z =10y — 72 =0, n: [z;y; 2] = [1;2; —1] + ¢(13; —-10; =7), t € R
13 10 .93 .
Q) dflA] = T —1) = —(y=2), f(0.9,21) =~ = ~1.328
of 1 V5 of V269
1,2) = —— =Y g=(-131 1,2
| 9fur——5 - s—cwm, Pap--0
195. F(x,y,2) = 2° 4+ 3ey°z + 2y2° = 0, A = [1;—=1; —1], [w1;51] = 0.9, -1.1), @ = (1;-2)
. Of 322 4+ 3y%z  Of 6ryz + 223 4\
A B A o Nl df(1,-1)=(0;=
)390 3xy? + 6yz2" Oy 3xy? + 6y22’ grad £ (1,—1) 0’3
o)t 4dy—3z+1=0,n: [z;y;2] = [1;—-1; —1] + ¢(0;4; -3), t € R
d) df[4] = g(y—i— 1), £(0.9,—1.1) = —1.13
of g 4N Of 4
= g=(0:—2), La;-1)=-2
_ ) 5alb-D="57 §=(0-3) Fu-D=-3 |
196. F(x,y,z):zew"'y—xyﬂ—z —6=0, A=10;0;2], [x1;y1] = [-0.2;0.1], ¥ = (—1;2)
af 2"tV —y Of  zetV — 2 T
)8$ ex+y+227 aig/ - _ex+y+227 gl"adf(o 0 ( 57 )
o)T:2x+2y+52=10,n: [z;y; 2] =[0;0;2] +t(2;2;5), t €
2 2
DA = 2 0) - 2y-0), £(-02,01) =201
of 2 L (22 of V8
0,0)=——, 5=(==), “L0,00=-X
L )a—'( ) 5\/57 S <575>7 ag( ) ) 5 ]
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I1.9 Extrema of functions

Theorem (necessary condition for a local extremum). Let the function f(z, y) be differentiable at the
point A. If the function f has a local extremum at the point A, then gradf(A) = 0.

Denote the leading principal minors of the matrix of second derivatives by

) 0% f (A) o02f )
0 92 ) -
MA=ga. =] J
dyos D g

Theorem (sufficient conditions for a local extremum of a function of two variables).
Let the function f(z,y) have continuous second-order partial derivatives at the point A.

Suppose that at the point A the necessary condition grad f(A) = 0 is satisfied.

Then the following hold:

If Ay (A) > 0and Ay (A) > 0, then the function f has a strict local minimum at the point A.
If A; (A) < 0and Ay (A) > 0, then the function f has a strict local maximum at the point A.
If Ag (A) < 0, then the function f does not have a local extremum at the point A.

Procedure for computing local extrema

Step 1: Using the necessary condition, determine the so-called critical points, i.e.

a) points at which the function f(z,y) is not differentiable,

0 0
b) points that are solutions of the system of equations a—f =0, a—f = 0.
z Y

Step 2: At points b) proceed according to the sufficient condition.

e Find the local extrema of the function:

Example 197. z(x,y) = /2% + 4

Solution : The given function is defined on Ey. The partial derivatives

2y = T ., = —Y  do not exist at the point A = [0;0], which is the only critical point.

Therefore there may be a local extremum at the point A, since the function f is not differentiable at the point A.
However, we cannot decide using the above sufficient condition, so we use the definition of a local extremum.
For every point in a punctured neighborhood P(A) of the point A, it holds that f(X) > f(A). Thus the
function f has a strict local minimum at the point A = [0; 0] with value f(0,0) = 0.

NOTE. The inequality f(X) > f(A) holds in any punctured neighborhood P(A). Therefore the function
f has a strict global minimum at the point A = [0; 0] as well.

The example has an illustrative geo-
metric interpretation. It is enough to
realize what surface is the graph of the

function z = /22 + y2.
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1
Example 198. f(x,y) = 23 — 2% + 3 y? — zy — 62

Solution : The function f(x,y) has continuous first- and second-order partial derivatives.

