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L. Definite integral Contents

CHAPTER L
[ Definite integral

Contents

I.1 Existence of definite integrals . . . . . . . . ... ... ... ... ... . ...,
.2  Newton-Leibniz formula . . . . . .. ... ... L oL
[.3 Integration by parts . . . . . . . . . . . e e e e e e e
[.4  Substitutionmethod . . . . . . . . ...

AW = =

I.1 Existence of definite integrals

e Determine whether the definite integrals exist:

1 1
T+3
E le 1. dr = d
xample /0 f(z) dx /o o

. — . r+3 . . .

Solution : Yes, it exists, because the function f(r) = —; s continuous on the interval (0; 1) .
. |
10 10 2
=+ 3
Example 2. : (ZL’) dr = [ m dx
2+3 243
Solution : Tt does not exist, because the function f(z) = v = T
23 =322 —4r  z(x+1)(x—4)
is not continuous at z = 4 (x e (1, 10)) and 11111i f(z) = £oo  (f is not bounded). [
z—
1 1 eQm -1
Example 3./ f(z) dx :/ dx
-1 1 T

: : : : e’ =1, : .

Solution : The integral exists. Although the function f(z) = is not continuous at the point
x
2x 1
r=0 <$ € (-1, 1)), we have lim f(z) = lim ¢ =2 (f is bounded). ]
x—0 x—0 X
1 .: 2 . 2 2

4. / Sl [}’es lim 2T 0] 5. / ze” dx [yes]

0 x x—0 x 0

/2 1

6./ — dx no, lim ¥=:I:oo

o 1—2cosx e—T+1—2cosw

1.2 Newton-Leibniz formula

e Compute the integrals using the Newton-Leibniz formula:

7r/41 -2
Example 7. / Shsmw dx
0

cos? x
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7r/41 c 02 7r/41 1 — 2 /4 9
Sotwion: [ L g [T ( : _1) de =
0 COs* x 0 Cos“ & 0 COs* x

w/4
:[2tan$—x] :2tan1—r—
0

8
Example 8. / V1+zdx
3

i 2 52 38
Sofution: [ (1427 do = 2[0+097] = 2 05— av) = 5. .
3 3 33 3
2
r—3
E. le 9. d
xample /0x2+4 X
22-3 1 [? 2o 21
Solution : ———dr == ———dr —3 ——— dxr =
olution /0x2+4x 2/0x2+4x /o$2+4x
1 2 3 2 1 3 1 3
:§[ln($2+4)}0—§[arc‘cang}oz5-(ln8—ln4)—§-arctan1:§-ln2—§. [ |
> Bhr+1
Example 10. / -5 dx
9 X +x—2

Solution : First decompose the integrand into partial fractions and compute the integral :
or +1 A

P2rr—1 z-1 z+42’

r=1:.6=34 =— A=2; zr=-2:-9=-3B =— B=3

5 5
br + 1 2 3 5
/de:/ + dx:[2ln]a:—1|+31n|w+2| =
o X241 —2 o \x—1 x+2 2

S5v+1=A(x+2)+ Bz —1)

_|_

4
=2In4+4+3In7—-2In1 —-3In4=3In7—-1In4 = ln%.
CAUTION ! The same integral on another interval (a;b) may not exist if (a;b)
contains at least one of the numbers z = —2 or z = 1. |
w/2 T
Example 11. / cos® = dx
/2 2

23:

Solution : Here we use the fact that the function f(z) = cos® — is even, i.e.

/_Zf(x)dx:2/0af(a:)d:v.

/2 /2 /2 1 /2
/ cos2zda::2/ cos2£dx:2/ wd@p:[gﬂ-sjnx} :E+1‘ -
—r/2 2 0 2 0 2 0 2

w/2
Example 12. / r?sin dx
—7/2

Solution : Now we use the fact that the function f(z) = x?sinx is odd, i.e. / f(z) dz = 0.

—a
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Example 13. / 5~ cosa:’ dz
0

1
Solution : Remove the absolute value: 5~ cosx >0 forx e <g, 7r>
1
and 5~ cosr <0 forx e <O; g) thus for the given integral we have:

r

™

1 /31 1
——cos:n‘dx: —(——cosa:) dr + (——Cosa:) dr =

_|_

e[S

Il
B
+

ol

]

I
&
=
&
|
=
&
I
3
~
w
_I_
DO =
&
|
&
=
&
[ I
3
I
ok
|
B
+
TR
SIE]

sinx

/ 2+cosx

[2In3] 15 [In 3]

&

1
* —— dx
/_4 \/.1'2—|—9
1 T
16./ C s
0 ez+e

I.3 Integration by parts

e Compute the integrals using the integration by parts method:

/2
Example 18. / |x| cos x dx
—7/2
w/2 w/2 /2
Solution : The integrand is even. Thus/ |z| cos x dx = 2/ || cos z dx = 2/ xrcoszdr =
—/2 0 0
— /I /2 /2 /2
= u, Lo U T oS :Q[xsinx} —2/ sinxdx:2-z+2[cosx} =m—2
w =1, v=gsinz 0 0 2 0

e—1
Example 19. / In(z+1) dz
0

e—1 u=In(z+1), v/ =1 e—1 e=1
Solution : / In(x+1)de =| , 1 = [a: In(x + 1)] — / dx =
0 u = 717 v =2x 0 0 x + 1
e—1 1 1 T e—1
= (e—l)lne—/o %dw =e—1-— [m—ln(xle)L) =e—1—(e—1—Ine) = 1.
[
w/2
Example 20. [ = / e** sin x dx
0
w/2 o ;o /2 w/2
Solution : / ¥ sinwdr=| ", ° 9% vimsnE [e% oS x} +2 / e* cosx dr =
0 u = 2e**, v=—cosx 0 0
— o2z [ w/2 /2
u, ) 2 R S [62‘” sinx] = 4/ e** sin z dx.
u = 2e**, v =sinx 0 0
We obtained the equation I = 1 + 2e™ — 47 , from which 5] =1 + 2¢".
1
The result of the given example is I= 5(1 + 2¢e™). [
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w/2
Example 21.% I,, = / sin" x dx
0

w/2
[0 = / dr =
0

Solution :

* for n = 0 we have

*xforn =1 wehave I

~

* for n = 2 we have 9

* forn > 3 we have I,

/2 ) /2 ) u = cosz, v =sin""?.cosz
= sin""“xdr — sin""“x-cosx-cosxrdr=| , . L 1

0 0 W =—sinz, v= sin” ™" x

n—1
cosx - sin ! x7/2 1 /2 n
=1, — sin" x dux.
n—1 0 n—1J,
-1

We obtain the equation [,, = [,, o — 0 —

We perform a discussion:

n—1

n = 2k we have I,, =
For {

n = 2k + 1 we have I, o

]n—2 =

=], .=

w/2 /2
/ sinx dr = [—COSQ?} =1;
0

0

/ﬂ/zsinzxdx = /ﬂmﬂdw — 1[95_ sin2x]7r/2 —
0 0

2 2 2 o

w/2 w/2
/ sin" 2z -sinrdr = / sin"? z(1 — cos® z) dox =
0 0

ﬂ--
47

) n
1In, from which we compute /,, = ——1,, .
n

2% —1 2k —3 L, _@k—D 7

2k  2k—2 T 2707 (2K 2
2k  2%k-2 2 (2K
2%k+1 2k—1 " 3 2k+1)I

Thus we have derived the so-called Wallis formulas.

w/2 /2 /2
The same result also holds for / cos" x dx, since / sin" rdr = / cos" xdx.
0 0 0

22. */ sin” z dx E
0 35_
/ cos® z dx om

o 16 |

7 _

26. / x - arctan z dx [% — @

28. / y-In(z +y)dz, (y>0)
0

I.4 Substitution method

[y(y +1)In(y +1)

w/2 ]
23.* / sin® z dx 35m
a2 128
w/2 -
25.* / sin’ z dx [0
—7/2 -
e 2_
27./ |Inz|dx 2=
1/e 6_

—y21ny—y}

e Compute the integrals using the substitution method:

Example 29.
P / zvV 1+ lna:
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Soluti /e3 *1 d ig“nx:t =1 =t =
olution : ———dx = | dzx =
1 X 1+Inz ?:dt xgze?’ =ty =4
4
dt 4
— _dtZQ[\/Z} =2.(2—-1)=2. n
|5 =2.2-1)
2/7r 1 1
Example 30. / — -sin—dx
e T x
1 1
2/m 1 1 — =t r=— =t =7
Solution : / — -sin—dx = xd:c 72T =
T s 2
w/2 T ™
:—/ Sintdt:/ sint dt = [—cost} =1. ]
™ /2 /2
1
Example 31. d
P /0 1121
1 2
. . X | xm=t r1=0 = t1 =0 .
Solution : /0 1+x4dx— o0 dr — di oy =1 :>t2:1‘_
1/1 dt 1 1 1 7 7
== :—[arctant] == —-=— [
2 0 14+t2 2 o 2 4 8
2
Example 32. / V4 — 2?2 dx
0
2 .
.o ) | v =2sint r1=0 =t =0 .
SOlutlon./O 4-zidr= dx = 2costdt To=2 = to=m/2 |
w/2 /2 7r/21 ot
:/ \/4—4sin2t-2csostdt:4/ cos2tdt:4/ +Cidt:
0 0 0 2
in 2¢17/2
:2[t+sm ] —2. 0. .
0 2
2 T
E. le33.|] ———d
xample /1 (1 4)2 z
cotution - [T g _|atra=t r=1 =t =5 _
omnon s | @212 T | wde=dt Ta=2 =ty=8 |
1 a1 [1}8_ 1 <1 1>_3 .
2 s 2 2 Ltls 2 \8 5/ 80
™2 cosx -1 dr |
a. [ BT g n V3 35,/ __ & i
0o Vsin’zr+3 : } o 244 +5 4]
12 aresinz 2 /4 T
36. S U . 1
. Ji-z2 o) 37. /o sin® z - cos z dx [48
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w/3
38. / sin® z dx
0

4
1
4. [ —— 4
/0\/231:4—1—1—1 .

[2(2 —In2)]

1/2

39. rv1 —4r2 dr

0

w/2
a. / _ v
0 2+cosw

2

o
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|’ CHAPTER 1.

Differential calculus of functions of several variables

Contents
II.1 Domain of the function z = f(x,y) . ... . ... ... ... .. .. .... 7
II.2 Limit and continuity of afunction . . . . . ... ... .. ... ... ... ..., 9
II.3 Partial derivatives of afunction . . . . . . . . . .. .. ... L Lo 11
I1.4 Total differential and tangentplane . . . . . . . . . ... ... ... ... ...... 13
II.5 Derivatives and differentials of higherorders . . . . . . ... ... ... ... .... 16
I1.6 Gradient. Directional derivative . . . . . . . . ... ... .. ... ... .. 21
I1.7  Derivative of a composite function . . . . . . . . . ... ... L. 28
II.8 Implicitly defined functions . . . . . . . .. .. ... .. L L o 29
II.9 Extremaof functions . . . . . . .. . . . . ... e 36

IL.1 Domain of the function z = f(z,y)

e Determine the domains of the functions and sketch them:

In(a%y)
Example 42. » =
N
Solution : The variables x and y must satisfy the following conditions simultaneously:
y§ ?y>0 = y>0, x#0
| y—r>0 = y>u
Di(f) = {lz;y] € By : x < 0,y > 0},
D Dy Dy(f) ={[z;y] €Ex: x>0,y > z}.
0 z
For the domain of the given function we get D(f) = D1(f) U Ds(f) [
, -1
Example 43. > = arcsin
x
Y The variables x and y must satisfy
. : the following conditions simultaneously:
Solution : D, 1 D, ]
' —1§y <1 and 2#0.
- x
!
Thus: >0: —2rx<y—1<zrz — —-zao+1<y<zxr+1
r<0: —z>2y—122r — —ax+1>2y>z+1
Dl(f):{[q:;y] cEy:2 <0, x—i—lgygl—x},
Dy(f)={lz;y) €Br:x >0, 1-az<y<az+1}.
For the domain of the given function we get D(f) = Dy (f) U Da(f). ]

7
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22
4o _xx2y_y2) (D) ={my] €Ea: 0 < 2+ 42 <1, = > 4?}]
16
45.z:,/1n%2+y2 %% [D(f) = {[z;y] € E2:0 < 22 + 2 < 16}]
X
46. z = 3—T7In(z+Iny) [D(f) ={[z;y) €Ea: y > e "}

47. z = \/2I+y—4+\/16—x2—y2 [D(f) = {[z;y] € By : 2* + y? < 16; y > 4 — 2x}]

[D(f) = {[z;9] € Bz : 2| +[y] < 1}]

1 —fzf =yl

49. 2 = \/xy — 4 [D(f) = {[z39] € s : wy > 4)]

e Determine and sketch the domain, write the graph of the function, and sketch in E5 the surface that
is the graph of the given function:

Example 50. f(z,y) =4 — /22 + 2

Solution :
242 >0 = D(f)={lmy €Exa?+y* >0} = D(f)=E

The graph of the function is the set
G(f) = {lz:y:2] € Bsilaiy) € D(F), = = 4= Vo },

Example 51. f(z,y) = /x —y> + 2

Solution :
Yy -y +2>0 =
D(f) = {[z;y] € Eajz —y* +2 > 0},
The boundary of D(f) is the parabola z + 2 = 3
-2 & with axis along the z-axis and vertex at [—2; 0.
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z

The graph of the function is the set

G(f) = {lz;y; 2] € Es; [z;9] € D(f) C By, 2=/ —y? + 2},
which is the “upper” half of the paraboloid of revolution

with equation x 4 2 = y2 + 22, whose axis of rotation is the z-axis,
and vertex at [—2; 0; 0].

Example 52. f(x,y) = /x> — 9y? — 36

Solution :

22— 0y2—36>0 =
D(f) = {[z;y] € Ea;2® — 9y*> =36 > 0} ,

€T 2 y2
the boundary is the hyperbola i 1

with vertices at [—6; 0] and [6; 0]

The graph of the function is the set
G(f) = {lmyzl € Eglwiyl € D(f) C Bz =

VaZ =0y = 36}

and this is the “upper” half of an elliptic two-sheeted
hyperboloid with vertices at [—6; 0; 0] and [6; 0; 0]

II.2 Limit and continuity of a function

e Investigate the limits of the function at the point:

: 2 2
Example 53. lim Sﬂfl($—+y)
l=[00] 22 + y?

Solution : We use the fact that lim (2® +5?) =0 and make the substitution t = z + y2.

[z;y]—[0;0]
Then lim M = lim 51_nt =1 [ ]
ylol0]  a24y2 50t
3.3
Example 54.* | ]lim[1 . %‘54, [z;y] € M, where M = {[z;y] € Eo; v —y # 0}
Ty — [
[z;9] €M
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Solution : This is the indeterminate form ” % ”, but an elementary simplification suggests itself, which

we perform
. o’ —y’ : (z —y)(a® + 2y +¢°) . 2 tay+y? 3
lim —— 1= lim 5 N = lim 5 ~ = -
[y = 112 =Yy = L @)@ +YE ) gy oy @y +y?) 4
[z;9] €M [z;y] € M [z;y] € M
[
2@ +y?) _ 1 . tan (22 4+ y* 1
55, lim -~ 2] 56 lim % L
wyl—l00] w2+ y? eyl =00 3(z? + y*) 3
T [z; 9] # [0; 0]
Example 57. Investigate the continuity of the function f(z,y) = \/m —1
2, [z;9] = [0;0]

at the point [0; 0].
Solution : The function f(x,y) is continuous at the point [xo; o] if and only if ~ lim  f(x,y) = f(xo, yo).

[z;y]—[zo;5y0]

In our case  lim 'y _»on _ | substitution | 4 T e;m
=00 /222 +1 -1 ° yt=t | 0 r1-1
1
= lim—— = 2 = f(0,0) = the given function f(x,y) is continuous at the point [0; 0].
2vt+1
[
e Determine the sets on which the given functions are defined:
58, f(z,y) 22+ —12 ()
Sflxyy) = ————
W=y yt+1 2
59. f(x,y,2) = & T -sin(z +y) [Es]
60. f(z,y) = —— () L
. T,y _x2_2y (f)* [x7y]€ 23/7é?
oty
61. f(x,y) = —=
flay) = —y

2,2
D(f) = E2\[0; 0], it can be continuously extended by defining f(0,0) = lim % =0
[zy]—=[0;0] T° + Y

1

62. f(z,y,2) = [D(f) = {[z1y;2] € B3 : 2® + % + 2% £ 11\{[0; 0; 0]}}

NCETET

; 2 2 2)2
63. f(x,y,2) = Smif _:_yg _:_Zj ) [D( f) = E3\[0;0; 0], it can be continuously extended by defining

£(0,0.0)=0 |
1
64. Y, 2) = ———— D(f) =A{lz;y; 2] € Es: 0N 0
_ y+4 T . _

65 f(@0.02) = 5 i [DU) = {lmsys) € Basa# 0,0 # Ly # —4}

10
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I1.3 Partial derivatives of a function

Notation for the function z = f(x,y):

first partial derivatives: %(w, y) = fo(z,y) = 2, = %
of 0z

a—y(x,y) = fy(z,y) = 2y = ay

first partial derivatives at the point [a; b]:

0z 0z

9 ey = =% 8_y‘[a;b1 = Al
. .9 Oof\ _o0*f . 0 0f\ 0°f
second partial derivatives: 8_90(%> =2 = Sz 8_y<6_y> = E)_yQ = fuw
8 (df\ 9 .. 9 Ofy 9
8y<8x> - Oydx (fo)v: &c(é)y) C O0xdy (fu)e

L

e Find the first-order partial derivatives of the given functions with respect to their variables.

Example 66. f(z,y) = (22 — 3y)*
of

0
Solution : 8_£ =42z —3y)* -2 | oy 42z — 3y)* - (=3) n
Example 67. f(x,y) = 5x'y* + T yog? 3y

Y

0 1 0
Solution : —f =202%y* + — +4x —f = 102y — % -3 ]

O y Ay y
Example 68. f(z,y) =y~ ™, y>0

0 , 0
Solution : a—:]; =yt ny .2 | a—i = (22 +3) - Y2 n
Example 69. f(z,y) = L, for |x| > |y|

/22— 42
-9 _

Solution : 3_ =y * 52 = td

Oz 22 — 2) (22 — y2) /22 — o2

V=2 —y- _
af_ 2 :L-Q_yQ_ x?_y2+y2 B x2
oy 2 — 92 (22 — ) /02 — Y2 (22 — y2)\/22 — y2'
[
Example 70. f(z,y,2) = (2¥)”
0 0
Solution :  f(x,y,z) = x¥*, 6_£ = yza¥* 1, a—g =a2Y%*-lnx- 2, 5, = Y% -Inx-y.
n

e Compute the partial derivatives of the given function with respect to all variables:

of _ 3 of —-1

71. f(z,y) =In(3z —y + 2) dr  3r_y+2 Oy Br_y+o

11
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73. f(2.9) = (a1) EREE-=E
74. f(x,y) :cosx+lsiny—3 [af:—sina:, —~ = — cosy
2 Oz dy 2
75 f(@) = S Vi Vi S
76. f(z,y) = (2> +y) e [g:}; =2e % —2(2? +y)e 2, g‘gj:e%ﬁ_
77. f(g:,y):%ijLarctan (%) [Z:f_inyQ’gz:my+x2+y2
78. f(x,y) = In(zy) — /22 +y> — 20 [g‘i:i—m), %:;_m-
79. f(z,y) :x3+y§3—éx2y4—15x [g£:3x2—;xy4—15, g]yczyQ—;ny?’:

2 2 2
_ Y of 2wy of 2z
80. f(xa y) - 1'2 + y2 |:al' - ($2 + y2)2’ ay - (1,2 + y2)2_
. o _ o
81. f(p,¥) =sinp - cosy [&p = COS p COS Y, 95~ sin ¢ sin 1/;_
o 2 3 dg 2u v dg 9 3 3u? 3
82 g(u,v) = v - tan (u™") [6u ~ cos?(uv3)’ Ov tan (u”v") + cos?(u?v3) |

_ _ QUv g . 1_ : g _ l_ uv g — uv 3
83. f(t,u,v) = In(tu) —e" +cos(tv) [at =57V sin(tv), 5y~ U gy = ue t sin(tv)
Example 84. Determine the domain of differentiability of the function f(x,y) = x/2? — 3.
, of SR 22 of —zy
Solution : a—\/x -y +\/332:—y27 8_y_g;2—_y2

From theory we know that continuity of the partial derivatives is sufficient for differentiability
of functions. In this example this is the condition:
Yy -yt >0 = |yl <z

Dy ={[r;y] €By: 2 <0,y € (v;—x)},

D D
' et 2 Dy ={[z;y] €Ey:x >0,y € (—z;2)}.

12
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1
Example 85. Given the function f(x,y) = In(|z| + v) + N Determine
[9— 22—y

a) the conditions for the domain and illustrate the domain graphically,

b) the value f(A), where A = [—1;2], c) %(A)

Y

Solution :

a) conditions for the domain:

z|+y>0=y > —|z|
9—22 -y’ >0=22+1y?><9

1 1
of —z) 1 —2x 11
x x| +y 9 —a22—42)°) |4

86. Prove that the function z = f(z,y) = y?sin(z* — y?) satisfies the differential equation
Y’z + xyz, = 2xz forall [z;y] € Es.

[Hint : It is enough to compute z,, z, and substitute into the equation]

e Compute the partial derivatives of the given function at the point A :

87. 2 — /22— 12, A=[20] [g;(A)zl, gZ(A):o:
88. » = % A=1[32] [g;(A)z—z/g, %(A):1/3_
89. f = 2%eYsinz, A=[1;0;7/6] L) =1, gy =1/2, §LA) = \/3/2_
90. f =In(2* —y+32), A=][2;1;1] [%(A) =2/3, §L(A) = —1/6, f.(4) = 1/2_

II.4 Total differential and tangent plane

Notation for the function z = f(x,y):
the (total) differential of the function f at the point A = [z¢; yo|:

0 0
af14) = L) o - )+ ) - - w)
Let dx = x — xo, dy = y — yo. Then
0 0
df[A] = a—i(A) da + 8—§(A) d

13
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Example 91. Given the function f(z,y) = Y

x
a) Determine and sketch the regions in which the function is differentiable.
b) Write the differential of the function at the point A = [z¢; o).

Solution : A sufficient condition for differentiability is continuity of the partial derivatives =

0 1 0 1
continuity of the functions of __y 1 9f =—+ oS g 0 N y#0.

or a2 y Oy x y?
We obtain the following sets :

)
Dy ={[r;y] €Ey: 2 <0,y <0}, s
D2 D3
Dy = {[z;yl € By : w < 0,y > 0}, 0
Ds = {[z;y] € By : > 0,y > 0}, o x
Dy =A{[r;yl € Ey: 2 >0,y <0}, D, . D,

df[A] = %(A) dx + %(A) dy ie. df[A] = <—@ - i) dz + (Iio * ;C_g) i

Example 92. Determine the total differential and the approximate increment of the function z = J at
x

the point A = [2;1] for Az = 0.1 and Ay = 0.2 . Compare them.

Solution : The total differential at the point A is dz[A] = %(A) dx + %(A) dy.
Z Y
. 0z Y 0z 1 Jz 1 0z 1
Atth 92 _ Y o gy = - P _ 2 Zay==
t the same time e p = (93:( ) 1 9z = ay( ) 5

1 1
dz[A] = —2 dx + 5 dy.

If we set dv = Ax = 0.1 and dy = Ay = 0.2, then we obtain the required differential
of the function f at the point A for the given increments Ax, Ay :
1

1
dz[A] = 14+--02=0.
4] =701+ 5-0.2=0075,

while the exact increment is Az = z(zg + Ax, yo + Ay) — 2(x0, yo) =
= 2(2.1,1.2) — 2(2,1) = 0.07L.

|
Example 93. Using the total differential, compute approximately the increment of the function
z = arctan ¥ when z changes from zp = 1tox; = 1.2 and y from yy = —3
toy; = —3.1I.
Solution : 'We approximately replace the increment by the differential, i.e.
Az =dz[A] = %(A) dr + g—;(A) -dy, where A = [1;-3|, dv =0.2, dy = —0.1.
We compute
%(A): <1+1(g)2 ' <_%)>| :1%’ g—Z(A)Z (%(g)?é) - 1_10
x A z A
Then dz[A] = % 0.2+ % - (=0.1) = 0.06 — 0.01 = 0.05. [

14
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Example 94. Compute approximately the value of the expression In(1/9.03 — 1/0.99 — 1) using the
total differential of a suitably chosen function.

Solution : Let z(z,y) =In(\/x —\/y—1), 20 =9, yo = 1, then dz = 0.03, dy = —0.01. We use
the relation

0z 0z
Az = z(x 4 xo,y + o) — 2(T0,Yo) = o (z0,%0) - dx + 8_y (20, %0) - dy,

from which we get

) 0z 0z
2(x 4 xo, ¥y + yo) = 2(x0, yo) + o (w0, 0) - do + 8_y (20,%0) - dy.

Let us prepare :

0z 1 1 1
2(20,y0) =In(vVI—V1—-1)=0, —(4) = ( : ) = -,
Oz VE— =1 2V )], 6
0 1 —1
8_; (A) = < Vievi—1 '3 \/@) =-3 Now we substitute and compute the required
[9:1]
1 1
value In(v9.03 —v0.99 — 1) = 6 0.03 — 5 (—0.01) =0.01. |

Example 95. Compute the approximate value of the expression 0,98%*%* using the total differential
of a suitably chosen function.

Solution : z(xz,y) =Y, xg =1, yo = 3, i.e. A=1[1;3], de = —0.02, dy = 0.04,

z
=y, Z=gYlnx, thus
or Y dy

0z 0z
+a—x(A)~dx+a—y(A)'dy—

=1+3-(-0.02) + 0= 0.94. [ |

2(0.98,3.04) = 2(A) + dz[A] = 2(A)

Example 96. Find the equation of the tangent plane 7 and the normal n to the graph of the function
z = 2% — 4y? at the point T = [2;1;7] .
Compute approximately the value of the function at the point [2.2; 1.3].

Solution : The tangent plane 7 has equation

0z 0z
T Z—Zoz%(A)‘(x—%)ﬂLa—y(A)‘(y—yo),
where A = [zo;y0] = [2;1], and 2o = 2(z0,%0)- Inthiscase zp =2-4—-4-1=4 —
0z 0z
T=1214. (A =4z =8 Za)= _syl = —

7: z2—4=81x—-2)-8y—1) =8 -8 —2z—4=0.
The normal n is the line passing through the point 7, whose direction vector is the normal
vector of the plane 7. Thus  n: [z;y;2] = [2;1;4] + t(8; -8, —1), t € R.

We compute the function value at the point [2.2; 1.3] by substituting the coordinates of the point
into the equation of the tangent plane z =4+ 8(x —2) —8(y — 1) =
2(2.2,1.3) =4+8(2.2-2)—8(1.3—1) =4+1.6—-24 =32 [

Example 97. Find the equation of the tangent plane 7 to the surface » = 2% + xy — y? + x + 3 parallel
to the given plane ¢ : 5z — 3y — z = 0.

15
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0 0
Solution : We must find the point A at which 8_Z =9, 8_Z = —3. From this we obtain the system
Z Y
of equations { 2r+y+1=>5 Hence zo = 1,y = 2, 20 = 2(x0,Y0) = 3, SO
T — 2y =—3.
T = [1;2; 3]. The equation of the tangent plane 7: 5x —3y—z+d=0, TeErT
— T:brx—-3y—z+4=0. [ |

e Compute approximate values of the given expressions using the total differential :

v0.97
98. v/7.95 - v/8.96 [59742] 99, — [0.936]
1.023 - v/0.99
100. v/4.04 - In1.02 - arctan 0.9 [0.0314]

e Find the equation of the tangent plane 7 and the equation of the normal n to the surface z = f(z,y)
at the point 7" :

101. z = 4\/22 + 42, T = [3;4;7] [12z + 16y — 52 = 0; [z;y; 2] = [3;4;20] + ¢(12;16; —5), ¢ € R]

102. z = zy, T =10;0;7] [z =0; [z;y; ]—tOO 1), t € R]
1 2 2 2 2
— 2. Z —M-Z.9 T AN (e o] —
103. 2 = 2 cos T=[1;>7 [z y (y W), [2;y: 2] [1 - o} —i—t(O ) teR]
1 ‘ 1 \/5 7T33—2\@y+z—7r+220;
104. z = — arcsiny, T = [—;—;?} 1 V2«
z 2 2 [z;y;2] = {2 - 2] +t(m—2v2;1), teR

e Find the equation of the tangent plane 7 to the surface z = z(z, y) parallel to the plane o :

105. 2 =22% — %, 0:8x—6y—2—15=0 [7:82—6y—2z+1=0]
106. z = In(z* +29°), o0:20—2+5=0 [7:20—2—2=0]
107. 2 =2* — > + 6oy + 22, o0:4x+6y—2=0 [7:d4z+6y—2—1=0]

ILS Derivatives and differentials of higher orders

Example 108. Find all second-order partial derivatives of the function
fla,y) =2y’ —y- e

0
Solution : of _ Y=y etV

Ox

8 2 2 2
8_f = 3xy® — "V —y . "V . 2y = 3wy? — "V (1 + 2¢7),

)
82f a(af) x+y2
92~ ox V¢
82 a ﬁ 2 2 2
3_§£ B (698;> = 6y — 2ye™™V (1 + 2°) — "V 4y = 6ay — " (6y + 4y°),

16



II. Differential calculus of functions of several variables Contents

o°f (4

— 3y2 — e _ ye”’u“y2 L2y = 3y2 — e“”+y2(1 + 2y2),

Oy Ox - oy
orf oL 2
= = 3y* — "V (1 +2¢°).
ox Oy ox y e (42
) . . 0% f 0% f .
We see that for the given function f it holds that = at all points [x;y] € Es.
Ordy  Oyox

Example 109. Show that the function u = wu(z,t) = arctan (2x — t) satisfies the partial differential
equation
0*u 0?u
5 +2
0z?  Otox

2 5 o B B
Solution : Ou _ 2 Fu _ —2-22x—1)-2 8(2x — t)

Or 1+ Qe -1 02 (14 (20—12)° (14 2c—1)2)7

=0 in E,.

oPu A%y —9 9(2p — £) . (1) — 42z —t)
Otox Ot (14 (20 —1)2)° W=t (1) = (14 2z —1)2)*

After substitution it is clear that the equation holds at all points [x;t] € Es.

Example 110.* Given the function f(z,y)

flx,y) = { xy% for [x; y] # [0; 0]
0 for [z; y] = [0; 0].
an a2f

P h .
rove that 90 oy (0,0) # 9 8x<0’0)

Solution : Tt is easy to verify that the function f is continuous at the point [0; 0] :

lim f(z,y) =0= f(0,0). The derivatives f,(0,v), f,(z,0), fz,(0,0), f,.(0,0)

[#3y]—10;0]

are computed using the corresponding definitions :
h?—2y2

of . flhy) = f0y) . MYy =0
5, (0.y) = Jim ; = lim ——"—— = -2y,

- Tk — 0
%(x,()) = lim f(x.k) = f(@,0) = lim — — g

dy k—0 k k—0 k

ayax(o’o)_m k S e TR
2 f o fy(B0) = £,(0,0) .k
o 8y(0’ 0) = ;llli% h h—0 h
0% f
Ox 0y(0’0) 7 oy 8:}0(0’())‘ -
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Let the scalar field ¢(z, y, z) and the vector field f= (U; V; W) be given, both having contin-
uous second-order partial derivatives in the region D C Es.
Denote:
o o0 0 Op Ggp Op
1o (8202.50)
(ax dy’ 82) SC2 v dx’ dy’ 0z
- 8U ov. oW - - (OW 9V oU oW 9V oU
d = —+—+— 1f = = —_—— e — — —
wf=Vf=o oy T S =Vxd <ay 57’ 02 0z Ox ay>
Example 111. Given the scalar field o(x,y, z) = zy* + 2% — 2yz + 3.

Compute grad ¢, curlgrad ¢.

Solution : The function o(x,y, z) = zy* + 2% — xyz + 3 is differentiable in the region E3. Then

grad p = (Zg@ g;j gf) (v? — yz; 20y — x2; 32° — aY)
curl grad ¢ =
B (8(322 —ay) 02wy —wxz) Oy*—yz) 0(32%—ay) 02y —wxz) J(y* - yz))_
Ay 0z ’ 0z Ox ’ Ox oy
:(—x —(—z); —y+uy; 2y —z— (2y — z)): 0
NOTE: The second-order partial derivatives of the function ¢ are continuous in [Es. ]
Example 112. Given the vector field f: (U, V; W) = (a:y; x? — 2% . :J_ z)'

Compute div f, curl f, div curl f

Solution : The vector field f = (U; V; W) = (xy; 2 — 2% i ) is defined on the set
s z
D(f) ={[z;y;z] €Es 1z + 2 # 0}

Partial derivatives:

ouv_, vV _y W_

or YV or " Tor (x+ 2)?

ou ov ow 1

" By oy T ate

8—U:0 a—vz—Qz 8W:— i

0z T 0z b0z (x + 2)?

divf:y—l—O—ﬁ, curlf:<$+z+22; (zjz)Q—O;Qx—x>,

Y ) 1 1
Y )=— 0=0
= (x+z)2’$ (w+z)2+(x—|—z)2+

NOTE: The coordinate functions U, V, W have continuous second-order partial derivatives in D. m

- 1
divcurl f = div ( n
T+ z

113.* Let the scalar field p(z, y, z) in the region D C E3 have continuous partial derivatives
of order 2. Prove that curl grad ¢ = 0 in D.
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114.* Let the vector field f (U, V, W) in the region D C E; have continuous partial derivatives
of order 2. Prove that divcurl f = 0in D.

e Find the differentials of the stated order :

Example 115.*% z = sin(2x +y), d*z =7

Solution :  The differential of order n is d”f = (a% dx+ a% : dy)" f. then
0 0\2 0%z 322 02
@z = (do o+ dy =) d dv dy + o (dy)* =
e\ M T Wy,) ? = g (@0 + 2or 0y W 5 (W)
= —4sin(2r + y) (dr)? — 4sin(2x + y) dv dy — sin(2z + y) (dy)* =
= —sin(2z + y) (2dz + dy)*. ]
Example 116.% z = 2% — 3 — oy + 92, d32 =7
3z 0Pz 03z 0z
S 3, _ 2 3
Solution : d°z = pye (dx)® + 38x2 o (dz)*dy + 3(9 o7 dx (dy)” + o (dy)
2y =32 — vy, zy——?)y — T+ 2y,
Zew = 0T, Zyy = —6y + 2, 2y = —1,
Zrxx = 67 Ryyy = _67 Zraxy = Rxyy — 07
d32 = 6(dx)® — 6(dy)>. ]

Example 117 % u = >3 d?u[A] =7, d3u[A] =7, d"u[4] =7, A =0;0]
Solution : d*u[A] = (eQz’Sy@dx - 3dy)2) S (2dx — 3dy)?,
d*ulA] = (eQx_?’y(Zdac — 3dy)3> ’A: (2dx — 3dy)?,
d"u[A] = <e2x_3y(2dx - 3dy)"> S (2dz — 3dy)". n

Differentials can be used in the important Taylor theorem : Let f(x,y) be a function (n + 1) times
differentiable at every interior point of the rectangle M centered at the point A = [x; o).
Then for every point [z;y] € M there exists a point [{;n] € M such that

d?f(4) arf(4)

flay) = fa) +agia + DA 4 ST g
where df[A] = df (xg,yo) = %(A) (x—x) + g—g(A) (¥ — o),
62]0 82f 82

d*f(A) = 25 (A) - (z — @0)* + 2

(A) - (z — 0) - (y — o) + a—yé”(A) (- w0),

022 Ox Oy

1) =30 (1) grrgas ) (o =0 (= )"

A" f(Em).

Ry =

T (4 1)!

Example 118.* Write the Taylor expansion of the function f(z,y) = 2® — 3xy® + y? + 4z — 5y
in a neighborhood of the point A = [2; —1] and use the result to compute an ap-
proximate value of the function f at the point [2.1; —1.1].
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Solution : f(A) =16, der=x—ax9o=2—-2, dy=y—yo=y+1,

FolA) = (32 — 3y% + 4 \

}:dz(A):13d$+5dy:13(x—2)+5(y+1),
f(A) = (=6y +2y = 5)| =5

_ L d?z(A) = 12 (dz)? + 12dx dy — 10 (dy)? =
fyy(A) = (=62 + 2)\A— 10 19— 2)2 +12(x — 2)(y + 1) — 10(y + 1),
fes(A) = <—6y>\A: 6

fyye(A) = —6 = d*2(A) = 6 (dr)* — 18dx (dy)* = 6(x — 2)* — 18(z — 2)(y + 1)?,
fymc(A> - fyyy(A) =0

f(x,y) = 164+13(x—2) +5(y+1)+6(2—2)?+6(x—2)(y+1) = 5(y+1)?+(2—2)> —3(z—2) (y+1)?,

R4 = 0, because derivatives of order 4 and higher are zero

F(21,-1.1) =16 +13-0.1+5(=0.1) +6-0.12—6-0.12 = 5-0.124+0.13 = 3. 0.13 =
— 17.3 — 0.552 = 16.748. n

Example 119.* Write the fourth-degree Taylor expansion of the function f(z,y) = cos(x?* + 3?)
in a neighborhood of the point [0; 0].

2 4
Solution : We use the Taylor formula for cosz =1 — % + Z' , 1nto which we substitute
2 1 ,2)2 2\4
_ 2 2. 2 2;_@“‘9) (x+y)'
z=a* 4y cos(z®+y°) =1 o + TR
1
Ty(z,y)=1-— 5(1:4 + 222y + ). ]

e Find the second-order partial derivatives of the given function:

— In(s? _ 352t =% —3s>
120. 6(s,1) = In(s* + 1) (900 =i 9= 15 )2, b= 96 = 7]
2 B .
121. ¢(z,t) = Coix {@cz = 71(4172 cosz? + 2sinz?), ¢y = 2 cosx , Out = Gtz = 2 = sinz?
122. f(:L‘, y) = et [fx:c = a2€ax+by’ fyy = b2€ax+by7 Joy = fya = ab eax+by-

123. Verify that the function u(z, t) = sin(x — ct) and the function u(z, t) = sin(wct) -sin(wz)

0*u , 0*u .
satisfy the differential equation — 5z = c 2 (the so-called wave equation).
x
124. Verify that the function u(x,y) = e” siny satisfies the differential equation
Ou + O u = ( (Laplace’s equation)
ox2  Oy? P 4 ’
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e Expand the function f(z,y) according to Taylor’s theorem in a neighborhood of the point A:

125.% f(z,y) = 2% + 52® — 6y + 2y, A = [1; 2]
[ f(z,y) =26 + 25(

—-1)
+2(y +2)% — 6(z —

H

D(y+2)+ (z -

126.% f(x,y) =2 + 32y —y> + 1, A= [2;—1] { f(%y)—;;?

II.6 Gradient. Directional derivative

e Determine the angle between the gradients of the given functions at the point A :

Example 127. f(z,y,z) = ¥ +yz, g(z,y,2) =sin(zz) + v +y — . 1, A=[1;1;0]
Y
o - — ﬁf.af‘af — y=1. .y . —(1-0-
Solution :  grad f = <8x’ oy 8z> = (yz¥ ;2% Ilnx + z;y) = grad f(A) = (1;0; 1)
grad g = (z cos(xzz) +1;1 + %; zcos(zz) — 1) — grad g(A) = (1;1;0)
Y )
Let ¢ = <(grad f(A),grad g(A)). Then
grad f(A) -gradg(A)  (1;0;1)-(1;1;0) 1 T
COS = = — e = — .
T Tand FA - Tarad g(A) ~ V2 VR 2 Tl .
Example 128. f(z,y) = arctan -, g(z,y) = yvr, A=[1;1]
y’
Solution : grad f(A) =V f(A) = (1 —1) grad g(A) = (1 1)
27 2 Y 27 Y
cosp = EAASA) gradg(d) _ (5i-3) (1) V2|
load /(A lgwad gl 1 /s 245
= arccos (—@> ]
v 0 /)

Example 129. Determine at which points of D( f)

= [; the gradient of the function

f(z,y,2) = 22 + 3% + 22 — 22yz is equal to the zero vector.

Solution : grad f = (2o — 2yz; 2y — 2x2;22z — 2zy) = (0;0;0) — x—yz=0
y—xzz=0
z—xy =20
It is clear that one of the points is the point A; = [0; 0; 0]. We compute the others from the system :
e o } Ay =L, As=[-L1;-1],
y—yz*=0=—=z2==+1 ) =
S S Ap=[-1;-1;1], As=[1;-1;-1].

Example 130. Determine at which points of D( f)

flz,y) =

= [£, the gradient of the function

(2% + y?)3/? has magnitude 9.
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Solution :
lgrad f(z,y)| = [|(Bz/22 + 42, 3y/22 + 42)|| = V/922(22 + y?) + 9y2 (a2 + y2) = 9,

922 (2% + y?) + 9 (2 + y?) = 81,

(°+y*)P? =9 = 2" +¢y*> =3.

Therefore the required points lie on the circle with center [0; 0] and radius v/3. |

e Compute the directional derivative of the function f in the direction 5 at the point A :

Example 131. f(z,y) = 22 + 2y +¢°, 5= (3;—-4), A=][1;2]

Solution : 3 B
o) = erad F() o mmad £ = (8554 g+ 397)
— (10: O iy _ (10 (3;—4) 30-52 22
grad f(A) = (10; 13), 8§(A) = (10;13) NS AR -

Example132. f(z,y,2) = 2* + 2y* — 2%, A = [—3;2; 4]; the direction 5 is the vector 1@,
where B = [—2;4;2].

‘ of g (1;2;-2)

Solution : §=AB = (1;2;—2), ZL(A) = (205 4y; —22)| - = (=6;8; —8) - ~=— =L —

olution : 5 ( ) 83( ) = (2z;4y Z)AHS” ( ) Viti+4
1 6+16+16 =2 .
=3 =35

Example 133. Determine the derivative of the function z = 22 4 In(z + y?) at the point A = [3;2/3]
in the direction of the tangent to the parabola y?> = 4x. Consider the vector forming an
acute angle with the vector 7.

Solution : We obtain the coordinates of the direction vector of the tangent from its slope

Yy 2 1
o y:2\/57 y,__x,
1
A s kA—y/(A)Iﬁ:tana — a=—,
b . . V3 1y L
@ §= (cosa;sina) = (7’5)’ |15 = 1.
x
1 2 91 4v3
Now let us prepare grad z(A) = (2:c + —; _yQ) = <_; i_)’ SO
r+y? z+y2/|, \15 15

the required derivative will be
g—;(A) = grad z(A) - B (

51

Example 134. Determine in which direction the derivative of the function f(x,y) = z°y + % + 2y

91‘4\/§> (\/31)_95\/5 .
15" 15 22/ 30
at the point A = [—1; 1] is maximal and compute this derivative.

Solution : From general theory we know that the derivative is maximal in the direction of the gradient.
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=(4;3) = 5= (4;3).

1 2x
grad f(A) = (3x2y + iz - =+ 2)
Yy y?
L5

A
8f - 1649

Example 135. Given the function z = /2z + y, the point A = [1;2], and the vector § = (—1;1).
Determine 9
z

a) at which points the function z is differentiable, b) 8_“(14)’
5
c) the tangent plane to the graph of the function z at the point 7' = [1;2; 7].

0 1 0 1
Solution :  a) o . 20 4+y > 0=y > -2z,

ox  r+y Oy 22z +y

0z 11y (-11)  —1
b) GS(A) (2’4) V2 4?2
o) T=][1,22], 7: 2—2:%@—1)—1—%@—2). ]

Example 136. Determine the vector 5’ in whose direction the rate of change of the function values of the
function f(z,y,2) = 2> + y* + 2* — 22yz at the point A = [1; —1;2] is maximal, and
compute this maximal rate.

Solution : The function increases maximally, or decreases maximally, in the direction §, or (—3),

where . 1)
S = T — - R- A: S — 7_ 7
S$=8 adf(A) (6? 6? 6) = s ”gu \/g )

of e (=11 18 of -

35 A) = (6:,-6:6) - === = == = 6v/3 and o= 6/3. "

Example 137. Determine at which points the gradient of the function f(z,y, z) = 2% + y* + 2% — 2xyz
is perpendicular to the z-axis.

Solution : 7= (1;0;0) is the direction vector of the z-axis, grad f = (22 —2yz; 2y —2xz; 2z —2xy),

71l grad f means 7-gradf =0. Hence22r—2yz=0
so the required points lie on the surface z = yz. |

Example 138. Determine the angle of the vectors grad f(A) and grad g(A), where
flx,y,2) =2 = 3y + Bry + 2°, g(z,y, 2) = 2/2? + y* + wyz, A= [3;4;0].

Solution : grad f(A <1+ 1/— — ‘/ 3Z> — ;_Z;0>

grad g(A) = (\/m \/m z;/ 2% + 12 —i—xy) = (0;0;17)
A
(2;—%,0) - (0;0;17) m
— =0 = — df(A) L gradg(A
S oo 0 $T T e/ bendgd)
| ]
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e Determine the gradients of the given functions

1 -3z -3y ]
139. f(z,y) = ——— d f(x,y) = ;
f(z,y) CERE [gra flz,y) <\/(x2 +y2)5 \/(xz + y2)5>_
2
140. f(x,y) = sin(z?y) + % [grad f(z,y) = (23:3/ cos (x?y) + 2%; z? cos (xzy)>
141. f(z,y) = In(x + /22 + y?) )
1 T 1 Y
df(e,y) = | ———- 1+ :
[gra f(@) <x+ z? + 32 ( m) T+ AR A y2>
142. f(x,y,2) = 2*yz +Iny — 15 [gradf(x,y, z) = <2myz w2z + 7; > y)
tu tv 1
143. f(u,v,t) =t Vu? +v? [gradf(u,v,t): <\/u2+v2; \/u2—|—v2; \/u2+v2>_
e Determine the gradients of the given functions at the point A
1 2\]
144. f(z,y) = arccotan (x — 2y), A= [4;1] [grad f(A) = <—5; 5)
145. (z,y,2) = x\/yz, A=[-2;1;4] [gradf(A) = <2; —-2; —;)
146 f( )—I_Q_‘_Z_Q_é A_[1.2._3] dF(A) — 10_ 9' 29\ ]
. T,Y,z)= 2y l” - ) < gra f( )* ?7 _gv _].8>_

1 16
147. At which points is the gradient of the function f(z,y) = In (x + —) the vector <1; —§> ?
Y

[at the points [—%; 2} and [g,—%”

148. At which point is the gradient of the function f(z,y, z) = 2* +y* — 22> + 2y + 3y + 8z
a) perpendicular to the z-axis; b) parallel to the z-axis; c) equal to the zero vector?

a) at the points of the plane z = 2 i.e. [z;y; 2]
b) at the points of the linex =1, y = -2, 2 =¢t, t € R
c)[l; —2; 2]

149. Find the angle ¢ of the gradients of the function f(z,y) = arcsin ’ , y # 0, at the points

2
A=11;1], B = [3;4]. [@ = arccos%}
e Given a function f(x,y), a point A, and a vector 5. Determine at which points the function f

is differentiable, compute a—JA) and write the equation of the tangent plane to the graph of the
5
function f at the point T = [A; f(A)] :

150 f(z,) = |o| +y, A=[1:0], 5= (-1:1) [{lssg) € Bazw £ 0}, Po) =0, w4y 2 =0]
151. f(x,y) = 2% + 3zy + %, A=[1;0], §= (1;2) |:E2, %(A):jg, 2x+3y—z—1:0}
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152. Determine in which direction the derivative of the function f(z,y) = In T y) at the point
m JE—
. . . .. 2
A = [3;0] is maximal and compute this derivative. [5 = grad f(A) = (0; g), %(A) = 5}
153. Determine the derivative of the function f(x,y) = x? —y? at the point A = [2; 3] in the direction
3, forming the angle o = g with the vector 7. (a = % is the direction angle) {g(A) =2- 3\/5}

0s
154.* Determine the derivative of the function f(x,vy, z) = 2% — 3xy + y*z — 5z at the point
. D — 3
A = [1; —2; —1] in the direction S, whose direction angles are o = g, b= Zﬂ, v E (O; g)
of .« T—V2
[%‘(A) T2 }

Example 155. Given the function z = f(z,y) = /18 — 22 — 212

a) Write a sufficient condition for differentiability of a function of n variables in an open set
M C E,. Determine and sketch in E, the set D in which the function z = f(z,y) is
differentiable. Justify!

b) Determine and sketch the graph of the function z = /18 — 22 — 2¢2.
¢) Compute the derivative of the function f at the point A = [1; —2] in the direction deter-

mined by the vector § = 1@, where the point B = [0;0]. Describe the behavior of the
function f at the point A in the given direction (the function increases or decreases, how

quickly (estimate)).
d) Write the equation of the tangent plane and the parametric form of the normal to the graph

of the function z = f(z, y) at the point of contact 7" = [1; —2; 7].
e) Write the equations of the level curves (i.e. f(z,y) = k) of this function for k = 0, k = 3.
Sketch the level curves.
Solution:

W - L), oLy
T 2,/18 — 22 — 22 Oy 2,/18 — 22 — 22
18—22—2%2>0 = D:{[a:;y]€E2:18—9:2—2y2>0},
i.e. the interior of the ellipse with center at the origin, semiaxes: a = 3v/2, b= 3,
JUSTIFICATION: in the region D the given function has continuous partial derivatives

=

Projection of the surface onto the (zy)-plane

W\
il
d
l/// <
u

A
W\

il

{l

%//
%

i

[
y
=y
=2
Z

=

The graph is the “upper” half
(i.e. z > 0) of the ellipsoid 2% + 2y + 2% = 18

25



Contents I1. Differential calculus of functions of several variables

0 3VH
c) gradf(A) = (—1/3;4/3), §=(—1;2), a—J:(A) = T\/_, the given function is
5
at the point A increasing in the given direction, the tangent direction forms an angle of about 50°
with the direction §

d) A=[1;-2] € D(f), T = [1;—2;7] lies on the surface = zr = f(A) =3
0 0
The tangent plane 7 has equation 2z — zy = 8—2 (A) - (z — z0) + 8_Z (A) - (y — yo),
z )
0z 1 0z 4
Zpy=-z, Zw==z =
4
T:2=3— g(x -1+ g(y + 2), after rearrangement to general form x — 4y + 3z = 18,

normal n : [x;y;2] = [1;-2;3] +¢(1;—4;3), t € R
e)

The level curves are ellipses:

2+ 2y =k
22 +2y? = 18 (boundary of D(f), for k=0),
2+ 2y* =9 (fork = 3).

Example 156. Given the function z = f(x,y) = — /by — 22.
a) Write (and justify) at which points [x; y] € E, the function z = f(z,y) is differentiable.
Sketch the set of these points.
b) Compute the first-order partial derivatives of the given function at the point A = [4;5].

Describe the behavior of the given function at the point A (the function increases or de-
creases, in which direction, and estimate how quickly).

c¢) Determine the direction s in which the function f decreases most rapidly at the point A.
Compute the derivative of the function f at the point A in this direction 5.

d) Write the differential of the function f at the point A = [4; 5]. Using it, compute  the

approximate value of the function f at the point [4.3; 5.3].

e)Sketch the graph of the function z = f(z,y).

Solution :

a) On the set D = {[z;y] € Ey : 5y — 2> > 0} the given function has continuous partial
derivatives.

D is the “interior” of the parabola with
vertex at the origin and axis along the y-axis

0 4
b) —f(A) =3 the given function is increasing at the point A in the positive direction of
the x-axis, and does so at an angle of about 50° — 55°,
0
8_f<A) =5 the given function is decreasing at the point A in the positive direction of
Y

the y-axis, the angle between the tangent vector and the vector 7 is about 40°.
¢) § = —gradf(A) = (-4/3;5/6),
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Of  yy _ gradf(A) - (~gradf(4) _ - L
8§’<A) a | — gradf(A)]| = —|lgradf(A)|| V89/6 1.6,

the function is decreasing at the point A in the direction of the vector § and the angle between
the tangent and the vector §'is about 60°

d) df[A] = % d — g dy, F(4.3,53) = f(A)+ 2. > 2. S o

e) The graph is the “lower” half (z < 0) of the paraboloid of revolution y = (2% + 22)/5,
the axis of rotation is along the y-axis.

z
e T T AT T T T T T
/ Y
\
xr \\
NS ’y

157. a) Determine and sketch in [E, the regions in which the function z = In(zy — 4)

is differentiable and justify.

b) Determine the gradient of this function f at the point A = [—2; —4]. Describe what
the computed vector represents.

¢) Determine the magnitude of the derivative of the given function at the point A in the
direction of the gradient.

d) Determine the vector 5 in whose direction the derivative of the given function at the
point A is zero. Verify it by computation.

e) Write the equations of the level curves of this function for £ = 0 and for £ = In 4.

[a)Dl = {[:uy} EEy:z<0,y< 4/:c}, Dy = {[:my} EEy:z >0,y > 4/1’},}
[b)grad f(A) = (—1;—1/2) gives the direction of maximal increase of the given function at the point A]
[c)5- gradf(A) = 0= § L gradf(A),e.g. 5= (1/2;-1), d)y =5/z, y = 8/z. |
158. Given the function f(z,y) = 2* — y* + 6zy + 2z, the point A = [—1; 2] and the direction
§=(2;-2).

0 : o o .
a) Compute a—Ji(A) Is it the direction of maximal increase of the function
5

f at the point A?
b) Determine all points at which grad f(z,y) = 0.
c¢) Find the point of contact and the equation of the tangent plane 7 to the graph of the

function f parallel to the plane o : 4x + 6y — 2+ 3 = 0.
a)%{(A) = 11V2, No}
S
[b) x =—1/10, y = =3/10, ¢) T = [1;0;3], 4z + 6y — 2 — 1 = 0. |
159. Given the function z = f(z,y) = y*sin(2? — y?).
af of
ox’ Oy’
b) Write the equation of the tangent plane to the graph of the function f at the point
of contact [1; 1; 7].
¢) Using the differential, compute an approximate value of the function f
at the point [0.9; 1.1].

a) Determine where the function is differentiable and compute

[a)g—i = 2xy? cos(x? — y?), % = 2y sin(2? — y?) — 2y cos(z? — y?)]
[b)z =2z — 2y, ¢) £(0.9; 1.1) = —0.4.]
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II.7 Derivative of a composite function

0 of oOx Of 0
= _0f 0z 0f oy

Bo Gr Bu &y o
0 af ox Of 0O
:_0f O, Of oy

v dr vy

Let the differentiable functions z = f(x,y), * = x(u,v), y = y(u,v) be given. Then

e Compute the derivatives of the given differentiable functions.

Example 160. Let the differentiable functions z = f(x,y), * = ucosv, y = usinv be given.

z 0z
ou
b) Verify them by direct computation for z = f(x,y) = e” Iny.
Solution :
a) The dependence between the variables can be represented

a) Compute the derivatives of the composite function

z
by an oriented graph, from which we build
the formulas for the individual derivatives. /\
0: _0f cos v + 0 sl x Y
— = ——-cosv+ —— -sinv
ou  Ox oy ’
0z _ _8f usinv + of % COS U
ov Oz dy

u v
bl) Substitute for = and y and obtain the function z(u,v) = " “*?In(u sinv), then
8'2 u Cosv : u CosSv :
—=e ~cosv - In(u sinv) + e - ———— -sinw,
ou u sinwv
0 1
a—i =" Y. (—u sinw) - In(u sinv) 4 * 7. g U CosY.

0 0
b2) Substitute into the formulas from a) for —f, —f
or’ 0Oy

0z Of L of . r n er .
— = ——-cosv+ == -sinv=e"lny-cosv+ —sinwv,
ou Ox oy 4
0z Of _ of - . er
— = —-usinv+ = - ucosv = —e’Iny - usinv + — ucosv.
ov  Ox oy

Substituting for x and y gives the same result as in b1).

Example 161. w = f(z* + y* — 22*). Compute the expression V =

Solution : Letu =x*+y* — 22 = w = f(u) be a function of one variable.

w ow df Oou 3
l or  du Oz () - 42,
ow df Oou 3
u dy du Oy (u) - 4y,
ow df OJu o3
AN Qo _ A0y (-8,
x y 2

After substitution we easily compute that I = 0.

1 8w+ 1 8w+
423 0x 43 Oy

n
1 ow

42392
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162. Verify that the function y = f(z + at) + g(x — at) satisfies the partial differential equation

Py 0%
— — a”"— = 0, where the constant a € R. Assume that f and g have
ot? 0x?
continuous second-order partial derivatives. [Hint: uw =z + at, v=2 —at, y = f(u) + g(v)]
) ) Y ) ) 0z 0z
163. Verity that the function z = f (—) satisfies the equation z - 9 +y- Eve 0.
x x Y

Assume that f is a differentiable function.

164. Let the functions z = f(u,v), u = 2> — y*, v = ™ be given. Compute the differential

0 0

expression W =y - o= +x- —Z, where f is a differentiable function. [W = (2* +4?) e””yg}

ox y v
. . 2 4,2 2 of of
165. Let the function f(u,v) = x¥ be given, where z = u* +v*, y = uv +v*. Compute u and 0
u v

. . - _ of .« Of, .

at the point A, whose coordinates are u = 1, v = —1. {%(A) = %(A) =—In 2}

I1.8 Implicitly defined functions

Example 166. Prove that the equation 2° + y* = 2% + 2y — 1 implicitly defines a unique function
y = f(x) in a neighborhood of the point A = [1;0]. Determine f’(1) and f”(1).

Solution : Let F(x,y) = 2® + y> — 22% — xy + 1. This function is continuous and has continuous
first- and second-order partial derivatives in [E,, thus also in a neighborhood of the point A, verify
this. For the existence and uniqueness of the implicit function y = f(x) with continuous first

and second derivatives it is now sufficient that F'(A) = F(1,0) = 0 and F,(A4) = (3y* — z) L
—1 # 0. Next we compute

R e I R
"o en _ d / _ (656—4—3/)(32/2—33)—(3332—4£E—y>(6y‘y/—1)
=7 (x)_%(f (93)) T (32 — 2)?

P Gl K V1o D C S VY .

Example 167. Write the equation of the tangent ¢ and the normal n at the point A = [1; 1] to the curve
defined implicitly by the equation F'(z,y) = 2%y + y°z + 2%y — 3 =10,

Solution : Since F'(1,1) = 0 and F,(A) = ($3 + 3y*z + x2> [
11
F(z,y) = 0 indeed defines the function y = y(z), whose graph passes through the point A.

= 5 # 0, the equation

F,(A) 3+ 3y*r+a? )|, 5
6
t: y=uyo+y(w0)(x — o), where A = [z0; o], yzl—g(x—l):>6x+5y—1120,
1 5!
n: y:yo—y,(xo)(x—:vo), y:1+6(x—1):>5x—6y+120. n

Example 168. The equation In /22 + y?> = arctan J implicitly defines the function y = f(z) for
x
x # 0. Determine y' and 3.
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Solution :  'We may use the known formula iy’ =

_FI’ F, # 0 or we may differentiate the given
Yy
equation directly and keep in mind that y depends on z, i.e. y = y(z).
Let us differentiate directly :
1 2z + 2yy’ 1 yr—vy r+yy  Yr—y
. — . — frng
’$2+y2 2 l.2+y2 1+(%)2 12 $2+y2 x2+y2
/ / / / x + y
vty =yr—y=acty=yl-y = Y=

Y _x——y’ x#y, x#0.
We compute the second derivative similarly :
<x+yy:(LHN@—y%%$+wﬂ—y):z—y—x—y+y@—y+$+w
T —y (z —y)? (z —y)?
) =2+ 2y —2y + 2z - ;2 _ 2(x2—|—y2)7 vy 140,
(z —y)? (z —y)? (z —y)?

Example 169. Show that the equation 2 + 2zy + y* — 42 + 2y — 3 = 0 implicitly defines a function
y = f(x) whose graph passes through the point A = [0;1] . Determine whether the
function f is convex in a neighborhood of the point 2, = 0. Write the equation of the

tangent to the graph of the function at the point A.

Solution : F(x,y) = x°+2xy+y* — 4w+ 2y — 3 is differentiable in E, (thus also in a neighborhood
of the point A) and has continuous second-order partial derivatives in [E,. Furthermore:

F(A) = F(0,1) =0, Fy(4) =2z +2y+2)| =470,
_____2:c+2y—4__x+y—2
V= y_ 20 +2y +2

— 9/ (0) =
Tty +1 y'(0)

- =
v A+ )et+y+)—(@+y—-2)0+y)  3(0+y)
! w1y (w+y+1)?

S0 - 3(1+1) 9

051717 =3 < 0. The function y = f(x) is concave in a neighborhood of the
point z,

1
since ”(0) < 0. The tangent at the point A has equationy — 1 = —x.

u
Example 170. Prove that the relation F(z,y,2) = z* + 3z%2 — 22y = 0 implicitly defines a unique
function z f(x,y) in a neighborhood of the point A =
grad f(—1,—2).

= [-1;—2;1]. Determine
Solution : The function F' has continuous partial derivatives in a neighborhood of the point A,

F(A) = F(—1,-2,1) = 0, F%A):(3£—%&ﬁwA:63£0

Thus the existence and uniqueness of the function z = f(x,y) are proved in a neighborhood of the

point A, which has continuous first-order partial derivatives in a neighborhood of the point [—1; —2].

Now grad f(—1,—-2) = %(A); %(A) , Where
of  F

6rz — 2y of 1

- R 32t et TR

af F, —2x af 1

Oy F, 322 + 32 - 8y( ) 3’
1 1 1

grad f(-1,-2) = (5i—3) = 5(Li-1).

373
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Example 171. In a neighborhood of the point [2; —2; 1] the function z = f(z, y) is given in implicit form
0
by the equation In 2 +22%y2+8 = (. Determine a—i (A), where § = 1@, A=1[2,-2,B=
5
3; —3].

1
Solution : Let F(z,y, 2z) = In z + 2%yz + 8. The functions F, = 2zyz, F, = 2%z, F, = ~ + 2y are
2

continuous in a neighborhood of the point [2; —2; 1].
At points where F'(z,y,2) =0 and F,(z,y,z) # 0 we have:

or _ B 2wyr O _ 80T B _ @t Of 4
or T R Teay o) Ty T R Tray oy T
of § 7 84y (1,-1) 12 —6V2

Let the surface z = z(z, y) and the point of contact 7" = [A; f(A)] be given, where A = [z(; o, then

0 0
the tangent plane 7 : 2 = 2z + a—i(%, Yo) (x — o) + _;Z(Ibv Yo) (¥ — Yo)

thenormaln : X =T +tn,t € R, wheren = (g(xo,yo); a—f(xo, Yo); —1)
ox dy
Example 172. Write the equation of the tangent plane 7 and the normal n to the surface z = z(z, y)
defined implicitly by the equation F'(z,y,2) = 22 +y* + 22 — 25 =0
at the point A = [3;0;4].
Solution : 'We know that a normal vector to the surface has the expression
M= (%; g—;; —1> = (—%;—%;—1) ~ i = (Fo; Fyy FL).
If the surface is expressed in implicit form, then the latter notation is more convenient. Thus
= (2052 22) ~ (w395 2)] 4= (3:0;4),
7:3x—=3)4+0-y+4(z—4)=0=3x+42—-25=0,
n:lz;y; 2] = [3;0;4] +¢(3;0;4), t € R. n

Example 173. Write the equation of the tangent plane to the surface defined implicitly by the equation
F(x,y,2) = x(y + 2) + 22 — 5 = 0 parallel to the plane ¢ : 3z — 3y + 62 = 2.

Solution : 7 = (3;—3;6) ~ (1;—1;2)
n=(F,;F;F,) =Y+ zzx+22) =k(1;—-1;2), k € R\{0}
y+z==~k
x=—Fk } and from this system we must determine the coordinates of the point of contact A.
x4+ 2z =2k
Wegete = —k, y= —g, z= ; k. We know that the required point must lie on the given

surface, so we substitute into F'(z,y, z) = 0 and determine the parameter k , and thus also the
coordinates of the required point. We obtain successively

_k<_ﬁ+;k>+<§k)2:5;» 45@%1#:5;» B =4 = k=42,

2 2
Ay =[-2;-1;3], Ay = [2;1; 3],
T:x—y+22—5=0, m:x—y+22+5=0.
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Example 174.* Determine the equation of the tangent at the point A = [—2;1;6] to the
curve in [E3, which is the intersection of two surfaces given implicitly by
the equations
202 4+ 3y? + 22 = 47 2% + 2% = 2.

Solution : We determine the tangent plane at the point A to the first surface 7y : —4z+3y+62—47 =0
and the tangent plane to the second surface 7, : —4x 4+ 4y — 2 — 6 = 0. The direction vector
of the required tangent is § = 7i; X 7iy = (—27; —28; —4) ~ (27;28;4) and the equation of the
tangent is

[z;5y; 2] = [—2;1;6] + ¢(27;28;4), t € R.

We give another possible procedure. With the given expression of the curve as the intersection of
two surfaces we assume that the only independent variable is . Then y and z will be functions of the
variable z, i.e. y(z), z(x). The required tangent vector § will be (1,v'(z), 2/'(z)).