1) According to the necessary condition f, =0, f, = 0 we obtain the system:

— 2 _ —ay— 2 _ —y—6=
Jo =327 =20 =y =6 } = Su =2 —y 0 } we substitute
fy=y—z Yy—x =

2 _ .oy _ . _
3t —x—2)=0 } . (r—2)(x4+1)=0 } N

y=u y==x
and we obtain two critical points [2; 2], [—1; —1].
Let us prepare the second derivatives
Joo =62 - 2 6r—2 -1
foy=—1=fyo = Ai(z,y) =62 —2, Ag(z,y) = 1 1 =6z —3
fyy =1
Ay | Ay | conclusion
2) From the sufficient condition [2;2] 9 | 10 | strict local minimum, f(2,2) = —10
[—-1;—-1] | -9 not an extremum

Example 199. z(z,y) = 223 + 2 + 5x? + o>

Solution : Here we have a function of two variables in explicit form. The function z is differentiable on Ko,
therefore the necessary condition for the existence of local extrema is: z, = 0, z, = 0.

2p =622+ 42 + 100 = 622+¢y2+10z=0

zy = 2xy + 2y = ylx+1) =0 = eithery=0o0rz=—1
1 =0 — A1:[0;0]

y=0: 622410z =0=—= 5 5
n=—g= =[50

r=-1: Y’ 4+6-10=0=¢y? =4 —
Now let us prepare the second-order derivatives:

Aq Ay | As | Ay
Zer = 122+ 10 | 10 -10 | 2| -2
Zyy =22+ 2 21 -4/3|1 0] O
Zpy = 2Y = Zyg 0 0 4| -4

If Ag(4;) = ‘ Zrr Ay ‘ ( >0, then alocal extremum exists at the point A;.

Zyx  Zyy < 0, then no local extremum exists at the point A; .
10 0 . . .
For A; : Ay(41) = 0 2 ‘ >0, A1(A1) = 2z2(A1) > 0, we obtain a local minimum
Z(Al) = 0.
-10 0
For Ay : Ay(Az) = 0 4 | >0, A1(A2) = z22(A2) <0, there is a local maximum
3 125
Ay) = —.
HA2) =57

For Az, A4 we have Ag(A3) = Ag(Ay) = —16 < 0, and therefore at the points A3 and A4 local
extrema do not exist.
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Example 200. The function y = f(z) is expressed in implicit form by
F(z,y)=2>+2zy —y> +8=0.

Solution : We compute y' :

F, z+y

Fy y-u

Set y =0,ie. x+y=0 = y = —x. Substitute into the equation to

determine the coordinates of possible local extrema

y = — for x # y.

22 -222 -2 +8=0= 22?=8= 112=+2, y12=7F2

We obtained two points A = [2; —2] and B = [—2;2]. Now we compute
) = Q+y)y—=z)— (362+ Yy — 1)7 ©
(y — )
—4
y'(A) = 6 < 0= f(2) =—-2 isalocal maximum and
4
y"(B) = T 0= f(—2)=2 isalocal minimum.
]
Example 201.* f(x,y,2) = 23 + 4% + 22 + 122y + 22
Solution :
fazx fxy fa:z f f
Dy =\ fyo Sy Joz |0 D2= ‘ fo s A= e
fzz’ fzy fzz - v
According to Sylvester’s theorem on quadratic forms:
A3(P) > 0,A1(P) > 0,then f(P) is a strict local minimum.
Py >0 { 0= AT Pt .
A3(P) < 0,A1(P) <0, then f(P) is a strict local maximum.
If Ao(P) < 0, then at the point P no local extremum exists.
The computation proceeds as follows:
fo=322+12y =0 ie. 2°+4y=0, then 22 —24r=0 = and
fy=2y+122=0 ie y=—6u, ’ x1 =0, xo =24,
fZ:2Z+2:O, le. z=-1
A=10;0;—1], B =[24;—144;—1]
fx:v:6$7 fyy:27fzz:27 fxy:127 f$z:07 fyzzo
Since Ay(A) = ‘ 18 1; ‘ < 0, at the point A no local extremum occurs.
44 19 144 12 0
Since Ay(B) = =144>0, A3B)=| 12 2 0|=288>0 and
12 2
0 0 2
A1(B) =144 > 0, the value f(B) = f(24,—144, —1) = —6913 is a local minimum.
We may also verify directly that the quadratic form d? f [B] is positive definite :
d?f[B] = 144 (dz)? + 24 da dy + 2 (dy)? + 2 (d2)? = (12dx + dy)* + (dy)? + 2 (dz)? > 0
]
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e Find local extrema of the given functions with the given constraint:

Example 202. z = 2(2% +y?), if 2 +y = 2.
Solution : Geometrically, this means finding the extrema of the z-coordinate on the intersection curve of the
paraboloid of revolution z = 2(x2 + y?) with the plane x + y = 2.
From the constraint x 4+ y = 2 express, for example, y = 2 — z and substitute into the given function
2(z,y) = 2(2% + y?). Thus we obtain 2(z) = 2(z,2 — x) = 2(2® + (2 — x)?), so that
Z(x) = 4(2? — 22+ 2).
For the one-variable function Z(z) we seek a local extremum. Thus
Z(x) =4(2x —2)=0. Hence x1 = 1,53 =2—1=1and 2’(2) =8>0 =
z(1,1) =4 is a local minimum.

Example 203. z = g + %, if 22 +9%=1.

Solution : Geometrically, this means finding the extrema of the z-coordinate on the intersection curve

of the plane z = g + % with the circular cylinder z2 + 2 = 1.

Since from the constraint 2 + 42 = 1 we cannot uniquely express either 2 or y, we switch

. = t = t

to polar coordinates { x TC.OS , where r = 1, thus { v C.OS .
Yy =rsint Yy =sint

cost sint dz —sint cost
Then z = z(cost,sint) = —andfurther 7 =-~-=—— + —— =0,sothat
3 nt) ===+ ST dt 35 T

tan t = —.

4

3
As we see in the figure, sint = + R cost ==+ 5

3 4
3 5 For sint; = —, cost; = — wehave t; € (0; E)
) ) 2
t and for sinty = —» cos to = — wehave g € (7?; %)
4
d?z t sint
Further, 3 = d—; - —% - Sl% — () <0, Z'(ts) > 0.
4 3 4 3 5
We have arrived at the local maximum  Z(¢;) = z<5, 5) TR T
and the local minimum  Z(t2) = z(—é —§> —
Y75 s 12
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|
) ) . 7T
Example 204. z = sin“x +sin“y, if y =z — 1
Solution :
~ .92 .92 ™ ~ . . T T
Z(x) = z(x,x — w/4) = sin” x 4 sin”(z — Z)’ Z'(x) = 2sinz cosx + 2sin(x — Z)cos(w - Z) =

= sin 2z + sin(2z — g) — sin 27 + sin 27 cos ~ — cos 2z sin ~ = sin 2z — cos 2z
If we set Z'(z) = 0, we obtain sin 2z = cos 2z and further
:%+k:7r, x:g+kzg, sothat ki1 =2n, ko =2n+ 1.

We compute the second derivative: 2" (x) = 2 cos 2z + 2sin 2z,

=2 — +2.— =2v2
2 5 5 T2 5 V2 >0,
2 2
2”(f+(2n+1) 727):—2-‘2[—2 V2 550
[T . ..
Thus z(g—i-mr) = 2sin 5_1_0081_1_7 is a local minimum
51 1 5
and 2(§+(2n+1)g)—sm2§+81 278r 5(1—COS£+1—COS%>—
2(24—\2[—\[):1 is a local maximum.

Example 205.% z = 22 + 292, if 22 — 22 + 2y + 4y = 0.

Solution : Here we use the Lagrange function: If the function z = f(x,y) and the constraint

g(z,y) = 0 are given, then the Lagrange function has the form
L(z,y,\) = f(z,y) + Ag(z,y).

L,=0
Its stationary points are obtained by solving the system L,=0 }
Lx=g(z,y) =0.