Therefore we differentiate the given system with respect to x :

4o + 6yy + 222/ =0 , 20+ 3yy + 22/ =0
or equivalently , .
2x + dyy = 2/ 2c +4yy =z

We are interested in the tangent vector at the given point, so we substitute the coordinates of the
point A and obtain successively the mutually equivalent systems

e
y = 4 11 =28 28
—4 43y +62 =0 3y + 62 =4 A
= = 4 - .
—4+4y -2 =0 4y — 2 =4
‘ 3 4
T B
=21 =27 21
28 4
The required tangent vector is § = (1; 77 2—7) ~ (27;28;4). The parametric form

of the tangent is thus again  [z;y; z] = [—2; 1;6] + ¢(27;28;4), t € R. n

Example 175. a) Find the unit vector 1 of the normal at the point A = [1; —1; 1]
to the surface expressed implicitly in the form F(z,y,2) = 2* + y* + 22 — 3 = 0.

0
b) Compute a—g(A), where g(z,y, 2) = zy?z3.
n

Solution :  a)ii = (Fy; F,; F,) = (22;2y; 22) ~ (z;y;2), n(A) = ||Zgj;]| _ %(17 “1:1)
0 _ 1:-1:1
b) S (4) = grad g(4) - A(A) = (1;-2;3)- % 923 .
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e Write the equation of the tangent ¢ and the normal n to the curve defined implicitly by the equation
F(z,y) = 0 at the point A :

176. F(z,y) = arcsinz + ay? = 0, A = [0; 2] t:z2=0,n:y=2]

177. F(x,y) = 2%y + 2y? —axy —a®> = 0, A = [a; a] [t:y=—-x+2an:y=u2a]

178. Prove that the equation In(z + y) + 2z + y = 0 defines the function y = f(x) satisfying
f(—1) = 2. Write the equation of the tangent to the curve y = f(x) at the point A = [—1;2].

[t:y=2—3(x+1)]
e A function of one variable y = f(x) is defined implicitly by the equation F'(x,y) = 0.
a) Compute the first-order partial derivatives of the function F'.

b) Verify that the equation F'(z,y) = 0 implicitly determines in a neighborhood of the point
[z0; yo] the function y = f(z), which has a continuous derivative f’(z) in a neighborhood of
the point .

¢) Determine the value of the derivative f’(x() and write the equation of the tangent and the
normal to the graph of the function f at the point of contact [z; yo]|. Describe the behavior of
this function at the point z, i.e. increasing or decreasing.

d) Use the tangent equation to compute approximately the value y = f(x) at the given point z;.
Sketch the tangent.

— 1 -—
a) F, = 2zy — 322, Fy = 2% — —
) T Yy ) \/g
o) ff(1)=-10,t: y=4—10(x — 1), n: y:4+ﬁ(x71),
the function f is at the point zp = 1 decreasing

i d) f(0.8) =6 |

180. F(z,y) = ye* +y* — 22%y — 2, [z0;50] = [0;1], 71 = —0.3

a) F, = ye® — 4xy, Fy:e$+2y—2m2
) f'(0)=-1/3, t:y=1—-2/3, n: y=1+ 3x,

Y
the functionf is at the point zp = 0 decreasing :
d) f(—-0.3) = 1.1

181. F(z,y) =In(x —y) + 2z +y* — 2 =0, [zxo;90] = [1;0], x, = 1.1

a) F, =
Ty T—Y
o)ff()=3,t:3r—y=3,n:x+3y=1,
the function f is at the point xg = 1 increasing
d) f(1.1) =0.3
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2
182. F(x,y) = xye® ¥ — o= 0, [zo;y0) = [1;2], 1 = 1.1

CL) Fx - (y+$y) e:pfy7 Fy(xay) = (LU - I‘y) e Y

o)ff)=4t:y=2+4(x—1), n: x+4y =09, y
the function f is at the point zy = 1 increasing [1,2]
d) f(1.1) =24 ‘

e A function of one variable y = f(x) is defined implicitly by the equation F'(x,y) = 0.

a) Verify (all assumptions) that the equation F'(z,y) = 0 implicitly determines the function
y = f(x), whose graph passes through the point [x(; yo| and has continuous first
and second derivatives in a neighborhood of the point z.

b) Determine the values of the derivatives f’(xo) and f”(x).

c¢) Write the Taylor polynomial of degree 2, T5(x) of the function f centered at the point x.
Using T5(x) compute approximately the value f(z) for the given z; .

d) Sketch the graph of the function f in a neighborhood of the point [x¢; yo].

183. F(z,y) = 3 4+ 2%y + ' — 1 =0, [zo; yo] = [2; —1], 1 = 2.2

0 = £(2) = -1,
O Tofa) =12~ T2

f(2.2) = =122

2
184. F(z,y) = 2+ % — 2%y —1=0, [zo;y0] = [1;2], 21 = 1.2

b)f'(1) = f"(1) =1,

_ 2

OTs(z) =143+ & 21) ,

F(1.2) =2.22

185. F(z,y) = >+ Iyz +axy—7=0, [xo;v] =[1;2], z1 = 0.9

! _ 9 " _@
b)f'(1) = 5 fﬁél) = 195’
o)Tr(z)=2—(x—1) - @(x —1)%,

1) = 27319
712500

186. F(z,y) = 2° +2y* — 2zy —y = 0, [vo; 0] = [1; 1], 21 = 1.2

a local maximum occurs at the point

b)f'(1) =0, f"(1) = -2, ] Y. [1:1]
e)Ty(x) =1~ (z—1)2%, f(1.2) =0.96

e Write the equation of tangent plane 7 and the normal n to the surface F'(z,y, z) = 0 at the point A :

187. 22 +2y* + 322 —21 =0, A=[1;2;2]
[7:24+4y+62—21=0, n: [z;y;2] = (1;2;2) + t(1;4;6), t € R]
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188. 23 + P + 23 +ayz — 6 =0, A=[1,2,—1]
[7: 2+ 11ly+52—18=0, n: [z;y;2] = (1;2; —1) + t(1;11;5), t € R]

189. vy —x—y—2=0, A=[1,-1,-1]
[7: 2x4+2+3=0,n: [r;y;2] = (1;-1;—-1) + t(—2;0;1), t € R]

e Write the equation of such a tangent plane to the surface F'(z,y, z) = 0, that is parallel
to the plane o.

190. 22 + 92 +22—-1=0, 0:2+2y+2=0
[:1:+2y+zj:\/520, points of contact T o = [i%;i%;i%ﬂ
191. 22 4292 + 322 —21 =0, o: v +4y +62=0 [z +4y+62+£21 =0, Ty 9 = [£1; £2; £2]|

192. Let the function z = f(z, y) be given implicitly by e*—zyz = e. Determine f,(A), f,(A), fz,(A),

where the point A = [0;e; 1] [f2(A) =1, fy(A) =0, foy(A)=1/€]
193. Two surfaces are given in implicit form by the equations x + 2y —Ilnz +4 =0
and 2® — zy — Sz + §z2 + 5= 0. Determine the mutual position of the tangent planes

to both surfaces at the common point 7" = [2; —3; 1].

[z + 2y — z + 5 = 0 is the common tangent plane]

e A function of two variables z = f(x,y) is defined implicitly by the equation F'(z,y, z) = 0.
a) Verify (all assumptions) that the equation F'(x,y, z) = 0 implicitly determines the function
z = f(z,y), whose graph passes through the point A = [x0; ¥o; 20] and has continuous
first-order partial derivatives in a neighborhood of the point [xg; 3.

b) Compute the derivatives Z_J; and g—;j and determine grad f (xg, yo).
c) Write the equation of the tangent plane 7 and the equation of the normal n to the graph of
the function f at the point A (i.e. also to the surface described by the equation F'(x,y, z) = 0).
d) Determine the differential of the function f at the point [x¢; yo]. Compute approximately the
value of the function f at the given point [x1; 3].
e) Determine the derivative of the function f at the point [xo; 3] in the direction .
Write the direction S, in which the function f at the point [z; ] decreases most rapidly.

Compute the derivative of the function f at the point [xo; yo| in the direction §.

194. F(r,y,2) =22%y2z —o+y* +2° —2=0,A=[1;2;—1], [z1;51] = [0.9;2.1], @ = (2;4)
[ Of 6x%yz —1 Of 2232 + 3y? 13 10\ T
S PrgeT - Y A 2T 1.9) = ( 22. %
) Ox 223y + 3227 Oy 2x3y + 322’ grad f(1,2) 77
o)T: 13z —10y — 72 =0, n: [z;y; 2] = [1;2; —1] + ¢(13; —10; =7), t € R

d) df[A] = ?(z _ ) _\/1]0(1, ~9), £(0.9,2.1) = _% S 1328
of 1 Vs . of V269
I 6) %(172) - _ﬁ - ?a s= (_137 10)7 85»(172) - 7
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195. F(r,y,2) = 2° + 32y*2 + 2y2° = 0, A = [1; —1; —1], [z1;51] = [0.9; = 1.1}, @ = (1; —2)

. of 322 4+ 3y%2  Of 6ryz + 223 4
[ R e B R o i e df(1,-1)=(0;=
)61: 3xy? + 6y22" Oy 3xy? + 6yz2’ grad f (1,—1) "3
)T:4dy—3z+1=0,n: [z;y;2] =[1;-1;—-1] +¢(0;4;-3), t € R

d)df[A] = %(y+ 1), £(0.9,—-1.1)=-1.13

3f o _i o ) _% al B B _%
L e) %(17 _1) - 3\/57 S = (O, 3)7 8§(1, 1) =
196. F(z,y,2) = 2" —ay + 22 —6 =0, A = [0;0;2], [v1;51] = [-0.2;0.1], @ = (—1;2)
_ of . zem—s-y,y of B 2oty _ o ) 2‘ oy -
DGy = wa e gy = eias 0.0 = (5 —3)

o)T:2x+2y+52=10,n: [z;y; 2] =[0;0;2] +¢(2;2;5), t € R
d) df[A] = —%(a: —0) - %(y —0), £(—0.2,0.1) = 2.04
€)

of 2 [(22\ 9f 8
i %(an) - _ﬁv s = <57 5)7 %(070) - _?

I1.9 Extrema of functions

3

Theorem (necessary condition for a local extremum). Let the function f(z,y) be differen-
tiable at the point A. If the function f has a local extremum at the point A, then gradf(A) = 0.

Denote the leading principal minors of the matrix of second derivatives by

f oy, 2L
2 a o )
MW=t  mw=| % %

@ 5@

Theorem (sufficient conditions for a local extremum of a function of two variables).
Let the function f(z,y) have continuous second-order partial derivatives at the point A.

Suppose that at the point A the necessary condition grad f(A) = 0 is satisfied.

Then the following hold:

If Ay (A) > 0and Ay (A) > 0, then the function f has a strict local minimum at the point A.
If Ay (A) < 0and Ay (A) > 0, then the function f has a strict local maximum at the point A.
If Ay (A) < 0, then the function f does not have a local extremum at the point A.

Procedure for computing local extrema

Step 1: Using the necessary condition, determine the so-called critical points, i.e.

a) points at which the function f(z,y) is not differentiable,

0
b) points that are solutions of the system of equations 6_f =0,
75

a—y:

Step 2: At points b) proceed according to the sufficient condition.
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e Find the local extrema of the function:

Example 197. f(z,y) = /22 + y?
Solution : The given function is defined on [E,. The partial derivatives

of T of ]

0r iy oy
critical point. Therefore there may be a local extremum at the point A, since the function f is not
differentiable at the point A. However, we cannot decide using the above sufficient condition, so we
use the definition of a local extremum. For every point in a punctured neighborhood P(A) of the point
A, it holds that f(X) > f(A). Thus the function f has a strict local minimum at the point A = [0; 0]
with value f(0,0) = 0.

NOTE. The inequality f(X) > f(A) holds in any punctured neighborhood P(A). Therefore the
function f has a strict global minimum at the point A = [0; 0] as well.

do not exist at the point A = [0; 0], which is the only

The example has an illustrative geo-
metric interpretation. It is enough to
realize what surface is the graph of the

function z = f(z,y) = V22 + 2.

[
3 2 1 o
Example 198. f(z,y) = x° — 2° + Sy Ty 6x
Solution : The function f(z,y) has continuous first- and second-order partial derivatives.
0 0
1) According to the necessary condition 8_f =0, (?_f = 0 we obtain the system:
z Y
af 2
gr v —2wmy—6 302 — 2 —y—6=0 .
- we substitute
of y—x =20
dy
2 _ . _ 9y _ _ —
3(x? —x —2) o} . (x —2)(z+1) 0} .
y==x y=2z
and we obtain two critical points [2; 2], [—1; —1].
Let us prepare the second derivatives
an )
0*f 0 f 6r —2 —1
=—1= y =— Aq(x,y) =62 — 2, Ao(x,y) = =6x —3

Oyox 0x0y 1(y) 2(7,9) -1 1

>f

dy? B J

Ay | Ay | conclusion
2) From the sufficient condition (2; 2] 9 | 10 | strict local minimum, f(2,2) = —10
(—1;—-1] | -9 not an extremum
[
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Example 199. f(x,y) = 22° 4+ zy* + 522 + 3
Solution : Here we have a function of two variables in explicit form. The function f is differentiable
on [, therefore the necessary condition for the existence of local extrema is: % =0, g—£ = 0.

U =622 +92+100 = 62°2+y>+102=0

g_izzxy+2y = yl+1)=0 = eithery =0orxz = —1
y=0: 622+100=0—= 5 5

r=-1: ’+6-10=0=¢y’=4— { z
Now let us prepare the second-order derivatives:

Al AQ Ag A4
foe=12c0+10] 10 -10| 2] 2
foy =20+ 2 20 —4/3] 0] 0
fmy — 2y = fyw 0 0 41 -4

If Ay(A) Jow  [ay < > 0, then alocal extremum exists at the point A;.
2 Joe  Jfyy < 0, then no local extremum exists at the point A; .
10 0 . ..
For Ay : Ay(A;) = 0 2 ‘ >0, A1(Ay) = far(A1) > 0, we obtain a local minimum
f(A) =0.
—10 0
For Ay : Ag(As) = 0 4 1 >0, A1(As) = fuz(As) <0, there is a local maximum
k 125
Ay) = —.
z(As) o7

For Az, A4 we have Ay(A3) = Ag(Ay) = —16 < 0, and therefore at the points A3 and A, local

extrema do not exist. =

Example 200. The function y = f(x) is expressed in implicit form by
F(z,y) =2* + 22y —y* +8 = 0.

Solution : We compute y' :

, F, zx+y

for x #£ y.

Set y =0, ie. z+y=0 = y = —x. Substitute into the equation to
determine the coordinates of possible local extrema

[E2—2ZE2—ZE2+8:0_——> 202 =8 —= 1‘172::|:27 yLQZZF2.

We obtained two points A = [2; —2] and B = [—2;2]. Now we compute
y =0 @ =1
(y — ) ’
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y'(A) = —<0= f(2)=—2 isalocal maximum and

4
y'(B)=—>0= f(—2) =2 isalocal minimum. .

Example 201.*% f(x,y,z) = 2% + y* + 2% + 120y + 22

Solution :
Az = i Mg | o o | AL
3 — fyr fyy fyz ; 2 — f f ) 1—f:ca:
fzx fzy fzz Y v

According to Sylvester’s theorem (criterion):
A3(P) > 0,A(P) > 0,then f(P) is a strict local minimum.
IfAQ(P)>O,{ 3(P) 1(P) f()‘ | ‘
A3(P) < 0,A(P) <0, then f(P) is a strict local maximum.
If Ay (P) < 0, then at the point P no local extremum exists.

The computation proceeds as follows:
fo=30"+12y =0 ie a°+4y=0, then 2?—24r =0 = and
fy=2y+120 =0 ie y= —6uz, ’ x1 =0, xo =24,
f.=2242=0, re. z=-—1
A=10;0;—1], B =[24;—144;—1]

fzz = b1, fyy:27fzz:2u fa:y:127 Jze =0, fyz:O‘

Since Ay(A) = ' 13 13 < 0, at the point A no local extremum occurs.
144 19 144 12 0
Since Ay(B) = ' 12 9 ‘ =144>0, A3B)=| 12 2 0|=288>0 and
0 0 2

A;(B) =144 > 0, the value f(B) = f(24,—144,—1) = —6913 is a local minimum.
We may also verify directly that the quadratic form d” f[B] is positive definite :

d*f[B] = 144 (dz)* + 24 dx dy + 2 (dy)* + 2 (dz)? = (12dx + dy)* + (dy)* + 2 (dz)* > 0

e Find local extrema of the given functions with the given constraint:

Example 202. > = 2(2? + 3?), if z +y = 2.
Solution : Geometrically, this means finding the extrema of the z-coordinate on the intersection curve
of the paraboloid of revolution z = 2(2? + y?) with the plane = + y = 2.
From the constraint = 4+ y = 2 express, for example, y = 2 — = and substitute into the given
function z(z,y) = 2(z* + y?). Thus we obtain Z(x) = z(z,2 — z) = 2(2? + (2 — x)?), so that
Z(z) = 4(2? — 22 + 2).
For the one-variable function Z(x) we seek a local extremum. Thus
Z(x)=4(2r—2)=0. Hence 2y =1,y =2—1=1and Z’'() =8>0 =
z(1,1) = 4 is a local minimum.
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x
Example 203. > = 3 + %, if 22 4+9y2=1.
Solution : Geometrically, this means finding the extrema of the z-coordinate on the intersection curve

of the plane 2 = g + % with the circular cylinder 22 + ¢? = 1.

/ \

T Yy

Since from the constraint 2% + y* = 1 we cannot uniquely express either x or y, we switch

to polar coordinates { = TCF)St , where r = 1, thus { = CQSt .
Yy =rsint Yy =sInt
t int d —sint t
Then Z = z(cost,sint) = % + Sl% and further 2z’ = d—j = s;n + % = 0, so that
tan ¢t = —.
" y 3 4
As we see in the figure, sint = + 5 cost =+ £
3 4
3 5 For sint; = 5 cost; = v we have t; € (0; g)
t and for sint, = ——, costy = —— we have {5 € (7?; —7T>
4 5 5 2
d*z t sint
Further, 3 = d—; - —% - % — (1) <0, Z(ts) > 0.
: : N 4 3 4 3 5
We have arrived at the local maximum  2(¢;) = z(E, g> =1 + 20 = 12
and the local minimum  Z(¢5) < 1 3) >
um  Z(ty) =z2(——,—2 ) = ——.
VAT 12
[
Example 204. z = sin® z +sin’y, if y =z — %
Solution : - - -
#(x) = z(x,x — 7/4) = sin® x + sin?(z — Z)’ Z'(z) = 2sinz cosx + 2sin(z — Z) cos(x — Z) =

= sin 2x + sin(2x — g) = sin 2z + sin 2z cos g — cos 2x sin g = sin 2z — cos 2z
If we set Z'(x) = 0, we obtain sin 2z = cos 2z and further

s s

20 = — + km, x=-—

4 8
We compute the second derivative: Z”(z) = 2 cos 2z + 2sin 2,

—i—k:g, sothat k; =2n, ko =2n+ 1.
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z”(f+2n-f)_2 vz, f — 22 >0,
8 2 2
g”(f+(2n+1).z>:—2 £—2 £2—2ﬁ<0.
8 2 2
2
Thus 2<g+n7r> :2sin2g:1—cos£:1—§ is a local minimum
5 1 5
and 2<g+(2n—|—l)g>—s1n2§7r+sm2g:§<1—cosz7r+1—cos£>:
V2 V2 : :
2( 7——) =1 1s a local maximum.

Example 205.% z = 2 + 2y, if 2% — 22 + 2y* + 4y = 0.

Solution : Here we use the Lagrange function:

If the function z = f(x,y) and the constraint g(z,y) = 0 are given,
then the Lagrange function has the form

L(z,y,)) = f(z,y) + Ag(2,y). [ _g
ox
. . . . oL
Its stationary points are obtained by solving the system vl 0
)
oL (2,9)
—_— = €T =]
\ aA g Y y

The function z = f(z,y) can have extrema under the constraint g(z,y) = 0 only at points [x; y]
for which there exists A € R such that [x;y; \| is a critical point of the function L(x,y, \).

In our example we have L(z,y,\) = 2 + 2y + A(z® — 22 + 2¢° + 4y)

oL Y
e 2¢ + A(2r —2) =0 andhence x= T
oL -
a_y - 4y + >\<4y+4) =0 and hence Yy = H—)\
A2 2\ 2)\? 4\
Therefi 220 +2y° +4y =0 that — — =0
erefore x T+ 2y + 4y , SO a(l—l—/\)2 1+)\+(1+>\)2 T ,

3/\2 6>\ 3)\2
TESCE TS, A # —1 and subsequently T

=6, 3N +6A=0= \-(\+2)=0.

Here we have M=-2, sox; =2,y =-2, A =[2;—-2]or
A =10 so 9 =0, yo =0, Ay = |0;0]. Further,
Lyy =242\, Ly, =444\, L, =0 and hence

A(Ar) = ‘ _(2) _2 ' >0, L,.(A1) <0, L(A;) =12 is alocal maximum,
2 0 . ..
A(Az) = 0 4| 0, Lyo(As) >0, L(A) = 0is alocal minimum.
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Example 206. In the plane = + 2y — z + 3 = 0 find the point whose sum of squares of distances
from the points A = [1;1;1] and B = [2;2;2] is minimal.
Solution : Denote the required point by P = [z;y; 2| and form the sum ]ﬁ? - ]ﬁ’?, which we
write using the coordinates of the points

fly,2) =@ =1+ —-12+ (-1 +(x -2+ (y —2)* + ( — 2)~.
The point P must lie in the plane  + 2y — z + 3 = 0. Thus this plane equation represents the
constraint, which must be satisfied.

If we express, for example, z = x + 2y + 3 and substitute into f(x,y, z), then the function
f(z,y,z + 2y + 3) becomes a function of two variables = and y :
flay) = flo,y,242y+3) = (@ =1+ (y— 1)+ (@+2y+2)°+ (2= 2)* + (y = 2)° + (z + 2y +1)%,

fo=2x—1)+2(x+22+2)+2(x—2)+2(x+2y+1) =8(x +y),

fu=2y—1)+4(z+2y+2)+2(y — 2) + 4(x + 2y + 1) = 4(2x + 5y) + 6.

fo =0, then T+y=0=y=-u, L
Set fy:()) SO 4$+10y:_3:_6$:—37 1'1—2, 1 = 2

5 1 15
We therefore have z; = =, P = [—- }

2 27279
faa(P) =38
Further, foy(P) =8 thus Ag(P) = | 2 o0 | > 0AP) >0
fyy(P) =20

and f(P) = ) is a local minimum.

Theorem (Sufficient condition for the existence of absolute extrema of a function on a
given set). If the function f(x,y) is continuous on a nonempty set M that is bounded and
closed, then f attains a maximum and a minimum on the set M.

A special case is the so-called constrained extremum, namely when M = {[z;y] € E, : g(z,y) =
0}, where g is a given function. Whenever possible, we express one variable from the constraint
g(x,y) = 0 and substitute it into the given function f. Thus we obtain the problem of determining
extrema of a function of one variable.

Procedure for computing absolute extrema.

Recall that M is the interior and M is the boundary of the set M.
Step 1: Verify that the assumptions of the theorem just stated are satisfied, thereby justifying
the
existence of absolute extrema.
Step 2: Determine all critical points X of the function f in M.
Step 3: Determine all points X € 0M at which the function f may attain
absolute extrema.
Step 4: Determine the values of the function f at all computed points. The greatest value
equals max,, f and the smallest value equals min,, f.
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e Determine the absolute (global) extrema of the function z = f(z,y) on the set M :
Example 207. f(z,y) =2 +y* +ay—xz—y, M ={[r;y] €Er:2 >0,y >0, 2 +y < 1}

Solution : We verify the existence of absolute extrema: The given set M is closed and bounded.
The given function f is continuous on E,, hence also on M. This is sufficient for the existence
of absolute extrema.

1) determine stationary points in the interior of the set M and their function values:

g =22+y—1=0 Yy
Ox oy — 1 N
O _gpvw 1-0) = 3 ¢
oy 4 B M
11 1
A= [g,g] eM, f(A4)= —3
O B o
2) determine suspicious points on the boundary of M, i.e. on the individual sides of the

triangle.

1
OB:y=0= hy(z) = f(z,0) =2 —=z, hj(z) =20 —-1=0 = =3,

1 1
Ay = [570] €M, f(Ay) = R
1
OC:x=0= ho(y)=f(0,2)=9>—y, hh(y) =2y —1=0 :>y:§,
1 1
Ag - |:0,§:| 6 M, f(Ag) - —Z,

BC:y=1—-z=h3(x) = f(z,1—2)=2*+(1—2)?+2(l—2)—z—1+2=—2?—ux,
1 13
3(*1.) x — x 27 272 ¢ )
3) determine the values of the function f(z,y) at the vertices O, B, C

f(O)=f(0,0)=0, [f(B)=[f(1,0)=0, [f(C)=/f(0,1)=0.

From all the computed function values, choose the smallest and the largest.

The global maximum occurs at the points O, B, C, fiax(O) = fmax(B) = fmax(C) =0

1
and similarly  the global minimum at the point Ay, fuin(41) = —=

3

Example 208. > = f(x,y) = 2> + y* — 6z + 6y, M = {[z;y] € Ey : 2% + 3> < 4}

Solution : Geometrically, this means finding extrema of the z-coordinate on the paraboloid bounded
by the intersection of the paraboloid z = x?+y?—6x+6y with the cylindrical surface x> +y? = 4.

1) Stationary points in the interior of the set M:

43



Contents I1. Differential calculus of functions of several variables

S —20—6=0=2,=3
oF — A=[3-3], A¢M.

2) Points on the boundary of the set M are written in parametric form:

T = 2cost }’ £ € (0:27)

Yy =2sint
Then successively:
f(2cost,2sint) =4 — 12cost + 12sint,

Q
|

= 12sint + 12cost = 0,
3 7

= —cost, ti1=-m, 1lo=-—m,

4 4

oy
~

— sin

w

t, = 1T B=[-V2:v2], 2z(B)=4+12V?2 is the global maximum and

7
ty = 1 = C = [\/_7 —\/5], 2(C)=4— 12v/2 is the global minimum.

N |

e A function f = f(x,y) is given.
a) State the necessary condition for a local extremum of a differentiable function of n variables
at a point A.
b) State the sufficient conditions for a local minimum (respectively maximum) of the
function f(x,y) at the point A.
¢) Investigate the local extrema of the given function f, i.e. determine their location, type, and
function value.

209. f(x,y) = 2? + 12y — 6y + 4x [Strict local min. at the point [—8; —2], f(—8,—2) = —16]
Strict local min. at the point [2; —3 2,-3) = —25, |
— 3 2 _ p [ ) ]7 f( ) ) )
210. f(w,y) = 2° +y* — 122 + by [ at the point [—2; —3] there is no extremum. |
211. f(x,y) =2y —y* —z¢e® [ Strict local max. at the point [—1;1], f =14 1/e]
Strict local min. at the point[2;2],  f(2,2) =2, ]
3 2 2 )
22. f(w,y) = 2" +y" = 207 = 20y + 6 [ at the point[0; 0] there is no extremum. |
Strict local min. at the point[3;3], f(3,3) = —19, |
3 2 _ o y 9]y
213. f(w,y) = 2"+ 3y" — by — 9z + 8 [ at the point[—1; —1] there is no extremum. |
214. f(z,y) = 2> +2v+yt — 4y + 7 [Strict local min. at the point [—1;1],  f(—1,1) = 3]
50 20
215. f(x,y) = zy + g + ; [Strict local min. at the point [5;2],  (f(5,2) = 30)]

fmin(2,-1) =3 —-61In2,

_ 2 2 _
216. f(z,y) = 2> +xy +y* —6Inx the point [~2; 1] & D(f)
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e Determine the local extrema of the function:

217. f(z,y) = 2* +y — x\/y — 6z + 12 [fmin(4,4) = 0]
218. f(z,y) = 2® + y* + 62 — 4y [ finin(—3,2) = —13]
219. f(x,y) = In(1 — 2% — 3?) [finax(0,0) = 0]
220. f(z,y) = 2° +8y* — 6xy + 5 [fmin<1, %) = 4, at the point [0; 0] there is no extremum]
21, f(r,) = (s + ) fuinl=2,0) = =2
9 . __m 4 1) =
222. f(z,y) = 2> + 4> + ~2® — 3y — 122 [ fmm(l’ )= 27 Frmax(—4, -1) = 58 ]
2 at the points[1; —1], [—4; 1] there are no extrema
223% 22 4+ 2 + 22 — 4w+ 6y —22+13=0 [Zmin(2, —3) = 0, Zmax(2, —3) = 2]

24522 Loy — P4 2ty+5=0 [ at the stationary points [—1; 2; 3], [—1;2; —2]

there are no extrema i
225.% f(x,y,2) = 2° +y* + 2° — 62 + 2y + 62 [f(2,—1,-3)) = —14, local min.]

f(3,36,12) = —873,local min., |
at the point [3; 0; 0] there is no extremum |

226.% f(r,y,2) = 2° +2y* + 2° — 12yz — 62

227.% f(x,y) = In(zy) + 2> +y* — 4o — 4y + 7

2 27 ]
local max. at the point A; = [1 — \g; 1- \Qf},
2 2
local min. at the point Ay = [1 + \g; 14+ \Zf} 7
2 2
other stationary points A3 = [1 4+ — f \2[] Ay = [ — \2[; 1+ \2[}

228. a) Investigate the local extrema of the function f(x,y) = 22% +y?> — 2y + 3z +y + 1.
b) Justify the existence and find the absolute extrema of this function on the segment AB,
where A = [0;2], B = [1;1].
a) local fiin(—1,—1) = —1,
b) fimin(1/2,3/2) = 6, fimax(0,2) = fnax(1,1) =7 ]

e A function f and a set M are given.
a) Justify the existence of absolute extrema of the function f on the given set M.
b) Investigate the absolute extrema, i.e. determine their location and compute the value of the
maximum and minimum of the function f on the set M.

229. f(z,y)=x+Inx—y?, M={|ry|€by;y=a+1,1/4<z<1}
fmin(1,2) = =3, fmax(1/2,3/2) = —=7/4 —In2 = 2,4,
f(1/4,5/4) = —21/16 — In4 = —2, 7is not an extremum
230. f(z,y) =2 +ay—3v—y, M={[r;y]€By; 2 +y<3,2>0,y>0}
[fmin(07 3) = _37 fmax(ovo) - fmax(gyo) = O]

231 f(z,y) =2 =20 +y’, M={[r;yl €Ey; 2® +y* <9,y >0}
|: fmin(lvo) = _17 fmax(_g’o) =15 ]

To investigate boundary points, you may use
polar coordinates, but the problem can also be solved without them.
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e Determine the global extrema of the function z = f(z,y) on the set M :

232 f(a,y) = 2* +y* —ay, M ={[w;y] € Ba: |2 + [yl < 1}
global min. f(0,0) =0 1
[ global max. f(1,0) = f(0,1) =
=f(=1,0) = f(0,-1) =1
233. f(x,y) =22 —y*, M ={[z;y] € Ey : 2? + y*> < 4} (use polar coordinates) )
global min. f(0,+2) = —4
global max. f(+2,0) =4

234. f(z,y) =ay(z —a)(y —b), M ={[r;yl €E2: 0 <z <a, 0 <y<b}

272 -
[ global rnax.f(g, g) = %
global min. f(0,0) = f(a,0) = f(0,b) = f(a,b) =0

235. f(o,y) =y -z —y), M ={[r;y] €Ey: 2 >0, y >0, v +y < 1}

11 1 1

lobal max. f(=, =) = -~

[ global max f(2,2) 1
global min. f(z,0) = f(0,y) =0 |

236. f(v,y) =2+ —ay+a+y—1, M={r;y] €Ey:2<0,y>0,2—y+3>0}

1 5 -
lobal min. f(—=,0) = —-
[goa in. f(=5,0) = =]

global max. f(0,3) = 11 |
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|’ CHAPTER I11.

Double and triple integrals

Contents
IILT EXiStence . . . . . . . o o o i i it et e e e e e e e e 47
III.2 Fubini’s theorem for the double integral . . . . . ... ... ... .......... 49
III.3 Substitution method for the double integral . . . . . ... ... ........... 58
II1.4 Applications of double integrals . . . . . . . .. ... ... ... ... ... ... . 61
III.5 Fubini’s theorem for the triple integral . . . . . . . ... ... ... ... ...... 71
III.6 Substitution method for the triple integral . . . . . . .. ... ... .. ....... 73
III.7 Applications of triple integrals . . . . . . . ... ... .. ... ... ... ... 71

III.1 Existence

Let D be a measurable (in the Jordan sense) set in Ey (resp. E3) and let the function [ be
bounded on D. Assume that the set of points of discontinuity of the function f in D has
measure 0. Then f is integrable on D, i.e. the integral

//D f(z,y)dxdy (resp. //D f(x,y,2)dxdydz) exists.

Example 237. Decide whether the given integral //
D

m dx d’y exists, if :
T Y

a) D = {[z;y] €E23$2+(y—1)2§i};
b) D = {[z;y] € By : 2? + 9> < 1};

) D ={[r;y] €Ey:a?+ (y — 1) < 2}.

Solution : We will use the fact that the double and triple (proper) integral is defined only for functions
bounded on a bounded set D and we will also use the existence theorem.

Yy

The set D is measurable, hence D is boundedland its
boundary h 0, and Y) = —5— 1

a) oundary has measure 0, and f(x,y) R is
continuous and bounded on D. The integral exists.

07 x
The set D is measurable, but f(x,y) is not bounded on D,
b)

The integral does not exist.

Y
) 1
because [0;0] € Dand lim ———— =00
[wiy]—[0:0] 22 + Y2
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f(z,y) is again not bounded on D ([0;0] € D),
1 the integral does not exist.

c)

x n
Example 238. Let the set D = {[z;y] € Ey : 2? 4+ y* < 4} be given. Investigate whether the
double integrals exist:
sin(x? 4 y? xdrdy dx dy
a)// %dwd% b)// PERE C)// PSR
p T°+y x +y p Tty +1
1
d dx dy, — dxd
) //D 1+ 2y Yy e) // Y.
Solution : ) )
a) it exists, im w = 1 < 0o = the function is bounded,
[zy]=[0;0]  x°+ Y
b) it does not exist, lim T 00,
[wy]—[0,0] 22 + 12
1
C) it exists, ————— is continuous on D C [E,,
.CL'2 + yQ + 1
Yy
) 2
d) it does not exist, because for example  lim ) 0, \
[yl —[-1:1]1 1 4 2y v
N %
1 _
e) it does not exist, because for example  lim  ———— = o0. y=1/z
eyl =[1-1] (2 + y)
]

Example 239. Investigate whether the triple integrals exist:

da:dydz
= Y Ys << 1<y < L9 2 <
a)/// Atz+27 W={lz;y;2]€B3:0<2<2 —1<y<0, —2<2z<2},

b)///(eryZ)dl“dydz, W ={[z;y;2] € Bg:0® <y <2, 2 >3},
w

! P . 2 2 9
C)///va2+y2+22_9dxdyd2, W= {lz;y;2] € By :1 < a?+19°>+ 22 <4}

Solution :

a) it does not exist, the function is not bounded on W, {1+ 2+ 2z =0} N W # 0,

1
(1+z+2)3
b) it does not exist, because the set W is not bounded in [E3,

c) it exists; W is a measurable set in E3 : 2% + y? + 2% — 9 # 0 in W, thus the integrand

1 1
is continuous on W; — < < — for every point |x;y; z] € W,
8 |z2+y?+22-9] 5 Y point [z: ;2

hence the function is bounded on W. n
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III.2 Fubini’s theorem for the double integral

~

The set M = {[z;y] € Eo; a <2 < b, ¢1(z) <y < ¢a(x)}, where the functions ¢1(x), p2(z)
are continuous on {(a; by and ¢1(z) < ¢o(x), is called an elementary region of integration with
respect to the r-axis.

Let M be an elementary region of integration with respect to the x-axis. Let the function
f(z,y) be continuous on M. Then

[ senasan= ([ i()) (o,y) dy) do

NOTE: Analogously for an elementary region with respect to the y-axis.

e Compute double integrals over the given rectangular sets:

dx d
Example240.I:// #ﬁyg D={lz;y] €Es:3<x<4, 0<y<2}
D 12—
Solution :
Yy r=23 xr=4
y =2 The rectangle D is bounded by the curves
n r=3,v=4y=0,y=2.
D
y=0
0 x

2 4 2. _ 2, _
3 >dy /O[x—lyﬁdy_/o (4—1y 31y>dy_

:/2<y L 4—L)dy: [ln|y—4|—ln|y—3|}z:1n2—ln1—ln4+1n3:
0

y—3
zlnE ln§ |
4
Example 241. [ = // By b (g eBy 0<2<2 0<y <1}
= = {lx; : x
D $_2y+3 Y 2 = = 4 SY>
Solutlon:1 ) . .
1 —1 2 —1 1
L ) ae [ [
o \Jo (x—2y+3)2 o Lz —2y+3Jo 0o \b—2y 3-—2
ool 1 1 1 1 1.9
:/< - )dy:[—1n|2y—5|——1n|2y—3|] =—-In-. [
o \2y—5  2y—3 2 2 o 25

Example242.//y2sin2xdxdy, D:{[x;y]eEgzongg, 1<y<2}
D

/2 2 w/2 1 — 2 9
Solution : // y2 sin® x dx dy = / sin? x dx - / y2 dy = / o oSt dz - [y_} =
D 0 1 0 2 3 1

1[ sin2:cr/2 <8 1) 1 « 7 TIrw
:L'— . o N

) 2 3 3/ 223 12

0
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NOTE: If the function is of the form f(x,y) = (x -h(y) and the set D is a rectangle

D = (a;b) x (c;d), then / fxydxdy—/g /h(y)dy.

Example 243, I—//xye dedy, D={lr;y] €Es:0<2<2 0<y<3}
DY

I | 3
— - dt-—[l 2 3} -
2Ae 5 | ly” +3l)

Solution :
2 3 y
I = xe® dx - ——dy =
/0 /0 3

2=t
2vdr = dt

1 41 1 1. 12 1 1
= 5 |:et:|0 . 5(11’112 — 1113) = 5(64 — 1) . 511’13 = 1(64 — 1) In4 = 5(64 — 1) In 2. .
e The set D C [E, is bounded by the given curves. Sketch it and express it as an elementary
region of integration.
Example244. 20 —y =1, 20—y =5, =0, v =2
Solution :
. 0<r<2?2
y y=2x-1 Dy op—5<y<2e—1
/ y=2xr—95
1 The arrow indicates a possible direction of the inner
-1 x integration when computing the double integral
over D using Fubini’s theorem.
T =2 The set D is an elementary region of integration
-5 with respect to the x-axis.
x=0
/]\
|

Example 245. y =0, v =2y, v =4

Solution :
Yy
) y=2 1) 1 2) = o
- | r =2y 0<y<2 or Osz<
D : D T
2y <z < 0<y<<
y=0 2
0 T r=4

D is an elementary region of integration with respect to the x-axis 1) T and also with respect
to the y-axis 2) —
u
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Example 246. y = 18 — 22, y = 2

Solution :
Y
18
18—22=2? = 22=9 = Tio =3
y =2’
9 3 <zx<3
T D:
7?2 <y <18 — 22
y =18 — 2
[ ]
-3 03 *
Example 247. xy =4, y = x, y = 4z, (x > 0)
Solution :
y y =4z
D y=x — 4
— 2 Y<a<y Yew<?®
,,,,,,,,,,,,,,,,,,,,,,, [2:2] D;:< 4 Dy:q 4 y
xy =4 0<y<2 2<y<4
D,
[0; 0] ’
[ |
e Change the order of integration:
1 11—z
Example 248. [ = / (/ f(z,y) dy> dx
0o o
Solution :
Y
. 0<zx<1 1 2 0<y<l1
0<y<l-=z 77 0<z<l-y
1 —
x
0
T y=1l-=x
1 1—y
I—/ </ f(x,y)dx) dy.
0o o
[ ]

51



Contents III. Double and triple integrals

1 x
Example 249. [ — / ( / Fla,y) dy) dr
0 2

Solution : y y = 2
. { 0<z<l1 y==u ’ 0<y<l
2 —
" <y<u 1;1] y<a <y
1 —

I:/(]l(/yﬂf(:v,y)da:)dy. -

4 Viz
Example 250. [ — / ( / F(a,y) dy) dx
0

Vdr—1z?
Solution :
The set D C [E, is bounded by the curves:
y = V4x — x? , which is the equation of the “upper” half
of the
0<z<H4 )
D { - = circle (z — 2)* + y* = 4,
A/ —r2 < \/
dr—risys v y = v4x , which is the equation of the “upper” branch of
T the
parabola y* = 4x,

r=4, x=0

2) In the direction of the x-axis, split the set D into three parts so that these parts are
elementary regions of integration.

— D:D1UD2UD3
4;4 D, - )
’ 1 yZSfL’SQ— 4 — 2
D 2<y<4
%
Dl DQ y2
Z <x<4
| Ds 4_1'_
0< 2
Ds =Y
T
2 2—/4—y2 4 4 ) A
Iz/(/2 f(x,y)dx>dy+/(/Qf(x,y)dx>dy+/</ f(x’y)d:[/)dy‘
0 T 2 T 0 24+4/4—y?
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Example 251. [ = /04 (/Og f(z,y) d:z:) dy + /46< Oﬁ—y f(z,y) d:v) dy

Solution :
D=D,uUD
10 < ’ <4 Y The new direction of inner integration
Dy : == Y allows the entire set D to be expressed
lo<a< B y =2z without prior splitting:
0<z<?2
osvEt y=6-2 P\ w<y<6-a
lo<z<6-y <y<
70 N
2 6—x
1:/ < flz,y) dy) dz. .
0 2z

e Using Fubini’s theorem, convert the double integral // f(z,y)dx dy into iterated
D

integrals for both orders of integration, if the set D C [, is bounded by the curves:

Example 252. 1 =0, y = 2%, v +y =2 (2 > 0)

Solution :

2 ' y =z //Df(:v,y)dxdy:/01</$j_zf(x,y)dy>dx:
77777777777777777 A _ Zél(/oﬂf(x,y)dx) dy+/12< 02_yf(x,y)da:) dy.

Example 253. x = y*> — 4, x = —3y

2
. . =y -4 . . . .
Solution : By solving the system { z 4 we obtain the intersection points of the parabola

r=y>—4
with the line given by the equation x = —3y.
1 —3y
i r=y?—4 //f(x,y)dxdy:/ < f(x,y)dx)dy:
D —4 274
=31 — -3, pvVard !
x :/ (/ f(rc,y)dy) da+
r=-3 12, =3
Y +/ (/ f(z,y) dy) dzx.
-3 N —Vat4
[ |
[12; —4]
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e Sketch the set D C [E; bounded by the given curves and compute the given integrals :

2
Example 254. // x—dedy, D:xy=1 y=4z, xt =3
DY

Solution :
y =4z
Y 2 3 dz 2 3
174x
//x—dedy:/ </ x—zdy>dx:/ 352[——} dr =
r =1 DY 1212 Y 1/2 Yyii/z
3 3
1
:/ m2<——+x>dx:/ <x3—£>dx:
1/2 dx 1/2 4
_[3:4 91:2}3 1225
T L4 8l 64
oy =1 1/2 .
‘1 —
2 37

Example 255. // P dody, D:x*+y*=a* v=0(z>0)
D

Solution :

2

//DQ:SQdedy:/a(/O@y?da:) dy:/a y2[%4]g/mdy

—a

/y
N

.
-

1 3 5 a1 1 2 1 4
R AL SRR
0

21" 3 5 2 \375 7)) 105" .
dz d
Example 256. // #, D:y=2x—2° y=—x
pre+1
Solution : y = 2z — z% or equivalently y — 1 = —(x — 1)? is the equation of a parabola with
vertex [1; 1].
The intersection points of the parabola with the line y = —x are found by determining their
x-coordinates :
y = 2r — 22 o —r=2r—1> = z(z—3)=0
{ I after substitution — 1 =0, 29 =3
dx d 3 2z —1z2 d 3 1
// a:y:/</ i )dm:/ (22 — 2® + ) dr =
y ) pr?+1 o Moy, 2?+1 o 241
y=2r—zx
2?4+ 3x S22 41 -3 -1
2 3 = —dr=— 5 dr =
3
x 1 3
—— [ (1-3 . )d :—[——1 24 q|—
/0< 1 i) p gkl
33
y=—x —arctan x} =3 In10 + arctan 3 — 3
0
]
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Example257.I://(x+y)dxdy, D:y*—2*<1,y>0, x€(-272)
D

Solution : y? — 2* = 1 is the equation of a hyperbola.

]:/22</0 1+x2(a¢+y)dy>da::/1xy+y;];/md:v:

2 2 _+11Y
y -z =1 2 14 22 2
:/ (:c\/1+:172+ 5 )dq:: / V14 2?dr +
-2 -2
1 N - .
= 0 (odd function)
2 [? 212 14
) i 1422 dr—= [ _} _
2 0 2 +2/0 (1+2%) dov=|z+ 31, =3
even function
[
Example 258. I = // (1+2)ydedy, D:y=2"—4, y=—-3z, <0
D
Solution : Determine the z-coordinates of the intersection points of the parabola and the line:
- 2 2 — 4=
{ y=a —4 . After substitution 3 —4=0
y:—?)x $1:1,I2:—4
0 —3z 1 0 —3x
y I:/ </ (1+a:)ydy>da::§/(1+x)[y2] dx =
4 NS 24 _4 z2—4
1 0
= 5/ (14 2)(92* — (2* — 4)*) dx =
—4
1 0
= 5/ (—2® — 2 + 172° + 172° — 162 — 16) dx =
—4
1r 2% 2% 17z* 1723 9 0 —1376
== [—— — - ] =
2L 6 5 4 4 15
[
Example 259. // (r+1)dxdy, D:y=2x 2y=ux,y=2
D
Solution :
Yoo y=2e )ded dy =
2 =1 (x+1)dxdy = x+1 Yy =
[1:2] [4;2] D
2,2 2
_ r 4y Yy
y=2 [ ]d _/[— 2————]d:
/0 IR R A R i R R
115 3
/ [—yQ - —y} dy---=8
o L8 2
t [
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1
Example260.//—da:dy, D:xy=1,y=x, x=4, x>0
D

)
Solution :
4 T 4
//—dxdy:/ (/ —dy)dx:/ [1n|y|} dr =
Y DY 1 1/z Y 1 [z
xy =1 y=7 4 1 4
4 = / <lnx — ln—) dx = 2/ Inxdx =
1 Z 1
T =2 (integration by parts)
u=1Inz, v =1 4
= , 1 :2[:Elnx—a7} =8Ind -6
— u=—, wv== 1
1 T X =
dx dy 25
262.//COS(ZE+y)de‘dy, D:x=0,y=m y==x [-2]
D
263.//(x2—|—y2)da:dy, D:y=0,y=1—z,y=14=x %}
D
264. //(x+2y)dxdy, D:z=vy*—4, =5 [50,4]
D
265.//xydmdy, D:iy=x—4, y* =22 [90]
D
266// L dedy, Diz=0,y=2y=4 P =2z [44m?]
o /P Y, : » Y » Y Y 3]
267./ %dxdy, D=z y* =4z, y=2 P
DY 4]
268.//(:L‘y+y)dxdy, D:x=1 =2 2zy=4,y=0 [44—81112—
I ]
269. Convert the double integral in both ways into an iterated integral (i.e. both orders of integration)
and compute the integral. D = {[z;y] € Ey : y > Inz, 2 > 1, y < 1}, f(z,y) = 1/x [%

e A bounded set D C E, is given by inequalities or boundary curves, and a function f(z,y) is given.

a) Sketch the set D with labeled axes, scale, labels of the curves, and marked points that are
important

for solving the problem.
b) Verify that the assumptions for applying Fubini’s theorem are satisfied.
c) Express the set D as an elementary region of integration with respect to a suitably chosen axis.

d) Compute [[, f(z,y) dzdy.
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270. D= {[z;y] €Ey : 0<2<1,0<y< 2x+1}, flz,y)=a%

c)xz € (0;1)
€ (0;2x+1)
16

15

271. D ={[z;y| €Ey : v +y<ma—y<m x>0} f(x,y)=sin(z+y)

c)x € (0;1)
|: y € (x—m—x+m) ]
d)m

272. D C E, is bounded by the curves: y = z/2, y =3z, y =2 f(2,y) = 2\/y

o)y € (0;2)
z € (y/3;2y)
10v2

273. D ={[z;y] €Er : 2 >0, 2+y< 2,2 <Y’} flz,y) =2y

yf<¢%2—@
L 31

274. D ={[z;y) € By : y > 2, y <12—2?}  f(z,y) = |7

275. D C E, is bounded by the curves: y = \/x, y = 2/z, x =1 f(x,y) = 2xy

¢) 0<z<1
Ve <y <2yx
d)1
276. D C E, is bounded by the curves: y =z, y = 1/x, y =2 f(x,y) = x>
c) 1<y<2

l/y<xz<y

13

di
JL )L
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III.3 Substitution method for the double integral

Let there exist a one-to-one regular mapping of the region B(u,v) C Ey onto the region D C
E, defined by the equations x = ¢1(u,v), y = ¢2(u,v). Then

o6 9
//D f(z,y)dxdy = //B(W}) f(¢1(u,v), (/ﬁg(u,v)) |J| dudv, where J = % %
ou  Ov

Example 277. Decide whether the integral // arctan 2 dz dy exists, where D = {[z;y] € E, :
D Xz

22+ y* <1, y >0, x> 0}. If so, compute it.

Solution :
The set D is measurable in [E,.
Yy The function f(x,y) = arctan Y is not defined on the set
1 x
y=(z*-1)2 D* = {[x;y] € Ey : © = 0}. The set of discontinuity points
D - of the function f in D, ie. Dy = {[z;y] € D :x =0,y €
! (0; 1)} is a set of measure zero in E,.
Furthermore, the function f is bounded on the set D \ D,
1 therefore the given integral exists.

Here we use the transformation to polar coordinates.

(ME]

y T =T COS P 0<r<i1 1
// arctan = drdy = | y=rsingp 0<p< 3 :/ (/ g&-rdr) dy =
D z 0 0

J=r
5 1 2, 241
@72 T ™
[l [ (21 1)
A ¢¢‘Ar7“ 210 12)07 16 "

e Compute the integrals :

Example 278. // Va2 +y2rdrdy, D= {[z;y] € Ey: 2® +9? —bx <0}, b>0
D

Solution : Y

b\ 2 b?
D:( ——) 2
T 5 +y =7 m
0\\\///5 T
T =1rCcosy 2?2 +9y? <bx = r? < brcosy

) 3 | y=rsing
//D\/SB +y?drdy = Ty

<r<becosp=cosp>0 | =
<p< s

2

NN o
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Contents

w/2 bcos e w/2 r37bcosp 1 /2
L e [ e et
7/2 3o /2 3 1o 3 —m/2

2 4 [™? 2 2 4
:—b3/ cospdp==b>. — . 1==-1 ]
3 0 3 3-1 9
Example 279. // In(1+4 2% +y*)dedy, D= {[z;y] € E*: 2* +y* < d? 2 <0}
D
Solution :
T =1TCOosp 0<r<a
9 2 . s 3w
//ln(l—l—x +y°)drdy=| y=rsing —<p<— |=
D J=r 2" 2
3m/2 a 37/2 a 2
2 — . 2 1+ rt=t ]
/ /0ln(l—i—r).rdrdgp—/ﬂ/2 dp /0 1n(1+T)TdT_‘2rdr:dt
1 1+4+a 1+a2
:w-§~/1 lntdt:g[tlnt—t]l :g((1+a2)ln(1+a2)—a2>.
[ |
Example 280.* // x> dx dy, where D C E, is the set bounded by the curves zy = 1, 2y = 3,
D
2
x
y=3,y=2
Solution :
Yy y= 222 9y — 22 Ty =u
y We use the transformation{ y
5=
D — D*  where .
D* ={[u,v] € Ey: 1 <u <3, §§v§2}
xy =3
rxy =1
x
Now we compute = and y in terms of v and v, and also the Jacobian
y:E,y:va, E:vﬁ:x:—, x—\/>:y—m/ = Vu
x x
81‘ 8y 1 _g _% 1 é %
— — _u ‘/lj —_——
_ | Ou Ou |_1| 3 3 _171 271__
J= Jr Oy | |2 _11 1. | 9" +9 =570
—_— < —u 3v3 —u3y” 3
ov v 3 3
Using the substitution theorem we obtain
3 2 3
1 1 1
//x dxdy—// Jdudv—/ </E'—du>dv:—/ —de-/udu=
* 1/2 v 3v 3 1/2U 1
1r 1 2931
I MIESSHEREE -
3L vwll L2011 3 2

2
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Example 281.* // (2 — y)dxdy, D C E, is bounded by the lines x +y = 1, x + y = 4,
D

y=2x,y=>5x
Solution :
Y Y=oz : o :
r+y=4 The most convenient substitution is the following
y=ux T+Y=1u
y , D = D", where
r+y=1 > v
D ={[u,v] €Ey: 1 <u<4, 1<wv<5}
x
- U 1 —Uu
14w 1+v (1+v)? u uv u
Then o J = = = 0:
_ | w ’ v u (1+v)3+(1+v)3 (1—|—v)27’é ’
Yy
1+ 1+v (1+4v)?

2u UV 5 1 ou UV U
2 — - — — f—
//( r=y)dvdy //D*<1—i—v 1—|—v> S dudv = /1 </1 (1+v 1+U)(1+v)2du>dv
2w v+1— 5 1 3
d d =21 — dv =
/u u/ (140)3 / (1+0v)3 /1< (1+U)2+(1+v)3> Y

[ ; }5—21( L, 3)—0 "
1+v 20+0)2h " \6 2-36 2 2.4/ 7

=21-

Example 282. / V14422 + 92 dedy, D = {[z;y] € Ey : 42% + 9y* < 36, y > 0}
D

Solution :

We use the transformation to generalized
polar coordinates (elliptic) :

I:?)TCOSSO}’ J:327",O§7ﬂ§170§gp§ﬂ-

Yy =2rsine
x
™ 1
/ \/1+4x2+9y2dxdy:/ (/ \/1+4-9rzcos2g0—|—9-47“281n2g0 : 6rdr>dg0:
D 0o o
T 1 1 1 2\3/2 1
:/ dgp-/ V1+36r2 - 6rdr=m-— & — T (37V3T - 1). n
; ] 12 3 . I8
283.//(1:—2y+3)d93dy, D ={[z;y] € Ey : 2* +y* < a?} [3ma?]
D
— [ ) o (y—1)
284. rdrdy, D={[r;yl €y :(x—2)°+ 1 <1}
P (Use the coordinates t = 2 + rcose,y = 1 + 2rsin¢.) [47]
285./ Va2 +y2dedy, D= {[r;y] € Ey :2°+9y* <27} {%2}
D
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286.//(:1:2+y)da:dy, D=A{[z;yl €Ey :xy =1, zy =4, y =2, y =9z}
D

1 19
(Use the coordinates zy = wu, L. v.) [J =1 7}
x

e Compute the integrals // f(z,y) dx dy , where the set D and the function f(z,y) are given
D

2

2
287. D = {[z;y] € Ey : %—l—yzgl,sz} f(z,y) = 29° [%}
288. D ={[z;y] €Ey : 22+ 99> <9, 2 >0}, f(z,y) =9 [3%}
289. D ={[z;y] €Ey : 2?2+ 49> <4, y >0}, f(z,y) =y /22 +4y? 2]
290. D = {[z;y] € By : 362° +32 <9, x>0,y >0}, fla,y) =ay [3%}
291. D = {[r;y] € By : 2® +y* < 4w, y >0}, f(z,y) =2y [%
292. D = {[x,y] ERy : *+y? <4,z > 0}, fla,y)=e @Y [r(1 —e™)]
II1.4 Applications of double integrals
e Determine the area of the plane figure D C [E, bounded by the given curves :
Example 293. y = 2%, 2+ 2y =3, y =0
Solution :
Y y = x? 1, p3-2y 1 o3-9y
Az//ld:tdjgz/(/ 1da:>dy:/ [x} dy =
D 0 Ny 0 VY
1 2y /y1t 4
I _ = | (3-29-vy)dy=[sy—y* - 2| ==
1 o2y =3 /0 ( y—Vy)dy=|3y—y 3 0= 3
3 z n

Example294. vy =1, zy =4, y=z, v =8

Y=z A://Dldxdy:/l2</;1dy>dx+/28</jldy)dx:
2 2

» SAGHEAEHEN B

Solution :

y:
I = 8 1 3 83
2 § —i—3[ln]m|L:2—ln2—§+3(1n8—ln2):§+ln2.23:
b = 3
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Example 295. Determine the area of the plane figure bounded by the z-axis and one arc
of the cycloid with parametric equations = = a(t — sint), y = a(1 — cost).

Solution :

Y
y = o(z) One arc of the cycloid is traced out by a point of a

//\ circle rolling along the line y = 0, i.e. t € (0; 2m).

2ma
2ma p(z) 2ma
2ma

A= 1dedy = - (/ 1d>da;:/ z)dz =

//D Y ’O<y<¢($) /0 0 Y 0 e(7)

substitution : )
| x=2(t) =a(t —sint) = dz =a(l —cost)dt | [T B . B B
=1 = y(t) = a(1 — cost) =/, a(l —cost)-a(l —cost)dt =

z € (0;2ma) = te(0;2m)

2

27 2
:aQ/ (l—cost)th:aQ/ (1—2008t+0052t> dt:ag[t—Qsint} +
0 0 0

27 2 :
1+ cos2t a sin 2t 2w
+a2/ —dt:a2-27r—|——[t+ ! ] :27m2—|—a27r:37ra2.
0

2 2 2 Jo
[
Example 296. Determine the area of the plane figure D bounded by the astroid
23 23 = 23,
Solution :
A= // ldzdy
D
We use the transformation to the coordinates:
x =1rcos’p
y = rsin’ ¢
2/3 2/3
(r cos® go) + (r sin® 4,0) =a* = 1P = P =
cos® ¢ —3rcos? psing _ 3 sin? 451 3 sind 5
0<e<2r|”°  |sin®p 3rsinfpcosy | R e
= 3rsin® ¢ cos? .
27 a 5 a
A= // ldxdy = / (/ 3rsin2<pcos2<pdr> dp = 4/ sin? ¢ cos® p dyp - 3/ rdr =
D 0 0 0 0
r . 92 2 jus . ™
2 sin” 2¢ reye 2 1 —cos4dyp 3 3 sin 472
=4 d.3[_} :/ Sl P 2:_2[_ } _
/04902002“’2a4a‘p4o
3, 3
“1% 2 e
[
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e Determine the area of the plane figure bounded by the closed curve :

2
Example 297. <x2 + y2) = a*(z* — y*) (Bernoulli’s lemniscate)

Solution :

Y
T =TCcosy

/,,\\\ A:// ldexdy =] y=rsing
/, Hh < ,,\)L D J=r
N \/// \\71/

After substitution into the equation we obtain successively: r* = a?r*(cos® ¢ — sin ¢),r* =
2
a” cos2p,

3m 5
0<r<ay/cos2p == cos2p >0, 90€<—£%> (Z I>

T av/cos 2¢p 2 a \/cos 2o T
A:// 1dxdy:4/ (/ rdr dcp—4/ 90:2/ a’ cos 2p dp =
D 0 0 0

sin 2(,0} T,

= a”.
2 0 =

:2a2[

2
Example 298.* <x2 + 9y2> = 2%y

r

T =TCosy r4:7’2cos2<p-§singo
r
. |y = s 1
Solution : A—//Dld:cdy— y 35111190 0<r<§cos o sin @
ngr cos? psing >0=>0<p<T
T 1cos gpsmzpl 1 T 21 Leos? psing
A:// ldxdy:/ (/ —Td?“)dgp— / [r_}s dyp =
D o \Jo 3 3Jo L2Jo
zl/ﬂlcos4gosin2cpd<,0:i-2-/cos4g0(1—cos2<p)dg0:
6Jo 9 54 0
1 %( . 6 ) dip = (Wallis formula) 1(3-1 T 5-3-1 7T> ™
= — cos” ¢ — cos = =— =] = —
27 v oo R oI = or U2 "2 T 64272/ T sea
[
Example 299.% (1° + ) = 3azy (Descartes’ folium)
Solution :
Yy z=rcosp 0<r<r(p)
A:// ldedy=| y=rsing @1 <p<¢s |=
D J=r
P2 () 1 [¥2
:/ (/ rdr) dgpz—/ () dep.
—a x Y1 0 2 ©1
—a \ Now we determine r(y) and substitute it into the last integral.

23+ =3ary = r’cos® p+1r®sin® v = 3ar’cospsing, hence
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() 3a cos @ sin ¢ 0
T —=
P s @ +sin® ¢’

IN

p< T 10 =r(5) =0

™

Ao 1/;“( 3a cos psin ¢ )ngo— 9a* [ cos? ¢ sin® @
- 3 23 - 2
0 NCOST@ ST 2 Jo (cors?’QO—l—sin3 <P>

(we divide the numerator and denominator by cos® ¢ )

9a? /72r tan? dp tan ¢ = u 9 a? /°° 3u? p
= . = = u =
2 /o (tan:), o+ 1>2 cos? cos? o dp = du 2:3 )y (ud+1)?
3, . ¢ 3u? 3a® -1 1¢  3ad* | —1
= —a” lim ———du=—— lim [ } = — lim ( +1>:
2 Coveo fy (ud+1)2 2 C—too Lud + 110 2 Cotoo \C3+1
3a?

. [
2
Example 300. Determine the area of the plane figure bounded by the curves
P+ +r=0 22+ +40 =0, y=uz, y=0.

Solution : Yy
z?+ 2+x—0=><m+1)2+ 21
y = 5) TV =3 » ;)
Py tdr=0= (z+2)2+y* =4

T =rcosy P +y’+r=0=1r=—cosp
o 2?4+ Y’ +4r=0=r = —4cosp
A= ldedy=| ¥~ "M% =
= 5 Yy = J=r —Cos¢§r§g4cosgp =
WS@SZT(
in in

5n —4cosp 1 —4 cos 1
e T )
ﬂ— s 2ﬂ_ —cos p 27r

5 5
15 fi" 15 (17 1+ cos2p 15 sin 2737
2/7r oS pdy 2/,7 2 e T,
_15<5 +sin§7r sin27r>_15<7r+1>_15(7r+2)
gy T ) T \u ) T e

Example 301. A parabolic segment with a chord perpendicular to the axis is given. The length
of the chord is a, the height of the segment is 5, and the surface density is o = 1.
Determine:
a) the moment of inertia of the segment with respect to the chord,
b) the center of mass of the segment.

Solution :
The analytic equation of this parabola is y — h = px?.
—4h
If we use the point [g; O} ,then —h = paz —=p=— =
a
4h
Yy = h — —2$2
a

e}
[NJIS]
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a) The moment of inertia with respect to the chord is now the moment of inertia with respect to
the z-axis.

D: Ogygh—%x 3 h—"5?
Jac://y?dxdy: a o :/ (/ y%ly)dxz
D —§§$§§ — 0

(1—%) dr =
a

Il
W —
—
[V
| —
<
w
| I
=T
U
al\.’)
QU
8
Il
W
—
NS
/N
>
|
S
s
8
[\V)
~——
w
QU
8
I
w| T,
(V]

(SIS

:2_h3 3<1_12x2+48x4_64x6>dx:2_lf’[$_4_x3+48x5_64x7}‘2’_
3 Jo a? at ab 3 a? bat 7ab lo

_2h3 a a 3a a _h3a 3 1 _16h3a

_T<§_§ 1_0_ﬁ>_7<5_?>_ 105 °

3
I
S5
Q
S
Q,
<
I
P
(SIS]
—
S~
i
M5
&I\J
Q,
<
~—
oW
s
I
)
S~
V)
—
>
|
2| &
8
[N}
N—
Q
&
I

a h—4h .2
2 a2 2
mz—// yda:dy:/ (/ ydy ) dr = = Z h?q,
D -2\ Jo
2h%a 3 3
_ 5 Y T = [O —h}
yr %ha 5 |: ;

Example 302. Determine the center of mass of a planar lamina bounded by the curves 2% + 3% —
20 = 0, 22 +y? — 42 = 0, if the surface density is o = 10.

Solution :
P4yt —2r=0= (z—-1)2+¢y*=1 y

x2+y2—41‘:0:> .T—22—|—y2:4
T_[gj'g]x_@m_)? i

T y AT m, 0 ,q A
m:10-A:]_0(7r.22_71-.12):3071-’ \\/ x
where A = is the area of the given lamina \

2+ y?>2r = r>2cosp

L =reosy 22+ <dr = r<dcosyp
my://xgdmdy:// 10zdrdy =| y=rsing 2cosp < 1 < 4cosy =
D D J=r T ™
5S¢ o
2 2
z 4cos 3 3-4cosyp 10 5
:10/ (/ rzcosgodr> dp =10 CoS Y - [r_} dp = — 56 cos® p dyp =
_r 2 cos ¢ _T 3 2cos ¢ 3 /.=
2 2 2
20 2 1120 3-1 =
=—".56 todp=—"-—.-—=170
3 /OCOSSMO 3 1.2 2 T
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ITIZ)((;—:, [T:[Z'OH.

Example 303. Determine the coordinates of the center of mass of a circular sector (see figure), if o =

const.
Solution :
2
T:[.:ET;O}, m:E-QaQ:aQaQ,
27
o a
« x my://xgdxdy:
D
T =1TCOoSsp 0<r<a a a r31a a
=| y=rsing —a<p<a :Q/ (/ r%oswdr)dgozg[—} -[sinnp} =
J:’]" —a 0 3 0 —Q
2 5 2 asino 2 asina
= —pa’sinaq, T = — - T=|-- ;0
3¢ =3 " a { {3 a H

Example 304. Determine the moment of inertia with respect to the origin of the coordinate system
of a homogeneous planar lamina with surface density o = k bounded by the curves
24yt =1, 22+ =4

Solution :
Y

Jo=k || @®+y?) olz,y)dedy = [[ (2*+9*) dvdy =
//R\Q //D y*) oz, y) dx dy //D Y y

27 2 15
\ =(polar coordinates) =k / / r3dr dp = — k.
s T
| |

Example 305. Determine the position of the center of mass of the figure bounded by the cardioid
r=a(l+cosp),p e (0;2r), a >0, p=1.