The function z = f(x,y) can have extrema under the constraint g(z,y) = 0 only at points [x; y| for which
there exists A € R such that [z, y, ] is a critical point of the function L(z,y, A)

In our example we have L(z,y,\) = 2% 4+ 2% + \(2? — 22 + 2¢° + 4y)

A
Ly=2x+X2x—-2)=0 dh =—,
x4+ A2z — 2) andhence z =7~
—A
Ly=4y+ X4y +4) =0 andhence y= Tor
A2 2) 2)\2 4\
Therefore 2 — 2z + 2y + 4y = that - - =
erefore x T+ 2y“+4y =0, sotha TESNE 1+>\+(1+>\)2 T 0,
32 6\ 2

3
= —1 1 = 2 == . 2 = U.
(SRS A # —1 and subsequently Y 6A, BN +6A=0=X-(A+2)=0
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Here we have Al=-2, sox1=2,y1=-2, A =12 -2]or
A =0 so x9 =0, yo =0, Ag = [0;0]. Further,
Ly =2+2\, Lyy =4+ 4\, Ly, =0 and hence

A(Ay) = ' _g _2 ‘ >0, Lyz(A1) <0, L(A;) =12 is alocal maximum,
2 0 . . .
A(Az) = 0 41>0 Lyz(A2) >0, L(A3) = 0is alocal minimum.

Example 206. In the plane = + 2y — z + 3 = 0 find the point whose sum of squares of distances
from the points A = [1;1;1] and B = [2;2;2] is minimal.

Solution : Denote the required point by P = [z;y; 2] and form the sum |ﬁ 12 + \ﬁ |2, which we write using
the coordinates of the points

f@y,2)=@=1P2+@y—-1)°+ (-1 + (@ -2+ (y -2+ ( —2)>.

The point P must lie in the plane = + 2y — z + 3 = 0. Thus this plane equation represents the constraint,
which must be satisfied.

If we express, for example, z = x + 2y + 3 and substitute into f(x,y, z), then the function
f(z,y,x + 2y + 3) becomes a function of two variables = and y :

flz,y) = flaz,y,z+2y+3)= (- 1>+ -1+ (x+2y+2)° + (2 -2+ (y —2)* + (z + 2y + 1),

fo=2x—1)+2(x+2x+2)+2(x—2)+2(x+2y+1) =8(x +y),

fy=2(y—1)+4(x+2y+2)+2(y —2) +4(x + 2y + 1) = 4(2z + 5y) + 6.

g Fo0ten  ary=0—y=—a | 1 1
fyZO,SO 4r 4+ 10y = -3 = —6x = —3, 1_272/1— 9

5 1 15
We therefore have 21 = -, P = [7- . ,}

2 27 2721
fea(P) =8
Further, foy(P) =38 thus Ay(P) = | ¢ 23 > 0, A(P) fyr > 0
fyy(P) =20
and f(P) = — is alocal minimum.

Theorem (Sufficient condition for the existence of absolute extrema of a function on a given set).

If the function f(z,y) is continuous on a nonempty set M that is bounded and closed, then f attains a
maximum and a minimum on the set M.

A special case is the so-called constrained extremum, namely when M = {[z;y| € Es : g(z,y) = 0},
where ¢ is a given function. Whenever possible, we express one variable from the constraint g(x,y) = 0 and

substitute it into the given function f. Thus we obtain the problem of determining extrema of a function of one
variable.
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Procedure for computing absolute extrema.

Recall that MY is the interior and OM is the boundary of the set M.

Step 1: Verify that the assumptions of the theorem just stated are satisfied, thereby justifying the
existence of absolute extrema.

Step 2: Determine all critical points X of the function f in MP.

Step 3: Determine all points X € OM at which the function f may attain
absolute extrema.

Step 4: Determine the values of the function f at all computed points. The greatest value
equals maxy f and the smallest value equals minyy f.

\

e Determine the absolute (global) extrema of the function z = f(x,y) on the set M :
Example 207. f(z,y) = 2> + 3> +ay—x—y, M ={[z;y] €Ey: 2 >0,y >0, 2 +y < 1}

Solution :  We verify the existence of absolute extrema: The given set M is closed and bounded. The given
function f is continuous on E, hence also on M. This is sufficient for the existence of absolute extrema.