Solution : m
_ ) _my
r = a(l+ cosp) T_[IT’O]’ T = m

P2 ()
m—// dedy—/ (/ 1'7“d7“>d90:
D 1 0
2r a(1+cos @) 1 27 a(1+cos p)
:/ (/ rdr)dgoz—/ M Tdp =
0 0 2 /o 0

2w
a2/ (1+2cos ¢ + cos® ) dp =
0

Yy

1
2

1
2
1
2

a1 T 1 2 3
az[g0+2sing0} —|—§a2/ Mdgpza%—i—cfzz—a%r,
0
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(14+cos )
// rxdrdy = polar coordmates / / 2 cos @ dr) dy

27r
25/ cos @ - a®(1 + cos p)® dyp :—/ cos ¢ + 3 cos® p + 3cos® p + cos gp) dp =
0
) ) )
:Zagﬂ'7 mng, |:T: |:60/,0:|:|

e A bounded set D C [, and a function f(x,y) are given.
a) Sketch the set D.
b) Verify that the assumptions for applying Fubini’s theorem are satisfied.
c) Give at least two examples of possible physical meanings of the given integral.
State whether it represents mass (for what density), a static moment, or
a moment of inertia (for what density and with respect to which point or line).
d) Compute [[, f(z,y) dz dy.

306. D is bounded by the curves: x =1, z = 3> + 2,y =0,y =2, f(z,y) =y//T

&)m forg=y/va
my foro =1/\/x

d)4\/€—4—§\/§

307. D is bounded by the curves: y = 22, y = \/z, f(z,y) ==,

c)m forp ==z

my forpo =1
3

d) =

)20

308. D is bounded by the curves: z = ¢y, v —y —2=0, f(z,y)=1y>

ym for o = y?
mgforo =y
Jyforp=1
29

d) =2

)60

309. D={[m;y] €Ey : >0,y < x+2,y>2?}, flz,y) =2x(y+1)

c)m forp=2x(y+1)
my foro =2(y +1)
52

d>§

67



Contents III. Double and triple integrals

310. D is bounded by the curves: y = 2z, y = 2/x, v = 2, f(x,y) = 2%y

311. D is bounded by the curves: y = x, y = 1/x, x =3, f(z,y) =V

312. D={[m;y] €Ey : 2> +y* <4, >0,y >0}, flz,y) =y

[ c)m foro=2%y ]
mgforp=x

my for o = xy
Jyforo=1y
62

d)——3

2

c)m foro=/x
0 8(1++/3)

¢)m foro = xy

e Determine the area P of the plane figure D C [E; bounded by the given curves:
313. 2 =92 8xr =92 y=>5
M4 y=22 2—-y+2=0,2=0, =1
5. 0=y zy=1, z =4y, (zy>1)
2

2
316. (4952 + %) =y

7. y=hz,z—y=1 y=—1

e Determine the mass m of the plane lamina bounded by the curves:

319. y = 2%, v —y + 2 = 0, if the density is o(z,y) = zy
320. 2% + y* = 2ax, if o(z,y) = /22 + 4% a >0
R1.z=y> vy=1, v =4,if o(x,y) = 22

322. 22+ =1,y=0, (y>0),ifo(w,y) =y

mgforp=x
my foro =y
d)2

%]

&

o
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323. 22+ 20 =0, 2° + 9 —4x =0, y = x, y = 0, if the density o(x, y) at any

point equals the distance of this point from the origin of the coordinate system. [70;&}
e Determine the mass m of the plane lamina D for the given surface density o(z, y).
324. D ={[z;y] €Ey : y<ax+2, y>2% x>0}, olx,y)=uzy 6]
325. D={[m;y] €By : z <4, x>y y>1/2}, olz,y) =22 {%}
1
320. D ={[z;y] €Er : 2’ +y* <1,z +y =1}, olz,y) =y [6}
e Determine the center of mass 7" of the plane lamina bounded by the curves:
2 . 1 177
327.y =2x — 3z, y = —x,if o(z,y) = 1 {T:{,;_,
2" 51l
328. y =sinz, y =0, x € (0;7), if o(z,y) =1 {T: [g,g
329. 9% =da + 4, y* = 22 +4,if o(z,y) =1 [T: [%;O"
330. 25 + y% = ag, x>0, y>0,if o(x,y) = 1 (this is one quarter of an asteroid lying in the first
; 3 3 256a
quadrant, use the coordinates x = r cos® ¢, y = rsin° ¢) [mT =yr = 315 }
s

e Determine the moment of inertia:

331. of a circle of radius a with respect to its tangent, o(x,y) = 1, Ewa‘l
332. of the region bounded by the ellipse 4% + y* < 1 with respect to the y-axis, o(z,y) = ¥, [3—10
333. of a quarter-circle of radius a with respect to its axis of symmetry, o(x,y) = 1,

(Choose the position so that the z-axis is the axis of symmetry.) [614(7;6_2)_
334. of a square of side length a with respect to its vertex, o(x,y) = 1, ECLA;

335. of the part of the annulus 2 + y? = 1, 2% + y*> = 4, bounded by the lines y =z, y = 0

in the first quadrant, with density o(x,y) = k, (k > 0), with respect to the center of the annulus.
[1514:71

16

e A bounded set D C [, and a function f(z,y) are given.
a) Sketch the solid whose volume is equal to the value of the computed integral.
b) Sketch the projection of the solid onto the plane z = 0.
c) State the name of the surface z = f(x,y).

d) Compute [, f(z,y) dxdy.
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336. D is bounded by the curves: y = x, y =2z, x =2, f(z,y)=x+y

337. D=A{[r;y] €By : x+y <1, z+1>y >0}, f(z,y)=2*+7y>

338.D={[z;y] €Ey : > —2?<1,0<2<2,y>0}, flz,y)=y

339. D={[my] €Ey : y>0,y< 2—2,2>9%, flz,y) =1

y [ ¢) cylindrical surface ]
13
d) —
- 60
340. D = {[z;y] €Ey : 2 >0, 2 +y < 2, 2 <y?}, flz,y)=ay
Y ¢) hyperbolic paraboloid
a) -
24

341. D = {[z;y| € E, : -y

c) spherical surface
d) 9w

¢) surface of revolution paraboloid
1
d) -

70

|



III. Double and triple integrals Contents

III.5 Fubini’s theorem for the triple integral
e Compute triple integrals over the given sets 2 C Eg :

Example 342. [ = /// (2% 4+ v?) dx dy dz;
Q

Q={[r;y;2] €B3:0<2<z+y, 0<y<3, 0<z<2}

Solution :

3
Y

= [ ([ @i an)ar= ([ 2] ) ar =
:/02</03(a72+y2)($+y)dy> das:/02</03(3:3+x2y+:vy2+y3)dy> dr =

2 2,2 3 4.3 2 1
[ T e [0+ B w0 S e -
/O[:Uy+2+3—|—4 xr = ; :U+2x+x+4 x

[3 3 5 9 81 r 165
4

Y

Sett st a2t 4

2 2 4 lo 2
Example 343. [ = /// g(z +1)? dw dy dz;
Q
Q={[r;y;2] €E3:0<2<1, 1<y<e’ 0<2<2}

Solution :

1 e21 2 2.1 o2 1)372
I:/ xdm~/ —dy~/(z+1)2dac:[x—} '[ln]yq [(Z—'— )} -

0 1Y 0 2 1o 1 3 0

1 1 26

=-.2.(9-2)=2.
320730 =73 .

NOTE: If the function is of the form f(z,y,2) = g1(z) - g2(y) - g3(z) and the set D is a box
= (a; b) x (¢; d) x (r; s), then

// flz,y, 2 dxdydz-/ g1(x)dz - / (y)dy'[Sgg(Z)dZ.

Example 344.* | = /// Pysinz dr dy dz;
Q

Q:{[x;y; 2] €E3:0< 2 <sinz, 0 <y <sin’z, 0<x<2}
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Solution :

w/2 sin? z sinz w/2 sin? x SAqsinz
]:/ (/ (/ ysin:v-zgdz>dy>dm:/ (/ ysin - [—} dy) dr =
0 0 0 0 0 4 1o
1 Tl'/2 sin2:v 1 Tl'/2 2 sinzx 1 7'('/2
:—/ (/ ysin5xdy>dx:—/ sin x[y—} d:r;:—/ sin’ x dx =
4 /o 0 4 /o 2o 8 Jo

. . 8:6-4- 16
(according to Wallis’ formula, see Ex. 21 ) = W

ot

2
1= —.
-3 315

0|

dz dyd
Example 345. Compute [ = /// Z—yg)zg, where (2 is the tetrahedron bounded by the planes
z
r+2y+32=6, =0, y=0, 2=0.

Solution : Write the general equation of the plane in intercept form: — + Y +-=1

6 3 2
y O§z§6_x3_2y
3 6—x
T+2y =6 O<ys—
0<x<6

6—x 6—x—2

( </03ﬁdz>dy dx_3/06</gx 1+3y }Uj%dy>dm:
</02(2<7—;1—2y> 2 )= /o /o —x1—2y>)d9>dﬂf=

:é/ [ —mTl_Qw]fdx:%/O (55 7*@)‘“-

Yy
1 /¢ 1 1 z? 6 12+1In7 In7
=5 (o) de=ggpe -G el =S =1 T

Example 346. Compute | = /// y - cos(x + z) dx dy dz, where the set € is bounded by the
Q

surfaces y = /z, y =0, 2 =0, x—l—z:g

Solution : 2

IN

w

IN
=

IN

o o o
IN
SIS
IN N
N o
B

2

us

I= Aﬂ/2<Aﬁ(AQxy~cos(x+z)dz) dy) dx = /Oﬂ/2</0ﬁy[sin(x+z)]§_xdy> dr =
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:/Wﬂ(/ﬁy(sing —Sina:> dy) dzx = /F/2</ﬁy(1 —sinx) dy) dr =
0 0 0 0

/2 24z 1 /2 1 ra2q7/2 1 w/2
:/0 (1—sinx)-[%} d:)s:§/0 (1—Sinx)xdx:§[%} —5/0 rsinzdr =
2

0

| u=uz, v =sinx _7T2 1 ) 2w 1
=l W =1, v=—cosz _E—ﬁ[—xcosx—i—smx}o —1—6—5.
[
e Compute integrals over the sets {2 bounded by the given surfaces:
347.///(:p+y—|—z)dxdydz, Q:z=1,y=0,y=x, 2=0, z=+2 [1+2ﬁ_
O ]
348.///xdxdydz, Q:x2=0,y=0,2=0, z=ay, c+y=1 [i
Q 60
1 -
349.///x2yz3dxdydz, Qiz=zxy,y=z,y=1,2=0 —
Q [364_
350.///(x+y)d:cdydz, Q:x=0,y=0,2=0,2z=a,y=a, z=a>—2>—9°
Q
5
a
5
351.///xzdxdydz, Q:x=0,y=0,2=02+y=1 2= +9y*+1 [L}
o 120

II1.6 Substitution method for the triple integral

e Compute the integrals by substituting into cylindrical coordinates:

B Jdr Or Ox
T =108y 5 % o
y=rsiny 9y Oy Oy
Z=w J=| — — — |=r
r>0; 0<p<2m; g; gf %15
2?4 q? =12 o % pw

Example 352. /// (2% +y?) dx dy dz,
Q
Q={[r;y;2] €E3: 2?2 +y* < az, 2<a, (a>0)}
Solution : . o .
() is the part of the interior of the surface of revolution

paraboloid:
r2
x2+y2§az:>r2§aw:>—§w§a,
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///Q<x2+y2>dmydz:/j”(/j(ﬁmw) w)to= ([ 9]l ar)as=

2T a 2 4 644 5 5 o - ad 5
:/ 1d<p'/ r3(a—r—>d7“:27r[ar——7a—} :27r<a——&—>: e _T
0 0 a 4 6alo 4 6 12 6

In this example we could also proceed without using cylindrical coordinates. We could

2+y2

express z directly:

< z < a and then take into account the projection of the solid

onto the (zy) plane, which is the cross-section of the solid by the plane z = a i.e. 22 +y? < a?
and use polar coordinates for the double integral. Thus

///Q(:c2+y2)dxdydz: // </;+Z/2($2+y2)dz>dxdy:

r24y2<a “
2, .2 “ 2, .2 2? +y°
= (x +y)[z}z2+y2dmdy: (x +y)<a— " >d93dy:
z24+y?<a ‘ z?+y?<a
T =1TCOosp 0<r<a 27 ra r2 Ta®
=|y=rsinp | 0<p<2r :/ /r2(a——)rdrdcp:—. [
J=r 0 J0 a 6

Example 353. /// Vat+y?dedydz,
0
Q=A{[r;y;2z] €EE3: /a2 +y? < 2 <6 —2? — y?}

Solution :
z = y/x% + y? is the equation of a circular cone with vertex

at the origin;
2z =6 — 22 — y? is the equation of a paraboloid of revolution.
Both surfaces have the same axis of rotation, namely the z-axis,
and therefore they intersect
in a circle, whose radius is obtained from the system:
{ 22 =% 42

z2=6—a2%—1y° Hence 2 =6 — 2%, 2* +2 -6 =0,

(2 — 2)(z + 3) = 0. The relevant solution for this problem is
z=2= 2% +y* =4

r<w<6-—r2
We use cylindrical coordinates and determine the corresponding bounds: ¢ 0 <7 <2

0<p<2rm
s —r2
///\/aﬁz—l—dea:dydz:/Q (/2(/6 r-rdw)dr)ngZ
Q 0 0o NJr

21 2 3 5 4
67 T %72 32 567
2 2
- 6— 12— d)d —9 -[—————} —9 (16———4>:—.
/0</0T(rr)r90”3 5 4l " 5 5
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e Compute the integrals by substituting into spherical coordinates:

x =1 Ccospcost Jr Ox Ox

y = rsin g cos v or % o0

2= rsiny J = 9 %y Oy =r?cosd
T s aor Op OV

7“>0;0§(,0<27T;—§<19<§; 0z Oz 0Oz

2+’ + 22 =1 or 0p 09

Example 354. /// Va2 +y? + 22dedydz,
Q

Q={lry;z] €E3: 2> +y*+22<9, 2 >0, y <0}

Solution : - .
x
3
Y < 3
3
///\/I2+y2+22dxdydz: 5 Ses2m=
Q 7r T
—— <P < =
2= 72
w/2 27 3 w/2 27 3
:/ (/ (/ r-r200519d7“>d<p>d79:/ cosﬁdﬁ-/ 1d¢-/ 3 dr =
—7/2 3r/2 0 /2 3r/2 0
5 m 81 81 .
—9. .= _
2 4 4
Example 355. /// (2 +y?) do dy dz,
Q
Q={lry;2] €E3:1 <> +y?+22<9,y>0, 2 <0}
Solution :
+y*)drdydz =
<r<s3 22+ y? = r?cos? ¥
<p<wm | dedydz=Jdrdedd | —
<9 <0 J =r2cos?
0 s 3 0 s 3
:/ </ (/ rzcos2z9-7“2cosﬁdr>dgp>d19:/ Cossﬁdﬁ-/ ldgo-/ rtdr =
—r/23J0 1 —r/2 0 1
/2 513 2 242 484
:/ cos3q9d19-7r~[r—] = .7x. = =""n .
0 511 3 5 15
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Example 356. /// xydrdydz,
Q

2?2 2
Q:{[q:;y;z]EEg:——i-——l— Sl,xSO,yZO,zZO}

Solution : We use generalized spherical coordinates.

/// xydrdydz =
z Q

x = 2r cos p cos ¥ 0<r<I1
_ y = 3rsin p cos Eggpgﬁ _
z = 2rsind 2 -
J = 12r% cos ¥ 0§19§§
x
s 1
(/ 612 sin o cos ¢ cos? ¥ - 12r cosz?dr) dgp) dv
0
Example 357. Compute the integral /// 22 dr dydz,
¢ 22 2 2
Q={[r;y;2] €E3: 2 <0, y >0, 220’5+b_2+c_2§1}

Solution : 'We use generalized spherical coordinates:

0
T = ar cos p cos ¥ T
y = brsinpcos? J = abcr? cos v, 5 S¢S
z = crsind 0< 9

3 T 1
///Z3dxdydz:/ (/ (/ 037‘3S1H319-abCT2C0819dT’)d(p>dﬁ:
Q 0 = \Jo

s

s T 1 . 419 x 1 b4
) v [ [Lean e (B[] -

e Compute the integrals:

o

1
358. // dz dy dz,
QVrt+yr+22—4

Q={[r;y;2] €Eg: 2 +y*+22<1,y>0, 2<0} [w<g+l6ln3)}
359. ///Qnydxdydz,Q: {[z;y;2] €B3: 2 <4 —a?—¢% y >0, 2> 0} [%}
360. ///(y2+z2)dxdydz,9:{[$;y;z] €E3:4x2+y2+% <1} [47]
361. // Vit +22+2d:vdydz,
x2+y +z2
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Q={lmy;z] €B3: 1<+ +22<2,2<0,y<0,2>0}

362. /// (2% +y* + 2°) dw dy dz,
Q

Q={[r;y;2] €E3:2® —20+3* <0, -1 <2< 1} [Eﬂ}

363. /// xydxdydz,
Q

Q={[z;y;2] €EE3:0<a2?+22<4, 0<y<4—2>-2% >0}

[7?(8 —63\/§)]

1024
(Hint : cylindrical coord. * = 7 cos ¢,y = w, 2z = rsin ) {—}

105
II1.7 Applications of triple integrals

Example 364. Using the formula for computing the volume of a solid by means of a triple
integral

(e. V= /// 1 dx dy dz), show that the volume of the solid 7" = {[z; y; 2]
T

€E;:[r;y] € BCEy 0<2z< f(x,y)} “below” the graph of the function

z = f(z,y) over a measurable set B C [E,, can be computed using the

double integral / f(z,y) dz dy.
B

Solution : The solid T is an elementary region of integration with respect to the plane (z,y) and
therefore Fubini’s theorem for the triple integral can be applied directly.

///1dxdyd Fuznm// (/ wy) ) dxdy—// y)dxdyZ/Bf(x,y)dxdy

NOTE : By linearity of the integral, this procedure can be generalized to solids that are bounded both
above and below (in the direction of the z-axis) in the sense that fi(x,y) < z < fa(x,y). Here as well

Fubini’s theorem can be applied directly, from which we obtain V' = // ( fa(x,y) — fi(z, y)) dz dy.
B

e Compute the volume of the solid 2 bounded by the surfaces:

Example 365. » = 22+ 1> +4, v —y=2, 2=0,y=0, 2=0

Solution : €2 is part of a triangular prism with its base in the plane z = 0. The prism is bounded “from
above” by the paraboloid of revolution with vertex [0; 0; 4].

z z
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QO O§z§x2+y2+4
V:///ldxdydz: r—2<y<0 = (// z(x,y)d:cdy) =
Q B

0<r<?2

_/02<[Ei2</0x2+y2+41d2> dy) dx—/02</xi2(:c2+y2+4)dy> dr —

3

:/2[x2y+%+4y]0 da:z—/2<x2($—2)+M+4($—2)>d$=

r—2 3
ot 22 (z—2)! 2 32
=== 4 = 22—8} ==
| 13 T T
[
Example 366. > = 2(z* + y*), 2% = 16(2* + y?)
Solution : € : z = 2(z* + y?) - equation of a paraboloid
2? = 16(2? + y?) - equation of a conical surface
oz =20 )
22 = 16(x% + y?)
x
zy
V= /// 1 dx dy dz = (we use cylindrical coordinates)
Q
rT=rcosp | 2002 +y?) <z <422 +y2 = 2?2 <w< 4r
_| y=rsing 2r2 < dr 0<¢<2r
| z=w r<2 - 0<r<2 -
J=r
2 2 4r 2w 2 Ar 2 2
:/ (/ (/ rdw)dr)dgpz/ </ r[w} r)dg&z/ 1dg0-/ r(4r —2r%) dr =
0 0 NJor2 0 0 2r? 0 0
4 2rt12 16
3 4 Jo 3

Example 367. » =1 — 2> — 4%, 2 =0

Solution : The surface z = 1 — 2% — 432 is an elliptic paraboloid with vertex at the point [0; 0; 1].

V:///Qldxdydz: // (/01_m2_4y21dz>dxdy: // (122 - 4y?) dody =

z2+492<1 r24+4y2<1

I
<

cos ¢ 0<r<i1

. 2 1 2 4.1
sing | 0< ¢ <2m :/ </ L_ 2 .id>d :2_”[7“__7"_] _T
s\, A gdr)de =55 = 7], 7

[\p\ﬁ[\'}\ﬁ

x
| Y
J
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Example 368. » = 2> + %, 2 =x +y
Solution : The solid is bounded by the paraboloid of revolution with vertex at the origin

and by a plane passing through the origin.
z

z

2=+

zZ=T+Yy

Ty

93/ Y

- _ B+ <z<az+y|_ -ty -
V—///Qld:rdydz—‘ ([wy] €EBa:a?+ 2 <a+yl | (ﬂﬂfldz)dxdy_

z2+y?<z+y

1 1,2 1\2
ety—2—y’=-—(z-5) —(v—5

5 9 2 2771
oty §:r+y:>(x—f) —i—(y—f) §§

z24+y2<z+ty 2 2
+ 0<r< 1
T = — +1rcos r —
y 2 v ="=V3
— 1 —
y:§+r81ng0 0<p<2m
J=r

1 r2  rty/12 1 1 1 1 T

2 2 4 1o

Example 369. Determine the mass of a sphere if the density o(z, vy, z) equals the square of the
distance from the center of the sphere.

Solution : Choose the origin of the coordinate system at the center of the sphere. Then the sphere is
described by the inequality 72 + y? + 22 < a? and the density is o(z,y, z) = 2 + y* + 2%

m:///ﬂg(x,y,z)dxdydz:///Q(x2+y2+22)dxdydz:

0<r<a
X = T COoS p cos v - ) .
— g 0<ep<2r 4 2 @
=Y TS}HSDCOSﬂ T r | = ( ( r2~r2cosq9dr>dz9)dg0:
z = rsind <9< = 0 —_z \Jo
J =r?cos? 27 72 ’

(VB

[

(/ar4cosz9dr) dﬂ) d(p:27r[sim9]g . [%}Z = 47r5a ]
0 _

s
T jus
bl 2
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Example 370. Determine the mass and the z-coordinate of the center of mass of the solid bounded
bytheplanesz =0, y =0, 2 =0, x+y+z = 1, ifthedensityis o(z,y,2) = 1.

Solution : The mass of the solid for ¢ =1 1is numerically equal to its volume.

1
The solid is a tetrahedron and its volume equals 5 of the volume of the cube with edge length 1.

z z y
1 1 1
y=1—=x
1 1 1 1
0 1 T
X Y T Yy
1 p
m = VQ— -1 !ET—my,

///x oz, y, 2 dxdydz—///xdxdydz:
:/0 (/O (/01 . yxdz)dy)d:c—/ol(/olm:c(l—:c—y)dy)dx:
:/le{u—x)y—%z}l_xdx:/oldu—x)?—%)dx:%/leu—x)?dx:

1 ! 1rz?2 2 241 1 1
25/($—25U2+333)d$:§[?—§$3+z] = — |:I’T:ZL:| | ]
0

Example 371. Determine the center of mass of the solid bounded by the surfaces z = 22 + 12, 2 =
2, if the density is o(z,y, 2) = k.

Solution : The solid is a solid of revolution paraboloid, hence it is symmetric with respect to the
z-axis, therefore its center of mass lies on the z-axis, i.e. x7 = yr = 0.
z

‘2 The center of mass is 7' = [0; 0; z7|, where zp = mxy,
m = ///kdxdydz— // / kdz)dxdy_
2492
x2+92<2
Ty
r=rcosp 0<r<v2
= k’// (2—x2_y2)dxdy: y:rsin(p OSSOSQW —
12+y2§2 J:T'

=k- /%(/ﬁ(2—r2)rdr)dg0 k-2 - [7" —%4}\[—2/£7T

0

///zgdxdydz— // /my shdz) dudy = = k [T:[O;O;gu

22 +y2<2

80



III. Double and triple integrals Contents

Example 372. Determine the center of mass of the solid
Q={[r;y;2] €Bg:a® +y> +22<a? 2>0}, o=1.

Solution : The solid is a homogeneous hemisphere centered at the origin [0; 0; 0], with radius a, and
it lies
above the base plane. The center of mass lies on the z-axis.
z

x 1 4
a T = [0;0; zp|, where zp = m y7 : _Waza

2
m:V-Q:§ ///zd:r;dydz-

ry
T = rcoscost Osr<a . )
= Zi:ziigcosﬁ giiiiﬂ :/2</w</arsin1§‘~r2cosq9dr> dg@) dy =
J =12 cos? -2 " " ’

- [ [ [ amomoso= [T P oo

Example 373. Determine the center of mass of the cone with base 2% + y? < 16 and vertex at the
point [0; 0; 4], if the density is o(z,y, 2) = k.

Solution : The cone under consideration is a cone of revolution; the z-axis is its axis of rotation.
A meridian of this cone of revolution is the part of the line x + 2 =4 — z =4 — x.
Then the equation of the conical surface is z = 4 — /22 + y?

2 T = [0;0; 27], where 27 = %7

4 1 4
m=V- Q——7T 4% . 4. k‘—%lm

///z o(x,y, z dxdydz-///z-kdxdydz
—4 4

\
0 Y
w2+y 24— /22442
// / zdz)dxdy:k // [%] ! dx dy =
0
x2492<16 z2+92<16
T = 7 COS P 0<p< 21
// a:2—|-y> drdy=| y=rsing 0<r<4 |=
2+y2’<16 J=r
2m L 8 riq4
/ / —r) Td?“dgp— 27 - /(167’—8T2+T3)dr—k7r 8r2—§r3+z =
0
= — k7r [T = [0;0;1]] [

3
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Example 374. Determine the moment of inertia with respect to the point [0; 0; 0] of the solid €2
2 2
Q:{[:p;y;z]EEgz T —;—y SZS\/?)—a:Q—yQ}, o(z,y,z) = k.

2+y2

Solution : =2 = 2z=a2>+y* = theequation of a paraboloid

z=3—-22—y? = 2°+y*+2*=3 = theequation of a sphere
The surfaces have a common axis of rotation. Their points of intersection lie in a plane perpen-
dicular to the z-axis. We obtain the equation of the plane by solving the system:
2z = x% + 9 = 2>0
2yt +2=3 = 242:-3=0 = (2+3)(z—-1)=0

z
V3 The intersection is the circle 22 + y? = 2 in the plane
z=1.
z=1
Jo=///(w2+y2+22)-g(w,y,z)dxdydz:
0
|
\
‘ V2 Ty
T =TCosyp %SUJS 3—7"2 — %S 3—7'2 :>T4S4(3—T2) _—
_ | y=rsing rftdar?—12<0 = (P-2)0?+6)<0 = <2 = |_
S 0<r<v2, 0<p<2r
J=r
27 V2 V3—r2 V2 w3 V32
:k:/ (/ (/ (r2+w2)rdw>dr>d¢:2kzﬁ-/ [rgw%—r—}Q dr =
r2 3 1
0 0 5 0 2
V2 5 7 6 8 .3
r o r r
= 2%k (3\/3—2 —3—2\/3—2————)61 )y [——_ }
7T/0 IS R A Y Al R TR vor)

v 2 8 16
+ 2k7r/ <r\/3 N - 7‘2> dr — 2k7r(—— _ _) _
; 3 12 24-8

V2
2 —2: = =
—km/ \/3—T2<1+§7’2>(—2T)dr:' S =t n=0=t6=3 ':
0

—2rdr =dt ro=vV2=ty=1

3 ! 2 3 ; 2
——§k7r—k7r/3 \/¥<1+—(3—t))dt——§k7r+lm/l (3\/Z—§t\/z_f>dt—

3
3 2.313/2 9 9245/2q3 3 4 4
= —— _ = —— 2- _— —2 —_— =
21m+k7r[ . s ]1 2k7r+k7r< 3V3— = -9V3 +15)
18v/3 97
—k ( _—>i 002k
T 3 20 3,002 km n

Example 375. Determine the moment of inertia with respect to the z-axis of the homogeneous

solid Q={[z;y;z] e E3: a2 +y> <z <2}

Solution : The homogeneous cone has constant density, which we denote by o(x,y,z) = k
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/(962 +y?) - ola,y, 2) dedydz =
Q

: o

2
2
=k // <($2+y2)/ dz)dxdy:
z24y2<4 ¥ ty?
| Ty
T =1TCOosp 0<r<2
=k // ($2+y2)<2—\/x2+y2>dxdy: Yy =rsinp 0<p<2r | =
2442 J=r
z?+y?<4
2 2 4 5.9 9 1
Zk/ (/ T2(2—7’)7’d7’>d<,0:2k77[2~r——7ﬂ—} :2]g7r<8_3_>__6k7r
0 0 4 5 1o 5 5
[

Example 376. Determine the static moment m,, (with respect to the plane (yz)) of the solid
bounded by the planes z =0, y =0, 2 =0, z+y=a, y="h, (a>0,h > 0),

if the density p(x,y, z) is constant.

Solution : The solid is a triangular prism with base in the plane (z, z).

myzz///gsc'gda:dydz:
:k-///wdxdydz:
Q

Q: 0<z<a—2x
= 0<z<a =
0<y<h

_ /Oa</0h(/0a_xa:dz> ay) d:v:k/oa</0h:v(a—x)dy> dmzk-h[a-;—g];b:ék.haz”

Example 377. Determine the moment of inertia .J,,, (with respect to the plane (zy)) of the solid
Q={[z;y;2] €Bg: 2> =22+ <0, —1<2<1}, 0=k

Solution : The solid €2 is a circular cylinder whose axis is parallel to the z-axis.

1
ny—///z2~g(:v,y,z)dxdyd2— // (/ szdz) dx dy =
Q ( -1

z—1)2+4¢2<1
eI 9 9 9
—k [—} dedy = =k // ldedy=2k-m-1=>k
// 3], W3 TA =g 3T
(2-1)24y2<1 (e-1)4y2<1
| |

Example 378. Compute the integral and determine its possible physical meaning:

I:/// 22 +y? + 22drdydz,
Q

Q={[r;y;2] B3 : a2+ 2 <2< Jd—22—9y% y >0}
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Solution : »

Q:
2?2 = x? +y (c1rcular cone)
22 =4 —1% —y? = 2? + y*> + 2* = 4 (sphere)
0<r<2
Ty T = 7 coS pcosV
y = rsin e cos Osp=m
2z = rsind (y >0)
J =r?cosV Tcy<X
4 — T2

Iz/j(/j(/02r-7’200819d7">d90>d19:/Ozrgdr-/;COSﬁdﬂ'/oﬂldWZ

] %)

— <1 _Vve
™ s 9
Meaning: 1) [ is the total mass of the body with density o(z,y, 2) = /22 + y? + 22,
2) I is the static moment of the body with respect to the point [0; 0; 0] for density
o(z,y,z) = 1.

ENE] INE]

Example 379. Compute the mass of a cone with vertex at the origin, base radius a = 1 and
height 1 = 4. The density changes linearly depending on the distance of a
point of the body from the base. At the vertex o(z,y,2) = 1 and o(z,y, 2) =
5 at every point of the base.

Solution : ) ) o
We choose a coordinate system with the origin at the vertex of the

cone, the z-axis will be the axis of rotation, and a meridian will
be apartoftheline z =4z, y=0,0<z < 1.

The conical surface will therefore have the equation 2z =
44/ 22 + y2.
We describe the solid §2 by means of inequalities.
Q: 4A/x2+y?<z<4
2?4+t <1

For the density we have: o(z) = k(4 — 2) + ks : 00)=1= 1 =4k + ko
9(4):5:> S5=ky= k1 =—1
o(z,y,2) =—(4—2)+5=2z+1

m = /// o(z,y, z dxdydz—/// (z+1)dxdydz =
// / z—i—l)dz dx dy = // dxdy:
x2+y 2+y

z2+y2<1 x2+y2<1
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T =TCoSy 0<r<1
= // (12—8(x2+y2)—4 x2+y2>dq:dy: y=rsing 0<¢p<21 |=
22 y2<l J=r

1 2w 4 1 4 16
:/ </ (12—87‘2—4r)-rdg0>d7“:27r-[6r2—2r4——r3] :27T<4——>=—7T
0 0 3 o 3 3

e A set D in E3 and a function z = f(x,y, z) are given.
a) Sketch the set D and its projection D,, onto the plane z = 0.
b) Verify the assumptions of Fubini’s theorem and compute the triple integral
M, f(x,y, 2) dze dy dz.
c¢) Give examples of the possible physical meaning of the given integral.
State whether it represents mass (for what density), a static moment, or a moment
of inertia (for what density and with respect to which point, line, or plane).

380. D ={[z;y;2] €E3: 0<2<1,0<y<uz 0<2<2—z—vy}, flz,y,2) =2?
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384. D ={[z;y;2] €B3: 22 +9y* =9, 2=0, 2 =2}, f(z,y,2) = V22 + 92,

N
N
i

N
N
1l

N

N
SN\
SO

N\

=

V7
7

385. D2+ P +22=R* 2=0, (2 S%), f(z, 4. 2) = z, Ris a positive constant
b) %34

C) Mgy, 0= 1,
it does not represent mass
becausep =z < 0

e A solid D C E3 bounded by surfaces is given:
a) Sketch the solid D and its projection [, onto the plane z = 0.
b) Express the set D as an elementary region of integration in the coordinates
in which you will compute the volume.
¢) Compute the volume of this solid.

386. D :3x+2y =12, 2=0,y=0, 2 =0, z = 22

b)0 <z <4 T
O§y§6—%x

0<z<z?
c) 32

b) 0<r<2 T
0<p<27m
0<w<4—rcosyp

c) 16w

b) 0 <w<2
0<r<3
0<p<2r

x c) 18w
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390.D: 2=0, z=a’>— 2% 22 +y* =d?
b) 0<r<a
0<e<2rm
0<w<a?—r?cos?p
c) Zﬂ'aA‘
391. D: z2=0, 2z=36 —
z b) 0<r<l1
0<p<2rm
0 < w < 36— 36r°
fr
;;;;iiﬁ c¢) 324w
z U] y
e Compute the volume V' of the solid 2 C E; :
32.Q: 2=0,y+2z=1, y=lnz, y=In’z [3e — 8]
393.Q: 2 =a? +y? 2 =18 — 2% —¢? [817]
394. Q: 22> 22+ P4+ yP+ 22 =3 [27r\/§—§7r-
4 -
395 Q022 -2+ 2 =a2, 242 <b 0<b<a [§7T<a3 ~ J(a? —b2)3)
396.Q: (2492 +2:=1,2>0,y>0,2>0 [%(3\/5—1)'
397.Q: 14224+ ¢*=2% 2=5—-22—¢% 2>0 [%w
e A solid €2 C E;3 bounded by surfaces is given:
a) Sketch the solid 2 and its projection 2, onto the plane z = 0.
b) Using a suitable substitution, express €2 as an elementary region in the transformed
coordinates.
c¢) Compute the mass of the solid if the density o(x, y, 2) is given.
22y
398. ) : Z+E:1’ r=0,2=1 2=4, (z<0), ox,y,2)=2z2
b) 0<r<1
lic,<3
" =7 =37
1<w<4
c) 30w
399.Q:z =224+ 4% 2 =4, o(r,y,2) ==z
b) 0<r<2
0<p<2rm
r<w<4
c) 64w
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400. Q: 2 =22+ y? 2=4, o(x,y,z) = /22 + y?

401. Q:z=224+9y*+4, 2=3 -2 —y*, 22 +y* =1, oz, y,2)=k

b) re(0;1)

¢ € (0;2m)

w € (3—r%d+r?)
c) 2km

402. Q = {[z;y;2] € By : 1 <2 +9y° +27 <9,y <0}, o(r,y,2) = a2 +y? + 22,

e A solid Q) C Ej is given.
a) Sketch the solid €2 and its projection (2, onto the plane z = 0.
b) Compute the volume of the solid €.
c¢) Compute the mass of the solid €2 if the density o(x, y, 2) is given.

403. Q= {[z;y;2] €Ey : -1 <2<1,0<y<1,0< 2<4—22—y*},0(x,y,2) =2>+ .

20
DV =3
c)m—@ﬂ
90
404.Q: 2=0,y=0,x2+y=1, 2=0, z =xy, o(x,y,2) ==
1
c)m—i
"~ 60
405. Q = {[z;y;2] € E3 :
b)V:%ﬂ'
243
c)m=—m
2
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406. Q = {[z;y;2] € E3 : 0 <2 <4 — /2% +y?},

16
BV = —
v
) 128
c)ym= —m
3
T
407. Q: 2?2+ 22 =1, y=1, y = 2> + 2% + 4,
z 7
)V =—
. ) 29
i c)m= —m
\\\Q\\“‘\‘\‘E y
408. Q: v =y x=1,2=0,z2=2, o(r,y,2)=2
4
byV =-
) )
2
c)m—?

409. Q = {[z;y;2] € By : 2* +y° + 22 <16, 22 +¢° <9}, o(z,y,2) =k

DV = Sr(64— 7V7)

NNy

c)m = glm(64 —7V7)

(TR

2 2 22

Z Y
410'Q:¥+b_2+c_2:1’ o(z,y,2) =3

4
b))V = gwabc

c)m = 4mwabc

e Determine the mass m of the solid 2 C E; :

1. Q={[zr;y;2] €E3 :0<2<a, 0<y<b 0<2z<¢c}, o(z,y,2)=x+y+=
abc
[7(a+b+c)}

412. Q={[z;y;2] €E3 : >0, y>0, 2 +y<1,0<2<4—x-2y}, ox,y,z2) =2>

1

o\x,y,z) =
( ) a2+ y? + 22

413. Q= {[z;y;2] €Ez : 1 <2?+9y*+22<9, 2 >0},

[87]
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414. () is a sphere of radius a, if the density equals the square of the distance from a diameter.

(Choose the sphere with center at the origin and the diameter lying on the z-axis.) [%7‘(‘&5_
415. ) is bounded by the planes 2 =0, 2z +y+2=4, x =0, y =0,
. 327
if o(x,y, z) = 4x. [?
416. 2 is bounded by the surfaces: z = 22 + y> +4, z =3 — 22 —y?, 22 + > =1,
if o(z,y, 2) = 2z(2 + ¢*). [%W
e Determine the center of mass 7' of the solid {2 C E3 bounded by the surfaces:
417.Q:2=0, z=2>+y*, v +y=5, =0, y=0,0(z,y,2) =k )
-
418. Q: 2z =22+ P+ P+ 22 =3, 2>0, o(z,y,2) =k
)
T=10;0; ———
{ [ 63 — 5} i

2 2 2
419. Q) : —2+y—+z— =1, 2=0, y =0, 2 =0 (in the first octant), o(x,y, z) = k
a b2 2

e Determine the moment of inertia of the solid €2 C Ej :

420. Q : 2® + y? = 22, x + y = z with respect to the coordinate axes, if o(z,y, 2) = 1.
7 4
o= g e =y = g
421. Q: 2? +y? + 22 =2, 2% +y? = 2%, (2 > 0) with respect to the z-axis, if o(z,y, 2) = 1.

7. = %w(zhf ~5)]

422. of a circular cylinder with base radius a and height b with respect to the line p, which
touches the lateral surface of the cylinder and is parallel to the axis of rotation.

3
(Choose the cylinder (x — a)? +y? < a?, 0 < z < b, then the line p will be the z-axis.) bwa‘lb}

423. O = {[z;y;2] € E3 : /322 + 3y? < z < 3}, with respect to the z-axis, if the density is
o(z,y,2) =k .

7= = Tome]
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CHAPTER V.
[ Line integral

Contents
IV.1 Parametrizationof curves . . . . . . . . . . . .. Lo e 91
IV.2 Line integral of a scalar function . . . . . .. ... ... ... ... ... ... 95
IV.3 Applications of the line integral of a scalar function . . . . . ... ... ... .. .. 99
IV.4 Line integral of a vector function . . . . . . . . . ... ... ... ... ..., 107
IV.5 Work of aforcealongacurve. . . . . .. ... .. ... Lo 110
IV.6 Green’stheorem . . . . . . . . . . . . e 115
IV.7 Potential vector field . . . . . . .. ... 120

IV.1 Parametrization of curves

Let P(t) = [z(t); y(t); 2(t)] be a mapping of the interval {(a;b) into Es. If the following holds:
1) P(t) is continuous and is one-to-one on {(a; b) — (for injectivity it is sufficient that at least
one of the components x(t), y(t), z(t) be strictly monotone on {(a;b)),

2) the derivative P(t) = (2(t); y(t); 2(t)) is a bounded and continuous mapping on (a; b),
3)P(t)#0 forall t € (a;b),

then we call the set C = {X € E3: X = P(t), t € (a;b)} a simple smooth curve in E3 and
the mapping P its parametrization.

Analogously, we also define the parametrization of a curve in K.

We say that the curve C' is consistently oriented with the parametrization, or oppositely ori-
ented to the parametrization P, if the initial point of this curve is P(a), or P(b), respectively.

The curve C' in Es (also in Ey ) can be oriented by means of the unit tangent vector T
at the point X = P(t).

R P(t

If 7= —||P§t; || then the curve C' is consistently oriented with the parametrization P.
0 . . . o

If 7= then the curve C' is oppositely oriented to the parametrization P.

1P ()]l
NOTE : A simple closed piecewise smooth curve C' is called positively or negatively oriented
if the motion in the prescribed direction is “counterclockwise,” or “clockwise,” respectively.

Example 424. Given the curve C' = {[z;y] € E, : y = 22,2 € (—4;4) } with initial point
A = [—4; 16]. Determine whether the mapping P(t) = [x(t); y(t)] is a parametriza-
tion of the simple and smooth curve C, if
a) P(t) = [t;t*], te(—4;4), b)P(t)=[t%t"], te(-2;2),
¢) P(t) = [Vt;t], te€(0;16).
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Solution:

a) P(t) = [t;t?],t € (—4;4) satisfies all the required conditions of the definition,
and therefore P(t) is a parametrization of the curve C. The orientation of the curve is
consistent with the parametrization, since P(—4) = [-4;16] = A.

b) P(t) = [t?;t%],t € (—2;2) is not one-to-one. For example, P(—1) = P(1) = [1; 1],
so P(t) is not a parametrization of the curve C'. Moreover z = t2 > 0, whereas
the point A has z-coordinate —4 < 0.

¢) P(t) = [V/t;],t € (0;16) is not a parametrization of the given curve, because again

. 1
x =/t > 0. Moreover P(t) = (2—\/%, 1) is not bounded on (0; 16).

Example 425. Given the semicircle C = {[z;y] € Ey : 2% + y* = o,y > 0} with initial
point A = [—a; 0]. Determine whether the mapping P(t) is its parametrization if

a) P(t) = [acost;asint], t € (0;7),

b) P(t) = [t; Va? —t?],t € (—a;a), c) P(t) = [

at a

; ,teR
V1+2 V1482

Solution:
a) Yes, P(t) is a parametrization, because P(t) satisfies the conditions of the definition.
The orientation of the curve is opposite to the parametrization, because A = P(7) = [—a;0].

c) Yes, it is a parametrization. We verify that 22 + y? = a? holds:

b) It is not a parametrization, because P (t) = <1; is not bounded on (—a; a).

at \° a a2 +1)
— + SN R
V1+12 V1+ 2 1412 ’

. . at . . a . .
tgimoo z(t) = tgimoo i +a, tl}rinoo y(t) = tkrinoo I 0 = the orientation of the

curve is consistent with the parametrization. Here continuity of P(t) and P(t) is easily verified.
a

QL+ VitE

and the mapping P(t) is one-to-one.  P(t) = (i(t),y(t)) # (0,0) <= 24+ > #0 —

a? a’t? a?

T+ep T arep rep’ " .

> 0 for all ¢, the function x(t) is monotone

Since & (t) =

e Find a parametrization of the curve C' with initial point A and determine its orientation with respect
to the parametrization:

Example 426. The curve C'is a line segment with initial point A = [4; —1;3] and endpoint

B = [3;1;5].
Solution: We write the equations of the line AB using the point A and the direction vector
r=4—1
5= AB — (—=1;2;2), C:¢ y=—1+2t . We obtain the segment AB for ¢t € (0; 1),
z2=3+2
the point A corresponds to the parameter ¢ = 0, so the orientation of the curve is consistent with
the parametrization. [ |
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Example 427. C = {[x;y] € By : (x+3)°+ (y—2)*=9, 2 < -3}, A=[-3;-1]
Solution: Yy
. r = —3+ 3cost T 3T
P(t) : {y:2—|—3sint ’ t€<§’7>’
the orientation of the curve is opposite to the
parametrization, because P (37T / 2) =A
|
x
(z—1? ¢
mm@knscz{mmeﬁy-—E——+§:1wzo} A=30]
Solution:
) r=1+2cost )
P(t) : {y:?)sint ,  te(0;m),
the orientation of the curve is consistent with the [1;0] A
parametrization, because P(0) = A. i x
|

Example 429. C = {[x;y;2] € B3 : 22 +y* =4z, y+2=0, 2 >0}, A=][0;0;0]

Solution: The curve C' is the intersection of the cylindrical surface 22 + y? = 4z with the plane
y+z2=0.

e+ =0= (2 -2+’ =4,2=—y,2>0 =
r =2+ 2cost

P(t): y = 2sint
z=—-2sint = —2sint>0=sint < 0=t € (m;2m)

A=10;0;0] = 2+42cost=0 = cost=—1

sint=0 =—> sint=0 — t=7

P(mr)=A = the orientation of the curve is consistent with the parametrization. n
Example 430. C = {[x;y;2] € B3 : 2?2 +y* + 22 =a® 2=y, v >0}, A=1[0;0; —a]
Solution: This is the intersection of the sphere with a plane passing through the center of the sphere.

We use spherical coordinates, in which r =a,p = %; 9 will be denoted by the parameter ¢ .

7 2 -
x:acoszcost:a—cost =z >0= cost >0 = t€<—§;§>
T . . .
y = 2sin%cost —u 200575 t = —5 A = [0;0; —a] = the orientation of the curve is

, consistent with the parametrization.
z=asint

e A plane curve C'is given in parametric form. Find its implicit equation and name the curve:

Example431. C = {[z;y] € Ey : © =2t+ 1, y=3—1t, t € (1;4)}, the orientation is
consistent with the parametrization.
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Solution: This is a line segment with initial point A = P(1) = [3; 2] and endpoint
B = P(4) = [9; —1]. Eliminating the parameter ¢ we obtain:

t=3—y = 2=2B8-y)+1 = zx+2y=7 ]

Example 432. C = {[z;y| € Ey: x =1*—2t+3, y=t*—2t+1, t € (0;3)}, the orientation
of the curve is opposite to the parametrization.

Solution: Subtracting, we get x — y = 2. Again we have a line segment with initial point
A = P(3) = [6;4] and endpoint B = P(0) = [3;1]. ]

Example 433. C = {[m;y] €Ey: o =2sin’t, y=4cos’t, t€ <0; g> },
the orientation of C' is consistent with the parametrization.
Solution: We add z + Y — it 4 cos®t => 22 +y = 4. Again we have a line segment with initial

point A = P(0) = [0; 4] and endpoint B = P <g> = [2;0]. ]

Example 434.* The curve C is given by the polar equation r(p) = 4sinp, ¢ € <g, 7r> :
the orientation of the curve C'is opposite to the parametrization.

Solution:
B { T =1cosp =4sinpcosy
P O: . .. 9 .
y =rsinp =4sin” ¢
0:2]' initial point A = [0; 0], forg = 7
/ endpoint B = [0;4], forp = 7/2
A x

2% + y? = (4sin pcos p)? + (4sin? p)? = 16 sin? p(cos? p + sin® @) = 4 - 4sin? p = 4y,
Pyt =4y =2+ (y—2)?=4 (circle)
We could also parametrize the same part of the circle in another way:

3
P(t) = [2cost; 2+ 2sint], t € <g, 77T> the orientation is opposite to the parametrization.

e Verify that C' = C U (5 is a simple closed piecewise smooth curve. Find parametrizations of the
curves C', Cs, draw them, and determine their orientation, if A is the initial point of C'; and also the
endpoint of Cy:

Example 435. C;,Cy CEy, A=1[0;0]; C,={[z;y] €Ey: 2* +y? =4z, y > 0};
Co={[r;y] €Ez: y=0, x € (0;4)}

Solution:

- y
Q:@—2V+f=4:$Py{x 2+ 2costy

Yy = 2sint; Co

t1 € (0; ), the orientation of C' is opposite to the parametrization,

P { r =1y to € (0;4), the orientation of C is c,

y =0 7 opposite to the parametrization. 1 < 1
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[
Example 436. C1,Cy C Ey, A=[1;8]; Cy={[z;y] €Ey: ay =8, x € (1;4)};
Cy = {[z;y] € Eq : y—i-ZJQ’— 10,z € (1;4)}
Solution: A=11;8]
P v té t; € (1;4), the orientation of C' is
L y= " consistent with the parametrization,
1
P { r =ty ty € (1;4), the orientation of C'is
2 y=10—2ty >  opposite to the parametrization. [4; 2]
x
[
437. Cy, Cy CEy, A=[1;1]; Cy={[z;y] €Ey: y=+/x,xz € (0;1)};
Cy={[z;y] €Ez: y =222 €(0;1)}
S t1 € (0;1) _, ty € (0;1)
P - { : | the orientation of C'is oppo- | Py { 3 | the orientation of C'is consis-
y=h site to the parametrization =1 tent with the parametrization
438. Cy, Cy CE3, A=[3;0;2]; C,={[z;y;2] €Es: 22 +9* =9, 2 —2=1,y > 0};
Cy=A{[z;y;2] €Bs:x— 2 =1,y =0}
x = 3cost; t1 € (0;m) xr =19 to € (—3;3)
P, { y = 3sint; | the orientation of C'is consis- | Py : { y=0 | the orientation of C'is consis-
z=3cost; —1 tent with the parametrization z=1to — 1 tent with the parametrization

e Propose a parametrization of the curve C' with initial point A:

439. C ={[z;y| € Eo: 3x+y=1, z € (-1;2)}; A=[-1;4]
vy € (~12)
P(t): { | the orientation of C'is consis-
y=1-3 . .
tent with the parametrization

440. C = {[z;y;2] €B3: 20—y =2, 2+ 2=3, y € (0;2); A=[2;2;1]

x=t (1;2)
P(t): { y =2t — 2 | the orientation of C' is opposite
z=—-t+3 to the parametrization

441. C = {[m;y; 2] €Ez: da? + 22 =4, y+2=0, y<0; A=[-1;0;0]

x = cost (0; )
P(t): { y = —2sint | the orientation of C' is opposite
z =2sint to the parametrization

IV.2 Line integral of a scalar function

Assume that C'is a simple smooth curve with parametrization P () on the interval (a; b). Then

/f ds—/f DIIPE)]| d.
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e Investigate the existence of the line integral / f ds. If it exists, compute it :
c

1
Example 442. /

5 ds, C'is the line segment with endpoints A, B, where
cT— 2y

a) A=1[1;-2],B=[3;0], b)A=][1;-2],B=13;4].

Solution: The integrand is defined and continuous in [E; except on the line x — 2y = 0.
In a neighborhood of this line the function f is not bounded.

a)

o x—2y=0
1

T — 2y

The integral exists, because the function f(x,y) =

is continuous on the segment AB.

P(t): z=1+2t IP@)dt= !
1 2v/2
/ ds = y=-2+2t| =/i2 +92 = :/ V2di —
; = VA+4ddt =22
L b _2dt )
zzvﬁ/ig—gdp:—v§/i = —V2[In|5 -2t} = —v2- (In3 —In5) =
0 - 0

5— 2t
5
:v§Jn§

b)
The integral does not exist, because the segment AB

intersects the line x — 2y = 0 at the point [2;1] and
r—2y= the function f is not bounded in a neighborhood of
) the point [2; 1].

1
For example: lim gy = T fory =1,z — 2%,
Y

2
Example 443. v a) C = {[z;y] € Ey: 2* +y* = da},

_TrE g
oVt +y?
b) C = {[z;y] € Ey: 2? + ¢y =4}
Solution: The integrand is defined and continuous in E5\{[0; 0] }.

a)

96



IV. Line integral Contents

b)
The given function is continuous on C, so the integral exists.
r+2 2
c\/ xz + 12
P( ) [2cost;2sint], ¢ € (0;2m)

@t = \/4s1n t+4c032t =2

27
2cost + 2
:/ ZCSTHZ ot = 2[sint + 127 = 4n.
0

2
n
Example 444. / w?ds, C={[z;y] €Ey: y=1Inmz, z € (1;3)}
c
Solution: It is clear that the integral exists:
Y y=Inx (t) :qj—]nt I1P(t)|| = /:E2+y2 _
C RGE
/[;%/lﬂ3] ‘
‘ Ve
[0; 0] [1; 0] x
‘/t2 2 — .
,CL’ dS— t2 /—t2 1 tdt t“+1 u u € <2, ].0> _
2tdt = du
1[0 120327 1
=~ | Vudu=-|" = ~(10V10 — 2V/2). n
2 /, 2|73 |, "3
2
Example 445. / x—ds, C={[riy) €Ey: y* =2z, y € (V2;2)}
clY
Solution: The integral exists:
2
x
o Y ! cly
P(t) : =t :
2:2 W v= 1B = VE+ 1=
V2 - s v |-
te(vV2;2)
[050] !
244 1 [? V1+t2=u 2tdt=2udu
=] —Vi+tdt== | - V1+t2-tdt= =
/ﬁ4t * 4/\/5 * ‘ 1+t2=u?> wuec(V3;V5)
V5 5 37V5
1 1 1
=—/ (u2—1)-u-udu:—{u——u—} = — (255 — 6V3). ]
1)y 415 35 30

Example 446. / (22 +y*+2%) ds, C is the first turn of the helix x = acost, y = asint, z = bt.
c
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Solution:
[a; 0; 2br] . .
< The integral exists:
/(x2+y2+z2)ds:
c
P(t) = [acost;asint; bt], t e (0;2m)
(a:0: 0 T IP@ = @2+ @2+ (2)2 = VaZsin®t + a2 cos? t + b2
" Yy

2w 2
= / (a?sin?t 4 a® cos® t + b*t%) - Va2 + b2 dt = Va2 + b / (a® + V*t?) dt =
0 0

2,37 2T
ZVCLQ—i—bQ-[a%—i—th} :\/a2+b2-(27m2+§b27r3). n
0

e Justify on which of the curves C the integral |, o [ ds exists. Compute the corresponding integral.

3 _
447. / —i/_ ds, a)Cisthecircle 2% — 2z +y? = 0;

[does not exist, the given function is not bounded on the curve C|

b) C'is the segment AB, where A = [2;3], B = [0;1].

[exists, the given function is continuous on the segment AB, V8 / 3}

1
448. / ——ds, aC={[r;y]€ly: z=t-3,y=3—1t,te(1;4)} [does not exist]
c

$2+y2 ’

b)C = {[m,y] eEy: 22+ y2 = a2} [exists, 2;]
1
449. /0372 — ds, a)C ={[r;y] € Ey: y=2x, x €(1;3)} [does not exist]
b) O ={[z;yl €Ey: y =9, 2€(0;2)] [exists, _IDGS]
450. / wyds, C={[z;y] €By: 2®+y’=0a? 2 <0, y >0} [—C;]
c

451. / V2yds, C=A{lzr;yl€Ey: x=a(t—sint), y=a(l—cost), t € (0;2m)}
c

(arc of a cycloid) [4may/a]
452./0\/§d5, C={[r;y] €Ey: y=+z, v €(1;2)} [27_125\/51
453. /(xy—i—Z) ds, C={[x;y] €Ey: & =cost, y=3sint, z=8cost, t € (0;27)}
¢ (12 7]
454. /Czds, C=A{lr;y] € Ea: z=tcost, y=tsint, z=1t, t € (0;m)}
(conical helix) [; (@+m)V2+n?- 2&)]
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455. /(93+y)ds, C={lz;y| €By: 2> +92 +2*=0a’, y=a, >0, y>0,2 >0} (Use the
C
parametrization from example 430.) [t € <O; g> , azx/ﬂ

2
456. / zyzds, C={[lzy;2]€Bs: i +y*+2"=d* 2°+y° = az’ in the 1st octant}
C

&ﬁ]

2

(C' lies in the plane z = %¥3 then z = gcost, y = §sint) [ %

e A scalar function f is given, and the curve C'is the intersection of the two given surfaces.
a) Propose a parametrization of this curve.
b) Write the vector P(t) and compute its length || P(t)].
c) Compute the line integral of the given scalar function f.

457. f(x,y, z) =y*+222, the curve C is the intersection of the planes z+y+2z = 5, 2z+5y—2z = 4

in the first octant.
a)eg.:rx=T—4t,y=2t—-2,z=t,te (1;7/4)

b) P(t) = (—=4;2; 1), | P(1)[| = V21
) 111v/21/32

2 2
458. f(x,y,z) = 22, the curve C is the intersection of the cylindrical surface % + 3—5 = 1 and the

plane 4x — 3z = 0.
a)e.g.: x =3cost,y =5sint,z = 4cost,t € (0;27)

b) P(t) = (—3sint; 5cost; —4sint), |P(t)] =5
c¢) 807

IV.3 Applications of the line integral of a scalar function

e Compute the length ¢ of the curve C, if:

Example 459. C = {[m;y] €EEy: y=2—1In(cosz), =x¢€ <0; E> }

4
Solution:
P(t): =t Py = (1,——— . (—sint
© y =2 —In(cost), ®) " cost (=sint)
Ez/lds: t€<0_1> e , =
C 74 Pt _ 1 Sin _
2@l +<cos7§ ‘cost

T/t /4 cost T/t cosx sint = s
= —dt = 5 dt = —— - dt = =

0 cost 0 cos“t 0 1 —sin“t costdt = ds

v2/2 g 1 1+ s v2/2 1 1+\/7§
0 2 2 1 — 2
2

1—s2 1—sl],
1 (1+%2)?2 1

2

99



Contents IV. Line integral

Example 460. C = {[m;y] €Ey: =1 y:t—g, t e <—\/§,\/§>}

Solution: This is the length of a loop, since x(—+/3) = z(v/3) = 3 and y(—v/3) = y(v/3) = 0.

V3 Yy
E:/lds:/ \/(x)2+(y)2dt:
c -V3
V3
:/ \/(Qt)2+(1—t2)2dt:
—V3 3 T
V3 V3 V3
=/ \/4t2+1—2t2+t4dt:/ \/1+2t2+t4dt:/ (1+t%)dt =
V3 V3 V3
V3 t3 V3
:2./ (1+t2)dt:2{t+§} =2(V3+V3) = 4V3. ]
0 0

Example 461.% C = {[z;y] € Ey: 2 =acos’t, y = asin®t, t € (0;2m)}

Solution: This is an astroid, consisting of four arcs of equal length. Therefore

€:/Clds:4~/0ﬂ/2\/(i:)2+(Q)th:

w/2
4/ \/(—3a cos? tsint)? + (3asin®t cost)2 dt =
0

Y

w/2
ﬂm = 4/ \/9a2 sin®t cos?t(cos?t + sint) dt =
/2 in2 ¢ /2
= 4/ 3asintcostdt = 12a [SH; } = 6a
0

0

a

Example 462.* C is a part of the logarithmic spiral » = ae®?, lying inside the circle of radius
r=a, k>0, a>0.

Solution: The curve C' is given in polar coordinates 7 = 7(¢). In Cartesian coordinates it will be
expressed as:

{x:r(gp)cosgp {x'zr/cosgp—rsinga
. = . :
y=r(p)siny y=r1'sinp+rcosp

Then ds = 1/ (x)2 + (y)2 dp = \/(7” cos @ — rsin ) + (' sin g 4 r cos p)* dp =
d
= /()2 +r2dp, where ' = é

From the condition |ae*?| < a it follows that > < 0. Thus

0 0 .
(= / \/(akeks@)2 + (aekso)Z dp = ae" k2 +1dp = ma a2 + 1 1/ M dp =
e oo ——00 s

ke1” 1 VEE 1
=aVk?+1 lim S =avVk?+1 lim - _C :u. m
Bo—oo | k 3 B——oco \ k k k
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t [
Example 463.% C' = {[55;3/3 Z]€B3: v = / Sk dz, y = / ThE dz, t € R}. Determine
1 R 1 <
the distance from the origin to the nearest point at which the tangent

is parallel to the y-axis.

. . . . cost
Solution: The tangent is parallel to the y-axis when &z = 0 =— = = 5 = 1y = g, th=1.

int /2 : . 7T/21
g =20t :>€:/1ds:/ \/(x)2+(y)2dt:/ —dt:[ln\tHT/Qzlnz-
t o L 1 t 2

e Compute the areas of the given parts of cylindrical surfaces bounded by the coordinate plane (xy)
and the given surfaces:

Example 464.% > = 4z, 2z = 2v/x — 22

Solution: The parabolic cylindrical surface parallel to the z-axis is bounded “from above” by the

surface z = f(z,y) = 2Vx — 22.
In general A = / f(z,y)ds =
c

C:y?=42,C = CLUCy, Ci:y=2Jx
Cr:y=—-2x

= ds:\/1+(y')2dx:,/1+(\i/%fdx:de =

z=2Vr—22 = z(l-2)>0 = x¢€(0;1), fds= fds

ol Cs
! r+1 ! 1
:2/ 2V — 22 - dx:4~/ \/(1—x)(x+1)dx:4/ V1—22de =
0 xr 0 0
. w/2 w/2 : /2
| x=sint | 2 - B sin 2¢ B
= dx:costdt‘_4/o cos tdt—Z/O (1+0082t)dt—2[t+ 5 k =T.

1
Example 465.% 2> + > = 7 z=zy, x>0, y>0

P(t) = %cost; ;sint} , te <0; g>
Solution: A = / ryds = '
c

1
C :x2+y2=4:>{
P(

. 1.1 : 1
t): (—Qsmt,zcost), HP(t)H D)
/2] 1 1 [sin?t /2 1
— —sint-cost-—dt = = 16 -
; 4 9 8 2 0 16

e Compute the mass m of the curve C' with linear density o = o(x,y), or o(x,y, z) :

Example 466. C = {[z;y] €Eo: 2* +y* =a® >0,y >0}, o(z,y) ==z

) C:P(t)= [acost;asint], t € (0;7/2)
Solution: m = | pods= | xds= . i i
c c P(t) = (—asint;acost), |[Pt)|=a
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w/2
:/ acost-adt=a®- [smt]ﬂ/2 a’. ]
0
a a
Example 467. C = {[x;y; 2] € B3 : v =at, y= —= 12, 2 ==t t € (0; 1)},
p {[zsy;2] € Ey V=5 ) (0; 1)}
2y
(‘T Y,z ) —
Solution: m = /QdS—/ \/ = ds-
. rx=at — T =a . - - -
O IR0l = VP P -
= y_\/§ y=via —av1+2% + 1% = =

= at3 — Z = qt? (1 + tQ)

2at> 2 #1393
:/ 1/ a (1+2)dt = \/_/at1+t ) dt = f[ Z} :%—a.
0

Example 468. The curve C' is the first turn of the helix z = acost, y = asint, z = at and the
density is equal to the square of the distance from the z-axis.

(t): x=acost ' € (0;2m)
Solution: m = / ods = / (22 4y?) ds = y=asint ||[P@t)| = (@)?2+ @)+ ()2 =
c c z=at — a2
2m
:/ a? - aV2dt = a® - 2v/2r. [
0

Example 469. C = C, UCy; C) = {[z;y] €Ey: 2® + 92 = 2ax, y > 0};
Co={[r;y] €Ey: y=0, x € (0;2a),a >0}, o(zr,y) = 2%+ ¢>

Solution:

m = /QdS—/ gds—l—/ ods = aT
el Cs

:/Clx—l—y)ds—i—/@(x +y?) ds =

a 2«
C'{:1:2+y2—2aa::02(x—a)2+y2=a2:> r=a+acost ds =adt
= 'Uy>0 y=asint t € (0;m)

Cy:y=0=ds=dz,z € (0;2a)
2a

m 2a ™ 3
:/ (a2(1+cost)2+a2sin2t) -adt+/ x2dx:a3/ (24 2cost)dt + {%} =
0 0 0 0
8a? 8
= 2a* [t + sint]] +?—2aﬂ+% ]

e Determine the center of mass 7" of the curve C' with density o(z,y), or o(z,y, 2) :
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Example 470. C = {[z;y] € By : 2* +1y* =1,y >0}, o(z,y) =a(l —y), a>0

Solution:

My

T =0;y,], wherey, = gt
(Note that the density does not depend on z, so the

mass of the T
left and right quarter-circles is the same.)