1) determine stationary points in the interior of the set M and their function values:

Y
fe=2x+y—1=0 o1
ny2y+x—1:0}x_y_3:> ¢
11 1 M
1 |:373:|6 ) f( 1) 3a
O B r

2) determine suspicious points on the boundary of M, i.e. on the individual sides of the triangle.

1

OB:y=0= hi(z) = f(z,0) =222, hj(z) =20 —-1=0 =z=g,
1 1

Ag = |:§70:| 6M7 f(AQ):_Zv

1
OC:x=0= ho(y)=f(0,2) =y* =y, My(y) =2y —1=0 —y=g,

1 1
A3 — |:07 §:| € M7 f(A3) - _Zv
BC:y=1-z=h3(2) = f(z,1-2) =2+ (1-2)’+a(l-2)—z—-l+a=—2’—uz
1 13
s(z)=—-20-1= =—= —= 2 g M;
hy(w) = 2 0 = =5 {2’2}¢ ’

3) determine the values of the function f(z,y) at the vertices O, B,C

f(0)=[(0,0)=0, [f(B)=/f(1,0)=0, [f(C)=rf(0,1)=0.

From all the computed function values, choose the smallest and the largest.

The global maximum occurs at the points O, B, C, fmax(O) = fmax(B) = fmax(C) =0

1
and similarly  the global minimum at the point Ay, fiin(A1) = —3
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Example 208. z = 2% + y? — 62 + 6y, M = {[z;y] € By : 2% + % < 4}
Solution : Geometrically, this means finding extrema of the z-coordinate on the paraboloid bounded by the
intersection of the paraboloid z = 2% + y? — 62 + 6y with the cylindrical surface 2% + y? = 4.
1) Stationary points in the interior of the set M:
2y =2r—6=0= 121 =3

=2+6  —y=-3 A=[3-3, A¢gM.

2) Points on the boundary of the set M are written in parametric form:

T = 2cost

y = 2sint }’ te (0;2m)

Then successively:
Z = z(2cost,2sint) =4 — 12cost + 12sint,

03
dii =12sint + 12cost = 0,
— Slnt COSt t 3 t 7
— = — T = =T
) 1 4 ) 2 4 ?
3
t = el — B =[-V2;v?2], 2z(B)=4+12V?2 is the global maximum and
7

ty = 1T C =[V2;—V2], 2(C)=4—12V2 is the global minimum.

z i Z
\
l
T\ T
]
e A function f = f(z,y) is given.
a) State the necessary condition for a local extremum of a differentiable function of n variables
at a point A.
b) State the sufficient conditions for a local minimum (respectively maximum) of the function f(x,y)
at the point A.
¢) Investigate the local extrema of the given function f, i.e. determine their location, type, and function
value.
209. f(z,y) = 2% + 12y% — 62y + 4x [Strict local min. at the point [-8; —2], f(—8,—2) = —16]

210, f(z,y) = 2 + 4 — 122+ 6y [ Strict local min. at the point[2; —3]|, f(2,—3) = —25, ]

at the point[—2; —3] there is no extremum.
211. f(z,y) =2y —y* — xe® [ Strict local max. at the point [—1;1], f =14 1/e]

212 Flay) = 25 + 17 — 227 — 2y + 6 [ Strict local min. at the point[2;2],  f(2,2) = 2, ]

at the point|0; 0] there is no extremum.

23, (1) = 2%+ 3% — 6wy — 9 + 8 [ Strict local min. at the point[3; 3],  f(3,3) = —19, ]

at the point[—1; —1] there is no extremum.