—1 1

T = cost

T = —sint | ||P(t)|| =1
y =sint

y = cost t e (0;m)

'P<t>:{ | P

0
T 11— 2t
mm:/deSZa/ (1—sint)sintdt:a/ sint — — 2 gt =
c 0 0 2

1 1 "
=a [—cost—étjtzsin%}o :a(Q—g)

m:/cgds:/ca(l—y)ds:/ a(l —sint)dt = at + cost]y = a(m — 2)

_a(2—§)_ 4—m
= um—2) " 2(n—2)

Example 471. C = {[z;y] € Ey: x =a(t —sint), y =a (1 —cost), a > 0, t € (0;27)},
o(z,y) =1
Solution:
Y
C'is the first arc of a cycloid, 7T = [ra;y,], 9
My
Yyr=-_- m /Cg(w,y) s T
0 am 2am ¥
x = a(t — sint) & = a(l — cost) | P@t)| = aV/1 —2cost + cos?t + sin®t =
y:<a(1—>cost) Yy = asint =ayv2—2cost = av/2y/1 — cost
t e (0;2m

27

2w 2w
t t
m:aﬁ/ \/1—costdt:a\/§/ ﬁsinédt:2a{—2(:os§] = 8a;
0 0

0

2m o
My = / yo(x,y)ds = / a(l — cost) caV/2y/1 — cost dt = az\/ﬁ/ (1-— cost)3/2 dt =
C 0 0

t
2 2m 9 =
, " t cos— = z
— aQ\/§/ 2v/2 - sin® = dt = 4a2/ (1 — cos? —) sin - dt = 1 t 2 -
. 9 0 2 2 —3 sin§ dt = dz

1

-1 1 3 2
:—4a2~2-/ (1—22)(12:8&2/(1—22)0[2:16@2{2—%] :16a2~§:
1 -

1 0

32a?
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32a* 4a T a4a ]
= = — = |7TQ: —
Yr =378, 3 '3

Example 472. C = C, UC, U Cs, Cy = {[z;y;2] €EE3: 2> +y?* =da? 2=0,2 >0, y > 0},
Co=A{[r;y;2| €By: 22 +22=0a?y=0, >0, 2> 0},
Cs={[z;y;2] €Bs: y*+22=0a% 2=0,y>0, 2>0, a >0}, o(x,y,2) =
Solution: The curve C'is symmetric with respect to the axes x,y, z, so v, = ¥y, = z, . We restrict
1

My

ourselves to z, = o m:3-1-27r-1:§7r@7
myzzfﬁg(x,y,z)ds:/ a:ds+/ :Ed3+/ rds =
C Cy Co C3
z
- Pi(t) = [acost; asint; 0]
te(0;m/2), [[A®)] =a
Cy - Py(t) = [acost; 0;asint]
tc(0;m/2), [[P(t)] =a
s - P3(t) = [0;acost; asint]
te(0;7/2), [Ps(t)=a

w/2 w/2 /2
= / a? cost dt + / a®costdt +/ 0dt = 2a” [sinzf]g/2 = 2a®
0 0 0

2a? B 4a 4a. 4a' 4a .
N 37" 37’ 3w

Example 473. Determine the moment of inertia with respect to the coordinate plane (yz) of the
spatial curve C' = {[x;y; 2] € E3: x = acost, y = asint, z =0t t € (0;2m)},
if o(r,y,z) =2+ 1y

T —

Solution:
P = 2 t 20082¢ + b2 =
Jyzz/ Q-xQdSZ/(x2+y2)x2d |P(#)]| = Va?sin?t + a2 cos? t + _
¢ c =Va2 + b2

21 27
1 2t
:/ a2-a20082t-\/a2+b2dt:a4\/a2+b2/ —+C208 dt =
0 0

4 /79 1 19 b2 . 2t 27
:u{t—l—sm ] =a*vVaZ+bv2r1. [
0

2 2

Example 474. Determine the moment of inertia with respect to the z-axis of the curve C' C E; :
C={[r;y;2] €B3: 222 +y* =2, x+2=1}, if o(zr,y,2)=z2.

Solution: (' is the intersection of the elliptical cylindrical surface with the plane x + z = 1.

J. - / (2 + ) ola,y, 2) ds = / (2 + )z ds =
C C
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T = cost —> & = —sint HP Hf\/sm t+ 2cos?t +sin’t =2
=| P(t): y=+2sint = ¢§=+2cost | =
z=1—cost = Z=sint t € (0;2m)

27 2
:/ (c0s2t+281n2t)(1—cost)~\/ﬁdt:\/5/ (14 sin®t)(1 — cost)dt =
0 0
1 — cos2t 1 sin2t in3¢7]%"
= \/_/ ( cos —cost—sithcost) dt =2 |:t—|— -t — SH; —sint — SH; =

2 0

:\/5-5-27r:3\/§7r. [ |

e A curve C and a linear density p are given.
a) Propose a parametrization X = P(t), t € (a;b) of the given curve C' and determine the length
of the vector P(t).
b) Compute the mass of the curve C' if mass is distributed along it with linear density o.
c) State what else the corresponding integral could represent. Specify whether it is
a static moment or a moment of inertia, for what density, and with respect to what
object (point, line, or plane).

475. The curve C'is the segment AB, where A = [1;0], B = [2;3], o(z,y) = 2* + 3.
a) P(t) = [L+1;3t], t € (0; 1); |P(¢)]| = V10 ]
bym = f/3
C) Jo, 0= i
476. The curve C is the segment AB, where A = [0;1], B = [1;2], o(z,y) = 22y.
a) P(t) = [t; 1+ 1], t € (0;1); | P(t)]| = V2 ]
b) m 7[/12
¢) Mg, 0 = 2% my, 0 =1y; Jy, 0=y i
477. C = {[x;y) € By : 22 +9y* =9, 2 >0}, o(z,y) = .
[ a) P(t) = [3cost; 3sint], t € (—m/2;7/2); |IP()] =3 T
b)m = 18
c)my, 0 =1 |

478. C = {[z;y; 2] € E3: o = 3cost, y = 3sint, z=1/3, t € (0;3)},
o, y,2) = 2" +y* + 2°

a) P(t) = [3cost; 3sint: /3], t € (0;3); || P(1)]| = v/82/3
b)m = 28v/82/3
C) J(), o= 1

479. C = {[x;y; 2] € E3: o =2cost, y =2sint, z =t/4; t € (0;27)},
o(x,y,z) = 2/ (2* + y?)

b)m = v657°/96

a) P(t) = [2cost; 2sint; t/4], t € (0;27); | P(t)] = V17/2 ]
¢) May, 0= 2/(2? +°); Joy, 0 =1/(2? +3?)

480. C = {[z;y| € Eq: y = %2 + 2 between the points A = [0;2], B = [2;4]}, o(x,y) ==
Q) P(t) = [542/2 4+ 2], t € (02); [P = V14 P
bym = (5v5—1)/3 ]

c)my, 0 =1

481. C = {[z;y;2] € B3 : w =t cost,y =tsint,z=t; t € (0;1)}, olx,y,2) =2
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b)m = (V27 —V/8)/3

C) Mgy, 0= 1

a) P(t) = [tcost; tsint; t], t € (0;1); |[P(t)|| = V2 +12/2 ]

e Compute the length ¢ of the given curve C':

482.C:{[x;y]€]E2: y:%x\/i x6(0;5>} [19]

483. C = {[z;y;2] €E3: 2 =3t, y=3t>, 2 =2, t€(0;1)} [5]
484.% C = {[p;r] € Eo : r(¢) = a(l + cos ), ¢ € (0;m), a > 0} (upper half of a cardioid) [4a]

485.% C = {[go; 7] € Ey: r(p) = sin® g, ¢ € (0; SW)}(the curve is given in polar coordinates)

486. C = {[:zr;y] ceEy: y= \/cosx} [4; usecosr > 0=z € <—g; >

487. C = {[z;y] € Eo : x = 2cost, y = 2sint, z =t/2, t € (0;2m)} [ V17]
2 Inz ,

488. C' = {[:v;y] €Ey: y= - T T} between the points [2; 7], [4; 7] [6+ (In2)/4]

489. C' = {[z;y; 2] € E3: @ = Rcost, y = Rsint, z = at, t € (0;27)} [2m V R? + a?]

e Determine the mass m of the curve C' with linear density o(z,y) :

32v/2]
3

490. o(z,y,2) = 2(y* + 2%), C={|lr;y;2] €Bs: y* +22° =4, v =2, 2 > 0} [
P1. o(z,y) =x(y+2), C={[r;y] €Ez: 2” +y’ =4, >0} [16]

Wl
|

492. o(z,y) = 22+ y*3, C={lx;y] € Ey: x=acos®t, y =asin’t, t € (0;7/2)} [a

493. o(z,y) = V", C={lmyl €Ey: 2’ +9y* =0a’, 20, y > 0} [;T
494. Compute the moment of inertia with respect to the axis of symmetry of a homogeneous semi-
. . ka3m]

circle of radius a, o(z,y) = k. 5

495. Determine the moment of inertia with respect to the z-axis of the part of the astroid lying in the
first quadrant (i.e. the curve = acos®t, y = asin®¢, t € (0;7/2)), with density o(z, y) = 1.

8 -
e Determine the centroid 7 of the curve C' with linear density o(x,y, 2) :
496. C = {[z;y;2] € E3: © =acost, y =asint, z=at, a >0, € (0;2nm)},
22 8v/2am3 3
0= —1:2 - y2 m = —3 Mgy = 4\/§a27r4, T = [0;0; 2a7r”
497.% C =CLUCy, Cy ={[z;y] € Ey: y =61z, v € (1;6)};
Co={[w:y] €Ba: y— —6yF, z € (1:6)}, 0= 1 m =10, my — 35, T — Bo”
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IV.4 Line integral of a vector function

s N

Assume that C'is a simple smooth curve with parametrization P(¢) on the interval (a; b). Then

Lf(x>.d§:i/ F(P@) - P(t) dt.

We use the plus sign (respectively minus sign) when the curve C' is oriented consistently
(respectively oppositely) with the parametrization P(t).

L J

NOTE: The line integral of the vector function f = (U, V,W) can be written in differentials, i.e. in
the form

/f-d§—/ (U; Vs W) - (dx; dy; dz)—/(Ud:c+de+Wdz).
C C C

Analogously for a curve C' € [E,.
e Compute the given line integrals along the oriented curve C' with initial point A.

Example 498. / (z; —y?) - d5, C is the line segment from the point A = [1; —2] to the point
c
B =[3;2.

Solution: Parametric equations of the segment:
r=1+42t,
y C: { B € (0;1)

Parametrization of the curve C"
- P(t) = [1+2t;—-2+4t], te(0;1),
z B(t) = (214)
P(0) = [1; —2] = A = the orientation of the curve is
consistent with the chosen parametrization

A

F(P)) P(t)
1 1
:/ (L+2t)-2— (4 —2)%-4) dt / (142t —2(16t* — 16t 4-4)) dt =
0 0
1 1
32 4
= 2/ (—7+ 34t — 32t*) d { Tt 4+ 17t — tS} =—= m
0 3 1, 3
Example 499. / (2 —y*1)-d5, C ={[z;y] €Ey:y =2} from the point A = [0;0] to the
c
point B=[3;27]. ¥ |{p oL fT=t, 0.3
Solution: : { y =13, € (0;3)
‘ P(t) = [t;t?’], t € (0;3)
P(t) = (1;3t%), P(0) = A = consistent parametrization )
Aty

L(x2—y2;1)-d§:L(t2—t6;1).(1;3t2)dt:/03((t2—t6).1+1~3t2) dt =
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{4 tT’ 1935

pu— _ —— .
3 71, 7
2?2
Example 500. /(—y;x) -ds, C = {[x;y] ek — + i 1, 2>0, y> O}, B = [0;a).
C a
Solution: Y
T = acost, )
= C'{ y = bsint, te(0:m/2)
P(t) = [acost;bsint], te€ (0;7/2)
P(t) = (—asint;bcost), P(0)=[a;0] = A
T the orientation of the curve is opposite to the parametrization
A
/2
/(—y;x) -ds = —/ (—bsint;acost) - (—asint;bcost) dt =
c 0
w/2 w/2 abr
:—/ (bsint-asint+acost-bcost)dt:—ab/ 1dt:—7 [
0 0

Example 501. /(y, —z;2)-ds§, C'isapart of the curve K = {[x, y;z] € B3 : x = Rcost,

c
t . . .

y = Rsint,z = ;—, R > O}, from the intersection with the plane z = 0 to the
s

intersection with the plane z = a, a > 0.

Solution: This is a helix with winding radius R and pitch a.

z2=0 = t1 =0
z z=a = ty=2m

t
P(t) = [Rcost;Rsint; ;] ,  te(0;2m)

7r
P(t) = (—Rsint;Rcost; %) , P(0)=1a;0;0] = A

4 the orientation is consistent

T4

27 t
/(y; —x;2)-d§ = / (Rsint; —Rcost,; a_) . (—R sint; R cost; i) dt =
C 0 2m 2m

27 CL2t 27 CL2
:/ —stinzt—RQCoszt+—2 dt:/ —R 4+ —¢t) dt=
0 A 0 472

a2 27 a2

= |-R*+ —t*| = — —271R? m
8r2 |, 2

Example 502. / —zcosydr + ysinzdy, C is the line segment from the point A = [0; 0] to the
C

point B = [m; 27].

Solution: We can compute the given integral in two ways:
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1) We use directly the definition of the line integral in differential form.

With the parametric representation of the given curve C' we y
get for ¢ = 0 the initial point A, B

we compute the differentials,
C: x=t, te(0;n) dr = dt,

/—xcosydx—i—ysinxdy:/ (=t cos2t +2 -2t sint)dt =
c 0

u=t, v =4sint— cos2t
sin 2¢

= / t(4sint — cos 2t) dt =
0

W =1 v=—4cost—

t T i in 2t 2t1"
= — |4tcost + —sin 2t —|—/ 4cost+sm dt = 47 + 4sint—COS = 4.
2 0 0 2 4 |,

NOTE: Since the line segment C' is the graph of the explicitly given function y = 2z, x € (0; 7),

we can keep the variable x as the parameter. After computing the differential dy = 2 dx
we obtain

/ —x cosydr +y sinxdy = / (—x cos2zx+ 22z sinz)dr = - -,
c 0
which is the same Riemann integral.

2) We rewrite the given integral in differential form into vector form

/ —x cosydr + vy sinxdy:/(—xcosy;ysinx)-d§.
c c

We use the parametrization

T =t, Y
O'{y:%, t € (0;m);

' P(t)=[t;2t], te(0m); P(t) = (1;2)
P

(0) = A= the orientation of the curve is consistent with the parametrization

/ (—tcos2t; 2t sint) - (1; 2) dt = / (—t cos2t + 4t sint)dt = - -
0 0

and again we get the same Riemann integral. |

Example 503. &lg xdy, C'isthe boundary of the triangle formed by the lines z =0, y =0
c

and 2x + Ty = 14, C is positively oriented.

Solution: Y

C3v 02 ¢:/+/ +/
T C C1 Co Cs

[0; 0] Cy [7:0]
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According to the note from the previous example:

7
Ci:y=0,dy=0-dz, 2 €(0;7) — xdyz/Oda:zO
0

14 -7 2
Cg:x: y’y€<0;2> _— xdy:/
2 Cs 0

0
Cy:x=0,y€(2,0) = xdy:/0~dy
Cy 2

214 — 1 272
&Iga:dy:()—i-/ 7ydy+0:—[14y—7i] =7 [ ]
c 0 2 2

504. / (xcosy;0)-ds, C isan oriented segment from the point A = [0; 1] to the point B = [1;2].
c

[sin2 + cos2 — cos 1]

505. /(952 +y% 2® —y®) -ds, C isthe oriented curve y = 1 — |1 — z|, = € (0;2),
c

the initial point is A = [0; 0). (]

506. / (2 — 2xy) dx + (y* — 22y)dy, C is the arc of the parabola y = x? from the point
c

A = [—1;1] to the point B = [1; 1]. [— 4]

507. /(y;x) -ds, C ={[z;y] €Ey: 2 +9* =a* >0,y >0, a > 0} and the initial point is
C
A = [a;0]. 0]

IV.5 Work of a force along a curve

e Compute the work W of the force f along the oriented curve C':

Example 508. f = (z +y:22), C ={[z;y] € Ey: 22 +y*> = R2, y > 0}, initial point
B =[-R;0].

Solution: The work W of the force f along the oriented curve C' is equal to the integral / f -ds.
c

Y _ { r = Rcost, _
C: J — Rsint, t e (0;m)
P(t) = [Rcost; Rsint], t¢€ (0;m)
P(t) = (—Rsint; Rcost), P(0)=[R;0]=A—=
the orientation of the curve is opposite to the parametrization

! I

B A

W:/(x+y;2x)-d§:—/ (Rcost + Rsint;2Rcost) - (—Rsint; Rcost) dt =
c 0

=— / (—R*(sint + cost)sint + 2R* cos®t) dt = —R® /(— sin?t — sint cost + 2cos’ t) dt =
0 0
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o1 - 2t
:—RQ/ <—$—sintcost+1+cos2t) dt =
0

2
_ gL, sin2 sin2t+t+sin2t7r_ mR?
B 2 4 2 2 |, 2

n
2y 2
x? 4 4y?’ 2? + 4y?

positively oriented.

2
Example 509. f = ( ) , C= {[w;y] € E;: %+y2 = 1}, the curve C' is

Solution:
C: { e Q.COSt’ t € (0;2m)

Y
/;A\'\ P(t) = [2cost;sint], t € (0;2m)
K ¥

z P(t) = (—2sint; cost)
the orientation of the curve is consistent with the parametrization

N Qy

W = . d5 =
&éf y ygc(ﬁ—i-ély m2—|—4y>
27 : 27 2 2

2sint  4cost 4 t 4 t

:/0 ( s;n - CZS ) (—2sint;cost)dt = / (— Slf - CZS )dt:
27
:—/ 1dt = —27 ]
0

Example 510. f = —y7+ 27+ ak, C= {[z;y;2) €EBs: a? +9y* — 42 +3 =0, z = 2},
the orientation of the curve C' is given by the tangent vector 7([2;1;2]) = —7.

Solution:
2’ +y?—42x+3=0 = equation of a cylindrical surface
z =2 == equation of a plane
The curve C arises as a plane section of the cylindrical surface.

The plane is perpendicular to the axis of the circular cylin-
drical surface,
so the curve C'is a circle

o @=2ryr=1 e
' z=2
x=241-cost,
C: y=1-sint, 0<t<2m

i
i
i
A
A
A
A
A
A
A
A
B
i
A
A
\

z =2,

P(t) = [2 + cost;sint; 2], ¢ € (0;27) P(g) —[2:1:2]; P(g) — (~1;0:0) = —

P(t) = (—sint; cost; 0) the orientation of the curve is consistent with the parametrization

2
:y§f~d§:§l§(—y,x,a)~d§:/ (—sint; 2 + cost;a) - (—sint;cost; 0) dt =
c c 0
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2m 2m
:/ (sin®¢ + (2 + cost) cost + a - 0) dt:/ (14 2cost)dt = 2w ]
0 0

Example 511. f: (xy;x +1y), C = C1UCy, Cisaclosed curve, where () is a part
of the parabola yy = 22 and C, is a part of the line y = x, C is positively

oriented.
. . — t
Solution: , - { x “hote1); =
y y=u y =17,
y=1x Pi(t) = [t:¢%),  te(01)
Py(t) = (1;2t), P(0) = [0;0]
[1;1] the orientation of the curve is consistent with the parametrization
&
C2i{§ii’ t € (0;1); =

Ch o

’ Py(t) = (1;1), P(0) = [0;0]

the orientation of the curve is opposite to the parametrization

Wzygf-dé’z/ (:Ey;x+y)-d§+/ (zy; 2 +y) - ds=
C C1

Co
1 1 1
:/ (t3;t+t2)-(1;2t)dt—/ (t2;2t)-(1;1)dt:/ (t* + 262 + 2t%) dt—
0 0 0
1 4 371 3 1
3t 2t t 1
— | B+2)dt=|"—+=| - |=+| ==
freena= ][50 - .

e Compute the work of the force f along the oriented curve C':

512. f = w, C = {[x;y] € Ey : 2* +y* = 4}, the curve C is negatively oriented.
z Yy
[—2n]
513. f = ﬁ(y, —z), C = {[x;y] € Ey : 2° + y* = 16}, the curve C is positively oriented.
=Ty
(4]
- 1 1
514. f = (—; ——> ,  C'is the boundary of ARST, where R = [1;1], S = [2;1], T = [2;2],
y
the curve C' is positively oriented. B]
515 f—M C ={[x;y] €Ey:2°+y*>=a? a>0, y >0} from the point [a; 0]
. _12 y27 =1Ur Yy 21 y =a,a y Y = p a;
to the point [—a; 0] . [—g a]

516. f = (y;2), C'is aclosed curve formed by coordinate semiaxes and a quarter of the ellipse
x = 2cost, y = sint, located in the first quadrant. The orientation is negative.
[27]
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517. f = (x+y;2x), C={[zr;y] € Es:2 =acost,y=asint, t € (0;2m)}, the orientation

is positive. [ra?]

518. f: (y;z;x), C'is aline segment with initial point [a; 0; 0] and endpoint [a; a; a]. )
i

519. f: (y; z;2), C is the intersection of the surfaces z = zy, 2 + y* = 1 from the point [1;0; 0]
to the point [0; 1; 0] 1]

p Y Y * 3 2 |

520. f: (yz;z\/R2 —yQ;xy> , C= {X €lEs: X =P(t); P(t) = {Rcost;Rsint; ;—t} ,

™

a>0, R>0,te 0 27‘(‘)}, the orientation of the curve is consistent with the parametrization.
[0]

521. f = (w;y;22 —y), C={X €Ey: X = P(t); P(t) = [*;2t;4t°], t € (0; 1)},
the orientation of the curve is consistent with the parametrization.

522. f = (z;y:2), C isaquarter of the ellipse C' = {[z;y] € By : 22+ 12 =4, x4 2 = 2}
from the point [2;0;0] to the point [0; 2;2]. 2]

523. f = (y% 2% 2?), C={XeE;: X =P(t); Pt) = (5;2 + 4sint; —3 4+ 4 cost),
t € (0;2m)}, the orientation of the curve is consistent with the parametrization.
[967]

e A vector field f and an oriented curve (' are given.

a) Sketch the given curve C' C E,.

b) Propose its parametrization P(¢) and justify whether the curve C is oriented
consistently with this parametrization.

¢) Compute the work done by the force f acting along the given oriented curve C'.

—

524. f = (y;2;z), Cisaline segment with initial point [a; 0; 0] and endpoint [a; a; a].

b) P(t) = [a + at;at;at], t € (0;1) ]

—

525. f = (zy;y — 1), C'is a part of the curve y = z? with initial point A = [0; 0] and endpoint
point B = [2;4]

b) P(t) = [t;t%], t € (0; 1)
c)8

X

526. f = (Vz+y;z+/y), Cisapart of the curve z = 2y from the point A = [8; 2] to the
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point B = [2;1]

b) P(t
c) —

~—

= [2t%:t], t € (2;1)
(40 + 32v2) ]

L =

- 1
527. [ = (353; —1In y) , the curve C'is given by the equation y = e*, where |x| < 1 and the initial
Y

pointhas r = —1

b) P(t) = [t;€f], t € (—1;1)
c)0

X
=

528. f = (2;zy); C={[z;y]€Ey:y=Inz+1, e (l;e)},

b) P(t) = [t;Int + 1], t € (1;¢)
c)3e —2

—

529. f=(0;z); C=A{[r;y€By:ay=12¢€(2;1)}

— y — X .
530. f = (xQ—i—y?; x2+y2> , C={[r;y] €Ey:2* +y*=4,2 > 0} oriented

from the point [0; 2] to the point [0; —2]

c) —m

b) P(t) = [2cost; 2sint], t € (m; —7) ]

531. f = ( y_ . ) ;o C={[r;y] € Ey: - + y? = 1}, which is negatively
22+ 4y? a2+ 4y? )’ ’ 4 ’
oriented
ﬂy\ b) P(t) = [2cost;sint], t € (0;2m)
c)2m ]
W @
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e A line segment AB, a vector function f and a scalar function p are given.
a) Propose a parametrization P(t) of the segment k and compute the tangent vector P(t).
b) Using the line integral of a vector function, compute the work done by
the force f acting along the segment AB from point A to point B.
¢) Compute the mass of the curve k, if the linear density is o(z, y).

532. A=[1;0), B=[23], f=(x,y)=(%ay), olr,y)=1>+y’
a) P(t) = [1+ 3], t € (0;1)

w22
ym= VIO

533. A=[0;1], B =[1:2] ”(x,y):(x\/m; 0), o(z,y) = zy
a) P(t) = [t;1+1], t € (0;1)
bYW = ;(\/§—1)
c)mzé\@

IV.6 Green’s theorem

We call the line integral of a vector field over a closed curve C' the circulation of the vector
field f along the curve C and denote it by §I§ f - ds.
c

Let : 1) the vector function f = (U (x,y); V(x, y)) have continuous partial derivatives
in the domain G C E,,
2) the curve C' C G be positively oriented, closed, simple, piecewise smooth,

3)intC C G.
- ov  oU
-dé’:// (———)da:d.
yé)f mtc \ 0T dy Y

Then
NOTE: If the curve C' is negatively oriented, then the integral on the right has a minus sign.

NOTE: Writing the line integral in differentials, Green’s theorem has the form:
oV oU
§I§Ud:v+de—// (———) dx dy.
Int C dy

Example 534. Using Green’s theorem, compute the circulation of the vector field
f = (2z 4 3y; 5z — y — 4) along the boundary of ARST in the direction R —
S — T, where R = [1;0],S = [1;-3], T = [-3;0].

Solution:
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The circulation, i.e. 515 f ds = 5[5 (2x+3y; br—y—4)ds Gr.th.
Yy C c
T R :—// (5—3)d:cdy:—2// ldxdy =
Int C . ARST
z

— 2. Areap = —2 5||}¥|| JNRT| = 12

(the orientation of the curve C is negative, therefore there is a minus
sign before the double integral).

g ]
Example 535. Investigate the existence of the integral §l§ (ln (z* + y?); —2arctan Q) -ds
C x

Solution: The

and determine whether Green’s theorem can be used for its computation, if
C' C E, is a positively oriented curve given by the equation  a) 2* +y? = 1,
b)(z—12+y*=1, ¢ (z—2)*>+y*= 1, d)C is the boundary of the
square with vertices @ = [1;0], R = [0;1], S = [-1;0], T' = [0; —1]. If the
integral exists, compute it using Green’s theorem.

—

domain of the vector function f = <ln (2% + y?); —2arctan y) is D(f) = Dy U Dy,
T

Dy ={[x;y] € Ey: x > 0}, Dy ={[z;y] € Ey : x < 0}.

oU  Oln (2% +y?) 21 oU  dln (2% +y?) 2y

or oz T 224y oy Oy T2ty

oV 9( —2arctan ¥) 2 Y oV O( —2arctan ¥) -2 1
or Oz T 1+ (y/r)? oy y T 1+ (yje?

In the domain

D, as well as in the domain D, the given function is continuous and has continuous

first-order partial derivatives.

Therefore, for any closed curve in D; the integral f - d§ exists and Green’s theorem can be

c
used for the computation. The same is true for the domain Ds.

a)

The function f is continuous on the set C\ M, where

M = {[0;1],[0; —1]} (M is a two-point set).

However, on the set C'\ M the function f is bounded,
because for every point [z;y| lying off the y-axis,

arctan Q’ < —.
T 2

-
N

J 1 =z Therefore, the line integral exists.

But Green’s theorem cannot be used for the computation,
because at the points of the set M, which is part of the
curve C, the function f is not defined.

In a neighborhood of the point [0; 0] the function fis
unbounded, because

lim In(z? + 9% = —o0.
[z;y]—[0;0] ( y)

U x Therefore, the given integral does not exist.

This is true for any curve containing the point [0; 0].
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c)

The integral exists and Green’s theorem can be used,

because the curve C lies in the domain D;.
m Let us carry out the computation.

S ov.  oU 2 Y 2y
?i“ ) ds //(ax ay) S //M(1+<y/x>2 2 x2+y2) vay

\\ The integral exists, but Green’s theorem cannot be
used. The reason is the same as in part a).

‘1 [

Example 536. Determine the circulation of the vector field f = (—y;z) along the negatively
oriented curve C' = C1UC,, where C) = {[z;y] € Ey : 2> —2x+y*> =0, y > 0};
Co={[z;y] €Er: y=0, z€(0;2)},

a) by direct computation, b) using Green’s theorem.
Solutiory o
: Cri(r =1 +y*=1,y>0,
the initial point is A = [0; 0]
Cy:y=0,2€(0;2)
A . B the initial point is B = [2; 0]
0 C 2 X

2

Pi(t) =1+ cost;sint], te (0;m)
te(0;m) = Py(t) = (—sint; cost)
Pi(0) =

y=smnt, (0) = [2;0] = opposite orientation
G Yy = |PO=00
' P»(0) = [0;0] = opposite orientation

T 2
a) @ f-ds= f-ds+ | f-ds= —/ (—sint; 14 cost) - (—sint; cost)dt—/ 0dt =
ol 0 0
:—/ (sin®t + (1 + cost) cost) dt:—/ (14 cost)dt = —[t+sint]) = —n
0 0

b) The coordinate functions U, V' of the given vector field f have continuous partial derivatives in [E,.
The given curve C' is closed and piecewise smooth. Therefore Green’s theorem can be used.

- 1
&lg f-ds Gr.th. —// (14 1) dx dy = —2 - (area of the semidisc) = —2 - =7 - 1> = —7
c Int C 2 =
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Example 537.*% Using a line integral, compute the area of the interior of the astroid
C={lz;y] € By:2??+ 4?2 =03 a>0}.

Solution: We use the parametrization of the astroid:
3 P(t) = [a®cos®t;a®sin®t] t € (0;27)

3
T =a"cos”t
C: { .3, t ;2 . . :
y = a’sin’t, €(0;2m) = P(t) = (— 3a®cos® tsint; 3a® sin” t cost)

For the computation we use the consequence of Green’s theorem according to which the area of
the interior of the curve C' can be computed by the line integral:

1
A= / 1dmdy:—y§—ydx+xdy=
Int C 2 C

1 27
= 3 / (—a3 sin®¢ - ( — 3a® cos? t sin t) + a®cos®t - 3a® sin? t cos t) dt =
0

1 2m 3 2 2m
=3 / (3a* cos? t sin® t 4 3a*sin t cos* t) dt = % / sin®t - cos*t dt =
0 0

3a% [*" sin® 2t 3, /27r 1 — cos4t 3 { sin 4t] 3,
= — - t—
0

dt:— dt:— — —
2 ), 4 8" 2 16" 1|, 8“7

e A set D and a vector field f are given.
a) State Green’s theorem (assumptions,notation and statement).
b) Sketch the set D and indicate the curve C, which is the positively oriented boundary
of this set D.
c) Compute the circulation of the vector field f along the curve C'.

538. D ={[r;y] €By: 22412 <4, 2>0,y >0} f= (zy; 2>+ 2x)

539. D={[r;y] €By: 0< <2 0<y<2z}, f=(u2—3y ay)

- 1
540. D ={[z;y] €Ey: 0<2<3,0<y <1}, f= (§y3; x2+y2).
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541. D ={[x;y] € By : 0 < <4, 4—a <y <4} f= (v% (z+y)?)

g

1
(——' Qx) - ds and determine whether Green’s

542. Investigate the existence of the integral 515 5
x

c
theorem can be used

if C' C E, is a negatively oriented curve :

a) C = {[r;y] €Ey:a® +4° =1},

b) O ={[wiy] €Es: a® + (y—2)° =1},

) C ={[r;y] €Ey: (x —2)2+9*=1}.

In the positive case compute the integral using Green’s theorem.
a) does not exist, cannot be used
b) does not exist, cannot be used
c) exists, can be used; — 27

e A vector field f and a curve C' are given.
a) State Green’s theorem and verify whether its assumptions are satisfied for the computation of

the given integral &lg f - ds.
c
b) Compute the value of this line integral using Green’s theorem.

c) Compute the same line integral without using Green’s theorem.

543. f = (—y: 2), C ={[z;y] € Ky : 22+ y* = 16}, which is negatively oriented.

[—327]
544. f = (1—a%z(1+9?), C=09D isthe boundary of the set D = (0;2) x (0;2)}, which is
negatively oriented. [—2;]
545 .* f = (%yi’) + g(x); 2y + h(y)) , where g, h are arbitrary functions of one variable
with continuous derivative in R, ' is the negatively oriented boundary of the set
D={[z;y] €By:y>0,y<2—xz x>y} [ég]

546. Using the line integral of a vector function, compute the work done by the force
f= (x 4+ 1; 2y) acting along the given oriented curve:
a) C: the segment AB, with initial point A = [—1; 0] and endpoint B = [1;0].
b) Cy = {[x;y] € Ey: 22 +y* = 1, y > 0} with initial point B = [1;0].
c¢) Using Green’s theorem, determine the work along the closed oriented curve C' = C} U Cs.
[a)2, b)—2, ¢)0]

2(y; —x)

R along the positively oriented curve C' = {[z;y] €
Ty

547. Compute the circulation of f =

E, : 2% + y* = 16}. Can Green’s theorem be used ? Justify your answer! [—4m, cannot be used]
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548. Using Green’s theorem, compute the circulation of the vector f = (y; (x — y)g) along the

negatively oriented curve C = {[z;y] € Ey : (z — 1)* + ¢y* = 1}. [—7]
549.* Derive, using a line integral, the formula for the area of the region
2 2
bounded by the ellipse C' = {[ch yl € Ey : :70_2 + % = 1}. [ ab]
a

550.* Using a line integral, compute the area of the region bounded by the arc of the cycloid
x=a(t—sint), y =a(l —cost), t € (0;27) and the segment
from the point [0; 0] to the point [27a; 0]. [3ma?]
551.% Let (', be the segment from the point [0; 0] to the point [1; 1] , C be the part of the
parabola y = x* again from [0; 0] to [1; 1] and
I —/ (x+y)*de — (v —y)*dy, I —/ (z+y)*de — (v —y)*dy.