214. f(z,y) =2*+ 20 +yt — 4y + 7 [Strict local min. at the point [-1;1], f(—1,1) = 3]
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50 20

215. f(z,y) = oy + — + — [Strict local min. at the point [5;2], (f(5,2) = 30)]
T Yy

216. f(z,y) =2° + 2y +y*> —6lnx fain(2,—1) =3 —61n2,

the point [—2; 1] & D(f)

e Determine the local extrema of the function:

217. z =2 +y — /Yy — 6z + 12 [Zmin(4,4) = 0]
218. 2 = 2% + y> + 62 — 4y [Zmin(—3,2) = —13]
219. z = In(1 — 22 — y?) [2max(0,0) = 0]
1
220. z = 2% + 83 — 6y + 5 [Zmin <1, 5) = 4, at the point [0; 0] there is no extremum]
2_
221. 2 = */%(z + ¢?) [2min(=2,0) = ==
el
9 in(1,1) = 17 4,—-1) =58 ]
222.z:$3+y3+7x2—3y—12:17 Zmln( > )__?7 Zmax(_ y ) =
2 at the points[1; —1], [—4; 1] there are no extrema |

223 %02 492+ 22 —dr+ 6y —22+13=0 [Zmin(2, —3) = 0, Zmax(2, —3) = 2]

2245 0 tay— 242ty 5=0 [ at the stationary points [—1; 2; 3], [—1;2; —2]

there are no extrema

225.% f(z,y,2) = 22 +y> + 2% — 62 4 2y + 62 [f(2,—1,-3)) = —14, local min.]
2262 [(0v3.2) = + 297 + 5 = 12y~ 6 e b 10,0 rr s m v |
2275 z = In(zy) + 2° + % — 4o — 4y + 7
local max. at the point A; = [1 — ?; 1— ?},
local min. at the point Ay = [1 + \f; 14+ \f},
I other stationary points Az = [1 + \f; 1-— \f], Ay = |1 — \f; 1+ \f} |

228. a) Investigate the local extrema of the function f(z,y) = 222+ y? —zy + 3z +y + L.
b) Justify the existence and find the absolute extrema of this function on the segment AB,
where A = [0;2], B = [1;1].
[ a) local fiin(—1,—1) = —1, ]
b) fmin(l/za 3/2) =0, fmax(oa 2) = fmax(l’ 1) =7

e A function f and a set M are given.
a) Justify the existence of absolute extrema of the function f on the given set M.
b) Investigate the absolute extrema, i.e. determine their location and compute the value of the
maximum and minimum of the function f on the set M.

229. f(r,y) =z +Inx—y* M={[r;y] €Be;y=a+1,1/4< 2 <1}
fmin(1,2) = =3, fmax(1/2,3/2) = =7/4 —In2 = -2,4,
f(1/4,5/4) = —21/16 — In4 = —2, 7is not an extremum
230. f(x,y):x2+azy—3x—y, M={[z;yl €Ee; 2 4+y<3,2>0,y>0}.
[fmin(07 3) = _3; fmax(oao) = fmaX(?’aO) - O]
231. f(z,y) =22 -2z 41> M={|z;y] €Ey; 22 4+42<9, y>0}
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II. Differential calculus of functions of several variables Contents

fmin(lvo) = _17 fmax(_gao) =15
To investigate boundary points, you may use
polar coordinates, but the problem can also be solved without them.

e Determine the global extrema of the function z = f(z,y) on the set M :
232. fz,y) =2 +y* —ay, M ={[z;y] € Bz : |z] + |y <1}

global max. f(1,0) = f(0,1) =

= f(=1,0) = f(0,-1) =1

233, f(x,y) = 2% —y%, M = {[x;y] € Ey : 22 +3? < 4} (use polar coordinates) )
global min. f(0,£2) = —4

[ global max. f(+2,0) =4

[ global min. f(0,0) =0 1

234. f(z,y) =zy(z —a)(y—b), M ={[z;y] €E2: 0<z<a, 0<y<b}

b 2b2 -
global max.f(%, 5) = a176
global min. f(0,0) = f(a,0) = f(0,b) = f(a,b) =0

235. f(z,y) =2y2—z—y), M ={[z;y] €Ea:2 >0,y >0, z+y <1}
11

23
global min. f(z,0) = f(0,y)
236. f(zr,y) =22 +y? —wy+a+y—1, M={[z;y]€Ey:2<0, y >0,z —y+3 >0}

1 -
[ global min. f(—,0) = B

1
global max. f( =1
=0

4
global max. f(0,3) = 11
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