C1 C2
Using Green’s theorem compute [; — I5.

Hint: 55 = / — / (negative orientation)
C1UC> C1 Co

or 55 = / — (positive orientation)
C1UC> Cs C1
. 5 . 2 2 a2 1 =
552.* Using Green’s theorem, compute the integral eV —xtye™ + — Y - ds,
c r= Ty

where C'is the positively oriented boundary of the square with vertices [1; 0], [2; 0], [2; 1], [1;1].

1 . 1 =«
— arctan — — —
2 2 4

+-.
3

553. Using Green’s theorem, compute the integral §l§ (y%e” — y*; 2ye® — 3) - d5, where

c
C=CUCy Cr={[riyl €By:x=0, y € (=2:2)}, Co={[w;y] € En:4a®+y* =4,
x > 0}, where [0; 2] is the initial point of the curve C. [7]

IV.7 Potential vector field

A vector field f = (U, V,W) is called a potential field in the domain G C E; if there exists
a scalar function ¢ such that f = grady in the domain G. Similarly for a vector field

—

f= (U, V) in the domain G C E,.
We call the scalar function ¢ a potential of the vector field f in G.

Theorem. Let f be a potential and continuous vector field with potential ¢ in the domain
G C Ej (or Ey). Let C be an oriented curve in G with initial point A and endpoint B. Then

/Cf- 45 = p(B) — o(A).

NOTE. Since for a potential vector field f the value of the line integral / f - dS depends only
c

on the initial and terminal points, in this case we may write

/Cf-ds?:/AB f.ds.
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Theorem. Let f be a continuous vector field in the domain G C Eg (or Ey). Then the following
three statements are equivalent:

a) fis a potential field in G.

b) The line integral |, 5 f - dS'is path-independent in the domain G.

c¢) The circulation of the field f along any closed curve in G is zero.

In the following text we focus mainly on vector fields in E,.

Theorem. (Sufficient condition for potentiality in E,.)

Let

a) G be a simply connected domain in E, and

b) f = (U; V) be a vector field whose coordinate functions U(x,y), V (z,y) have

continuous partial derivatives in the domain G and

oV oU
c) the functions U,V satisfy the condition 9~ v in G.
x Y

Then f is a potential vector field in G.

When computing a potential, we usually first verify using the sufficient condition that the given vector
field is potential in the domain GG. For the computation of a potential in £, we then have several
possibilities.

~

Method 1. We determine the potential from the definition of the potential, i.e. f =
grad ¢ in E,. Thus we obtain the equations

I Iy
1) —=U 2) —=V
W F=U @ 5
Method 2. We determine the potential by computing a line integral. From the theorem above

it follows that the potential is ¢(x,y) = [ f - ds, where C is a suitably chosen curve in G with
selected initial point [z; yo] and endpoint [x; y].

Example 554. Determine the largest possible domain(s) on which the given vector field is

potential. a) f = (y_2 —siny; — i +y2>, b) f = (y_ _4 +y2),
x x

X

Solution: a) The coordinate functions U, V' of the given field have continuous partial derivatives

in the domains D; and Dy, where Dy = {[z;y] € Eo : 2 > 0}, Dy = {[z;y] € Ey: x < 0}.

ov 2 ou 2
We compute the partial derivatives: — = Y Y

= —, while — = — —cosy.
or  x? oy a2 Y
Therefore the necessary condition for the vector field to be potential is not satisfied,
. ou
namely the condition — = —.
or 0Oy

b) The given vector field has continuous partial derivatives in the domain D, and in the
domain D, from part a). Each of these domains is simply connected and we have
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ov. 2y oU 2
oxr a2 oy  a?
above and is therefore potential in each of the domains Dy, Ds. [

Therefore the given vector field satisfies the sufficient condition stated

Example 555. a) Verify that the vector field f = (3 + 2zy; 22 — 3y?) is potential in the
domain E;.  b) Determine the potential of this vector field.  c¢) Compute
the line integral |, c f - ds, where C'is the segment from the point A = [1; 3]
to the point B = [2; 1].
Solution: a) The coordinate functions U, V' are polynomials. Hence they have continuous partial
derivatives in [E,, which is a simply connected domain. By computing

ov ou
Fre 2z, e 2z we see that the given field is potential in the domain [E,.
Z Y
b) In computing the potential by Method 1 we start from the two conditions
Oy Dy 2 2
1) 5 =3+2uy, (2) 9y "

By integrating with respect to x we compute from condition (1):

o(x,y) :/(3+23:y)dx = 3r + 2%y + K(y).

The function ¢(x, y) computed in this way contains an unknown function K (y). After substituting ¢
into condition (2) we obtain equation (2’), in which the variable x will no longer appear.
This is the “checkpoint” of the computation.

. . . . dK ) ) )
We write the derivative of the function K in the form T because K is a function of one variable.
Y

dK dK
2/ 2 _— = 2 _ 3 2 — _— =
(2" x” + i x y a0
We then obtain the function K (y) by integration:

K(y) =/ =3ytdy = —y*+ C.

Substituting for K (y) we obtain the final form of the potential

—31°.

o(z,y) = 3z + 2%y — y> + C, [x;y] € Ey, C is an arbitrary real number.

c) The given line integral can be computed using a parametrization of the given segment.
However, since the given field is potential in [E,, the line integral can be computed using the potential:

/C (34 2zy; 2% — 3y?) - d5 = p(B) — p(A) = ¢(2,1) — (1, 3) = 30. =

Example 556. a) Verify that the sufficient conditions for potentiality are satisfied for the
given vector field f in the domain G = E,.

b) Determine its potential by computing a line integral, i.e. by Method 2.
B

c) Compute / (32%y — 3y*;2® — 62y) - d5, where A = [1;3], B = [2;1].
A

Solution: a) The functions U and V are continuous and differentiable in the whole [E.
G = E, is a simply connected domain,

> ou oV
Then to verify that f is potential in G, it is enough to check whether - o :
Y x
ou ov >
— =322 -6y, —— =32%—6y. Yes,thefield fis potentialin E,.
oy ox
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or’ oy
[xsy] [z9] 9 ) [z5y]
f~d5:/ —da:+—dy=/ d90=<P($7y)_90(370>y0)-
/[fﬁovyo} [z0,y0] Oz y [z0,y0]
[3y]
We choose [z, yo] = [0;0] 1 ¢(x,y) = / (32%y — 3y*) dx + (2® — 6zy) dy =
(0;0]

( we know that the integral is path-independent, so we Y
choose the broken line  [0; 0] — [z;0] — [z;y]) : ;Y]

[0;0] — [x;0] : y=0,dy=0

[2;0] — [z;y] : x =const.,dz =0 T

0:00 (0]
[2:0] [z59]
= / (32%y — 3y*) dz + (2* — 6zy) dy + / (32%y — 3y?) dx + (2* — 62y) dy =
0;0] [230]
x Y
= / Oda:+/ (2% — 6xy) dy = 23y — 3wy —
0 0
p(r,y) = 2’y = 3zy* + C,
(2:1]
c) f-ds=p(2,1) —p(1,3) = (8—6) — (3 —27) = 26. ]
[1;3]

Example 557. A vector field f = (32%y; 2® + \/y) is given. State the sufficient conditions for the
line integral of the vector function / f - d§ to be path-independent in the domain

D C E,. Determine the potential gocand use it to compute the line integral of the
vector function f along the given curve.

a) C is the line segment from the point A = [2; 4] to the point B = [1;1].

b) Cj is the negatively oriented boundary of the set

M ={[z;y]: 2* + (y—3)? <8,z > 0}.

Solution: U(x,y) = 3z%y, V(z,y) = ® + /y. Verify that the partial derivatives are continuous
and that in the domain D = {[z;y] € Ey; y > 0}, which is simply connected, the equality

8_V — 8_U holds.
or 0Oy
Computation of the potential : Conditions (1) and (2) have the form:
dp 2 dp 3
1) 5, =32, ()ay "+ Y

From condition (1) we compute p(x,y) = /3x2y dr = 2%y + K(y).

dK
After substitution into (2): 2% + i 3+ \/y. After simplification we obtain the equation
Yy

dK

- 2
du /Y, from which we determine K (y) = / Vydy = 3 /3 + C.
Y

2
The required potential in D is o(x,y) = 2%y + 3 Vi +C.
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a)
(Y A
/ f d§’=/ (32%y, 2° + \/y) - d5 =
C, C1 Cq
= ¢([1;1]) = ¢([2;4]) = —107/3
B
o T
b) y The given curve () is closed. It is the boundary of
the semicircle M, which liei in the domain D, in
v\ which the given vector field f is potential.

2 It then follows from the property of a potential that
the circulation of the given vector field f along this
curve (5 is equal to zero.

B - u

Example 558. A vector field f = (2z cosy; —z”siny) is given. a) Verify that the field is
potential in [E;. b) Determine its potential . c¢) Compute / f - ds,
c

where C'is a curve with initial point A = [2; 0] and endpoint

B = [4;7/2].
Solution: a) The domain [E, is simply connected and we have
ou >
— = —2xsiny, —— = —2xsiny = fispotential in E, .
dy ox
0
b) a_go =2zrcosy — p(z,y)= /Qxcosyd:c =2%cosy + K(y)
x
0 dK dK
a—z = —a?siny = 2*(—siny) + oy = —2’siny — o =0 = Ky =C
o(z,y) = x?cosy + C.
c)/f~d§:g0(4,7r/2)—@(2,0):16(308%—40050:—4. ]
c

Example 559. Determine the domains G C [E, in which the field
- 1 1
f= (— — % + 2y — 5, — — % + 2z + 11) is potential and determine its poten-
y T r oy
tial ¢(x,y), which satisfies the condition ¢(—2,2) = 0.
Solution: Gi={[z;y] €Ey: >0,y >0}, Go={[r;y] €eEs: <0,y >0},
Gs={[z;y] €Ey: >0,y <0}, Gi={[r;y] €Ey: 2 <0,y <0}.

ou oV 1 1 S
We have — =— = —— — — + 2, therefore f is potential in G;,© =1,2,3,4.
Jdy  Ox y2 a2

Computation of the potential ¢ :

0 1 1 x
e so(:c,y>=/——3+2y—5dx=—+3+2xy—5:c+f<(y>
or 'y a2 y a2 y T

0 1 1 dK 1

O s ol = g2+ =2 - D 9111 = K(y) = 1ly+C
dy x y? y? dy x y?
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T
go(x,y):§+%+21:y—5x+11y+0;

From the condition ¢(—2,2) = 0 we compute the constant C":
—14+1-8+4+104+224+C=0 = C(C=-22
o(x,y) = 244 +2zy —br + 11y — 22 for [z;y] € Go.
y x

Example 560. Determine the largest possible domain G C [E, in which the vector function

2
f = y—;4y\/§ is continuous and decide whether / f - ds is path-
Ve s c

independent in G. If such a domain exists, compute / f-ds.
(1;2]

Solution: G = {[z;y] € Eg,x > 0} is a half-plane, and therefore it is a simply connected domain

in [,. f - d§ is path-independent, because the partial derivatives of the coordinate functions

c
ou ov 2
U,V are continuous in G and we have — = — = il —> apotential p exists.
Jdy Or Jx
ooy y? 5
— = = = [ —=dr=y"-2 K
o JE o(z,y) /\/E =y 2z + K(y)
I

dK
=dyvr = 2y-2\/5+d—y=4y\/5 — Ky =C

o(z,y) =2y°/x +C

[4;—-2] [4;,-2] Y2
/[1 f~d§=/ﬂ (ﬁ;zlm) 5= o4, ~2) — p(1,2) = §

2] 2]

dy

Example 561. The function ¢(z,y) = z%y + 2%y? is given. Determine
a) the force field f, whose potential is the function o(x,y);
b) the work of the force f during motion from the point M = [1;1] to the point
N =[-2;3];
¢) the work of the force f along the curve C' = {[z;y] € By : 2% + 4y? = 4},
which is positively oriented.

Solution: a) f: gradp = f= (32%y + 229%; 2° + 22%y);
N
by W = / f - d3 = (the integral is path-independent) = (N) — (M) =
M

= (=24 +36) — (1 + 1) = 10;

C)W:§I§f-d§:0. [ |
c
Example 562. A vector field f = (93—2y,—+x—2|-y) is given in G = E»\{[0;0]}.
T
. u ov. : : >
a) Verify that - P inG. b) By computing the integral ¢ f - ds,
Yy x

c
where C' is a negatively oriented circle S = [0; 0], = 2, verify yourself
that the field is not potential in G.
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UV _
oy  Ox (224 y?)?

b) The circulation 515 f -d§ = yg
c c

P(t) = [2cost;2sint], t e (0;2m)
= | P(t) = (—2sint;2cost)

the curve is oppositely oriented to the parametrization
B /2" (2(cost —sint);2(cost + sint))

0 4

1 27 2

= _Z/ (—4(cost —sint)sint + 4(cost + sint) cost) dt = —/ ldt = —2m
0 0

Solution: a)

x? +y?

- (—2sint;2cost) dt =

The field f is not potential, because §1§ f -ds # 0.
c

NOTE: Green’s theorem cannot be used to compute this integral, because the point
[0;0] € Int C = {[x;y] € Ey : 2* + y? < 4} does not belong to D(f ). n

N
Example 563. Compute / f - ds, where M = [1;0;¢], N = [2; —1;¢?], given that the field f is
M

potential in the domain E; and its potential is the function ¢(z,y, 2) = zy*In 2.
Determine the largest possible domain G, in which ¢ is a potential of the field f.

N
Solution: G:{[x;y;z]€E3:Z>O};/ fedi=p(N)—p(M)=2Ine* —0=4.
M

e A vector field f is given. Verify that the field is potential in G C E,, or Ej, determine its

B
potential and compute / f-ds:
A

Example 564.* f: (32%y — 22+ 2z;2° + 29z — 3;92 — 2wz + 20 +5), A=[0;1;1],
B =13;0;2], G =E;
Solution: a) To verify it, it is enough to check:
1) continuity of the partial derivatives of the functions U (x, y, 2), V(z,y, 2), W(z,y, 2)
in the domain G, which is simply connected in Eg,

2) curlf: 0 in G.

0 7 k
curl f = ﬁ 2 ﬁ =
Ox y 0z

3%y — 224+ 22 2*+2y2—3 Yy —222+22+5

=2y — 2y, —22+2+ 22— 2,32% — 32?) = 0 = f is potential in E; .

b) p(z,y,2) =

[532]
:/ (3z%y — 2* +22) dx + (2° + 2yz — 3) dy + (y* — 222+ 22+ 5)dz =
(0;0;0]
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[;0:0] [z50] [z52]
:/ ‘ﬁﬁ+/ tﬂ£+/ frds=
[0;0;0] [3050] [;y30]

[0;0;0] = [2;0;0] : y=0,dy =0,2=0,dz =0
[;0;0] = [z;4;0] : de = 0,2 =0,dz =0
[2;9;0] = [z3y;2] : dz = 0,dy =0

T y z
:/ Odm+/(:p3—3)dy—|—/(y2—2x2+2x+5)dz:
0 0 0

=23y — 3y +vy?r — a2+ 222+ 52+ C,

[3;:0:2]
0) Fdi=p(3,0,2) — p(0,1,1) = 7. =

[051;1]
565. f = (ze®; (2* + 1)e?), A =[1;0], B = [3;1] o= %(SBQ +1)e® +C; 5e? -1
566. f: (32%y — 2zy*; 2% — 22%y), A=[1;1], B = [2; —1] [ =23y — 2%y* + C; —12]
567. f = (cos2y +y+x;y — 2xsin2y +x), A=1[0;7], B =[1;0]

22 2
[p= ?+5+x0052y—|—$y+0; —23]

568.% f = (2% — 2yz;9y° — 222, 2% — 2xy), A=10;0;3], B = [3;3;0]

1
<p=§(x3+y3+z3)—2xyz+(§’;9

569.% f = (2y + 2% 20+ 1;202 +2), A=[0;1;1], B = [3;0;2]
[ = 2zy +y + x2% + 22 4+ C; 13]

d ($2+y2+1’$2+y2+1’ Z)’ [1;0;0}, [051; 1]

1
[g0:21n(x2+y2+1)+z2+0;1

571. Verify that the field f = (y?; 2xy) is potential in E, . Determine the potential (z, y),
satisfying ¢(—4,3) = —9. [p = zy* + 27]

- 1
572.*% Determine the potential of the field f = [ 1 — — + g; E + £; 2z — Y
y oz oz oy 22
onGCEz:y>0, 2>0.
sz—$+xy+£+c]
Yy z

573. Find the work of the force field f, whose potential is the function o(x,y) = arctan J
xr

during motion  a) from the point M = [1;+/3] to the point N = [v/2; /2] ;
b) along the curve in the positive direction. {a) -

T3 D)0
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e Compute:
B2 dr — 2 d
574. / w —§, the integral is path—independent]
[2:1] r 2
[7/6;1] 3
575. / 2y sin 2z dz + (1 — cos 2z) dy []
. 2
[7/4;2]
576.&5(2x+y)da€—|—(1’+2y)dy, C:2°+9y* =a 0]
c

e Determine the domains G, in which the vector field f is potential and determine the potential:

577. f: (23 4+ z;y* + yat) (G =0, £ is not potential]
— GiCEy:y>0,2>0
578.f:(lny—e—2;e—+z> G2C1§y22y>0,a:<0
vy ¢:;+azlny—|—0
- z z 1 GCEz:z>y,2>0
579.*% f = : -1 — _ ,

e A vector field f = (U; V) and a curve C are given.
a) Using the line integral of a vector function, compute the work done by the
force f acting along the curve C.
b) Verify that the vector field f = (U; V) is potential in E,.
c) Determine the potential ¢ of this field and use it to verify the result from part a).

580. f = (z + 3y ; 3x), C is an oriented line segment with initial point A = [0; 1] and endpoint
: M- a)19/2
point B = [1;3] [ o)p(z,y) =x*/2+ 3zy + C |
581. f = (y*; 22y), C is a part of the parabola y = 22 with initial point A = [0; 0] and endpoint

. a) 32
point B = [2;4] [ c))go(a: y) = o + O

582. f = (22 — y*;3 — 2xy), C = {[z;y] € By : £ = —y® — 1} from the point [—1; 0]

. [ a)38
to the point [—5; —2] C))(p(x y) =22 — a2+ 3y +C

583. f = (—x:y), C ={[z;y] € Ey : * +1? = 4} from the point A = [2; 0] to the point B = [0; 2]
a4 :
L o) ela,y) =—2?/2+92/2+C |

584. a) Explain what it means that the integral / f -d§ is path-independent in the domain G' C E,.
c

b) Justify whether [,(y sin z; y — cos z) - ds is path-independent in E,.

¢) If the potential of the field f = (y sin x; y — cos x) exists in E, find it and compute
the line integral of this field along the curve C' with initial point A = [0; 0]
and endpoint B = [0; 7].
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b) verify the sufficient condition,
c)o(z,y) =y%/2 —ycosx +C, /2 —7
e A scalar function ¢(z,y, z) is given, which is a potential of some vector field f
a) Determine the largest domain in E3 in which ¢ has continuous partial derivatives and express
the field f in this domain.
b) If some other function is also a potential of f in this domain, state it.
c¢) Compute the line integral |, o f - ds for the given curve C.

1
585. p(z,y,2) = 5 In(2? +y?) + 2% O isacurve in G with initial point [1; 0; 0]
and endpoint [0; 1; 1].
a) G = {[z;y;2] € E3; 2 +y? > 0}

b)f(x,y,z):( i Y 2z>

24 y? 2t g?)
c)1
tm

t
586. o(z,y,2) = xy + 2z + yz; C’z{[m;y;z] cx=—1+t, y:2+§, 2 = —Cos (Z)’

for t € (O;4>}

b f=W+zr+zzty)

a) Es, the functions ¢ + C
c)22

e A vector field f = (U;V), adomain D and a curve C' are given.

a) State the sufficient conditions for the vector field f = (U;V) to be
potential in the domain D C [E,.
b) Verify that the sufficient conditions for potentiality are satisfied for the given vector
field f and the given domain D (if the domain D is not given, state the largest possible one).

c¢) Determine the potential and use it to compute the line integral of the vector function f
along the given curve C.

> € . .
587. f = (m2+y2; x2—yky2> , D={z;y] € Ey; x >0, y > 0},c is the line segment AB

with initial point A = [2; 4] and endpoint B = [1; 2]
[ p(z,y) =3 In(2? +y*) + C; —In2 |

588. f: ($2 i y2; x2_—i—xy2) , D ={[z;y] € Ey; y > 0}, C is the positively oriented
. 1 x
circle (z — 1) + (y — 1)* = ) [ p(z,y) = arctan § +C; 0 }
S T 1
589. f = | — ——: 20y + ——— |, D={[z;y] € Ey: y > 2%}, Cisacurve

with initial point A = [0; 1] and endpoint B = [1; 2] [ o(,y) =2y* +Vy—22+C; 0 }

2

590. [ = (y_ + 2% 2ylnz — cos 2y) , C'is a curve with initial point A = [1; 7/4]
x

and endpoint B = [2; 0] [ o(z,y) =2%/3+y? Inz —sin2y/2+ C; 17/6 |
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V.1 Parametrization of surfaces

Let B C Ey and let X = P(u,v) be a mapping from B into Es. Let I' = 0B be a closed
simple piecewise smooth curve in Ey i.e. B =1U intD'. If the following hold:

a) the mapping P is continuous and one-to-one on B,

b) P has bounded and continuous partial derivatives P, and P, in B\K, where K is a finite
set of points lying on the boundary T of the set B,

¢)P,x P,#0 in B\K,

then the set () = {X = P(u,v) € E3 : [u;v] € B} is called a simple smooth surface in E; ,
the mapping P its parametrization and the set C = 0Q) = {X = P(u,v) € E3 : [u;v] € T'}
its boundary (edge).

The vectors P,, P, are tangent vectors and the vector P, X P, is a normal vector of the surface
Q. Let the unit normal vector be denoted by 7.

We say that the surface () and its boundary C' = 0Q)
are consistently oriented if the direction of the curve C
and the normal 11 of the surface satisfy the “right-hand
rule”.

NOTE : In geometric and physical applications one often uses the so-called position vector

7= (z;y; z) of the point X = [x;y;z]. Then the vector equation 7(t) = (z(t); y(t); 2(t)),

t € I represents the curve ¢ : x = z(t), y = y(t), z = 2(t), t € I and similarly
(u,v) = (z(u,v); y(u,v); z(u,v)), [u;v] € B C Ey represents the surface
Q={X€E;: z=2x(u,v), y=y(u,v), z=z(u,v), [u;v] € B}.
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e Propose a parametrization of the surface (), whose orientation is determined by the normal vec-
tor 7i,,. Determine whether the surface () is oriented consistently or oppositely with the proposed
parametrization :

Example 591. () is the parallelogram with vertices A = [1;1; 1], B = [1;4;4], C' = [0; 5; 6],
D =[0;2;3], 1, -k > 0.

Solution :

St

Xz
Y
We easily verify that 1@ = ﬁ = (0;3;3) and fﬁ = B? =(—1;1;2).
@ is a part of the plane determined by the point A and the vectors 1@, AD.
We write the equation of the plane in parametric form as X = A + u/@ + UE.

As a parametrization of the surface () we choose P(u,v) = A + uﬁ + vﬁ.
P(u,v) =[1 —v; 1+ 3u+ v; 1+ 3u + 2v], where [u;v] € (0;1) x (0;1)

7
P,=(0;3;3), P,=(-11;2) =P, xP,=| 0
-1

= (3;-3;3)

— o )
o W )

From the condition 7 - k= (3;=3;3) - (0;0;1) = 3 > 0 it follows that the orientation of the
surface is consistent with the chosen parametrization. |

Example 592. () is the disc in the plane x = 2 with center at the point [2; —1; 3] and radius 4,
n, = (—1;0;0).

Solution :

Q={[r;y;2] €Es: (y+1)°+(2—3)* <16, v =2}
We propose the mapping:

a) P(u,v) =[2; =14+ wvcosu; 3+vsinu], [u;v] € B = (0;2m) x (0,4),
P,(u,v) = (0; —vsinu; vcosu) P,(u,v) = (0; cosu; sinu)

~

0 7 k .
n=P,xP,=|0 —vsinu vcosu | = (—v;0;0) =0for v =0
0 cosu  sinu 40 for v #0.

This mapping is not a parametrization of the surface (), because P, x P, = 0 at an infinite
number of points lying on the boundary of the set B. Moreover, on the boundary of the set B the
considered mapping is not one-to-one.
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b) P(u,v) = [2; =1 +u; 3+v], B={[wv] €Ey: u?+v* <16},
Pu(u,v) = (0 1: 0), Py, v) = (05 0; 1

il=P, x P, = = (1;0;0) # 0 for all [u;v] € B

— O )

7
1
0

O O )

This proposed mapping is a parametrization of the surface () and the orientation of the surface

Q@ is opposite to this parametrization, because 77, = (—1;0;0) = — (P, X P,). [

Example 593. Q = {[z;y;2] € B3 : z = 2® + 9%, y >0, 2 <1}, 7,([0;0;0]) = (0;0; 1)

Solution : o )
This is a part of the lateral surface of a paraboloid of
< revolution
T = VCosu )
a)Q: 4 y=wvsinu u € {0:m),
o — 22 v € (0;1)
rT=u
T DQ:{ y=v w402 <1,v>0
- 2 =u?+v?
Y nQ
We propose the mappings:
a) P(u,v) = [vcosu; vsinu;v?], [u;v] € B = {(0;7) x (0;1),
P,(u,v) = (—vsinu; veosu; 0)  P,(u,v) = (cosu; sinu; 2v)
7 7k
=P, xP,=| —vsinu vcosu 0 |=(2v*cosu;2v?sinu;—v)
CoS U, sinu  2v

i=0forv=0 = the mapping is not, according to the definition, a parametrization of the
surface (). Moreover, on the boundary of the set B the considered mapping is not one-to-one.

NOTE: However, since the mapping fails to satisfy the conditions of the definition of a parametrization
only on a set of two-dimensional measure 0, it can be used to compute a surface integral.

b) P(u,v) = [u; v; u> +v?], B={[u;v] € Ey: v?+0v* < 1,0 >0},

Py(u,v) = (1; 0; 2u),  Py(u,v) = (0; 1; 2v)
./7\ k —
0 2u | =(—2u;—2v;1)#0onallof B
1 2w
e S22 Gi0:0;0)) = At = v = 0) = (0:0;1)
n= , n([0;0;0]) =n(u=v=0)=(0;0;1).

du? 4+ 40?2 + 1

The proposed mapping is a parametrization. The surface () is oriented oppositely to this
parametrization, because n = —1

Q" |

Example 594.% Given is half of the sphere Q = {[x;y;2] € Ez: 2?2 +1y*+22=0a%,2>0,a>0,}
oriented by the normal vector 7 = (nq;ng; ng), where ng > 0. Decide which of the
given mappings P(u,v) are parametrizations of the surface Q.

a) P(u,v) = [u;v; vVa? — u® — v?], where [u;v] € B = {[u;0] € By : u? 4+ 0? < a?},
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2 2 3
b) P(u,v) = a? 4—232u+ v a2 +2320+ 02 @2 +252 Foz Y where [u; o] € B,
B = {[u;v] € Ey: u? +v? < a?},
¢) P(u,v) = [acos ucosv;asinucosv;asinv], where [u;v] € B = (0;2m) X <0; z>.
|
Solution :

2,
7/
7

|
0
7
o
Y
b
=

X

2z

By substitution we can easily verify
that in all cases the equation

2% + y? + 22 = a? holds.

Il
TS

2>
2

>z

LI
S

N

-

i
\{{{
\X

i
T
N

a) The functions P, =

VR

—Uu —v .
1;0; ,P,=10;1; do not exist
2 — w2 — 2 2 — 02 — 02

on the boundary I'. It follows that the given mapping is not a parametrization.

b) P(u,v) is continuous and one-to-one on B. We easily verify that on B we indeed obtain z > 0
B 2a® _a(a® —u? —v?)

a4 w402

B = {[u;v] € By; v* +1? < ad?} =

CL2+U2+U2

- —1’>0 = z>0.
We compute the tangent vectors P,, P, and the normal vector resulting from the parametrization P

0 7 k
2a2(a® — u? + v?) —4auv —6a3u
=P, xP,=1 (a2+u?+0?)2 (@ +u+02)2 (a2 +u + 02)2
—4a?uv 2a2(a® + u? — v?) —6a3v
(a2 +’LL2 +U2)2 (CL2 +U2 +U2 2 (a2 +U2 +U2)2
4a*

(a2 + w2 + v?)* (3%(@2 +u? +v?); 3av(a® + u? +v?); a* — (u? + ,Uz)z) £0
for all u? +v? < a?; n3 = a* — (u* +v%)* > 0.

The given mapping is a parametrization of the surface () . The orientation of the surface is con-
sistent with the given parametrization.

c) The mapping comes from the description of the sphere in spherical coordinates. We know that

. . . . ™ . .
this mapping is one-to-one and continuous for u € (0; 27) and v € <0; —). Moreover, its partial
derivatives P, and P, are continuous everywhere in E, and

~

D 7 k
1= | —asinucosv acosucosv 0

= (a? cos u cos? v; a? sin u cos? v; a’
—acosusinv

Vi a
—asinusinv acosv

sin v cos v),

|72|| = a*cosv # 0 for all u € (0;27),v € <0; %) On the boundary of the set B, where u is
T

arbitrary and v = —, we have 7 = 0 and on the boundary I'g the mapping is not one-to-one. It
follows that the given mapping is not a parametrization of the surface Q).

[
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595. The surface Q = {[z;y;2] € E3 : 2* +y* = 4,2 > 0, z € (1;4)} is oriented so that

the normal vector 77, at any point satisfies the condition 7, -7 > 0.  a) Verify that
the mapping P(u,v) = [2cosu;2sinu;v], [u;v] € B, B = < - g,g> x (1;4) is a
parametrization of the surface () and decide about the orientation of the surface with re-
spect to this parametrization.  b) Justify why the mapping P(u,v) = [V4 — u?;u;v],
[u;v] € B = (—2;2) x (1;4) is not a parametrization of the surface Q).
a) the orientation of the surface () is consistent with the parametrization ,
b) P, is discontinuous at infinitely many points of the set B.

e Propose a parametrization of the surface (), whose orientation is determined by the normal vec-
tor 7i,. Determine whether the surface () is oriented consistently or oppositely with the proposed
parametrization :

597.Q = {[x;y; 2] € E3: 2z = xy, 22 +y* < a?, a > 0}, ﬁQ-E>O
v) =

596. Q = {[z;y;2] € Es:a® + > = 4,0 >0, 0 <z <4}, 7,([2;0;2]) = (1;0;0)

P(u,v) = [2cosu; 2sinu; v]
T T
[us;v] € < - §7§> x (0;4)
the orientation of the surface () is consistent with the parametrization

P(u, [v cos; v sinu; v? sinu cos u]

[u; v] € (0;27) x (0;a)
the mapping is not a parametrization

598. Q = {[z;y; 2] € E3 : M +22 =1, z € (-1;3),2> 0}, 7,([0;0;1]) = (0;0; —1)

4

[ P(u,v) = [v; 1 4+ 2cosu; sinu]
[u;v] € (0;7) x (—1;3)
the orientation of the surface () is consistent with the parametrization

599. Q = {[r;y;2] €E3: 20 +3y+2=6, v >0, y >0, 2 > 0}, 71, = (n1;n2;n3), 71 >0

P(u,v) = [u; v; 6 — 2u — 3v]
0<u<3,0<v<6—2u
the orientation of the surface () is consistent with the parametrization

V.2 Surface integral of a scalar function

r

Let Q) be a simple smooth surface in B3 with parametrization X = P(u,v), [u;v] € B C Es.
Let f be a scalar function defined and bounded on the surface Q).

If the double integral // f(P(u,v)) || Py(u,v) X P,(u,v)| dudv exists, then we define

//Q;dp//Bf(P(u,v)) 1P, v) X Py(u, v)|| dudv

and say that f is integrable on ().
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k

i=1

If the surface () C Ej is simple piecewise smooth, () = U Qi the union of simple smooth

., Qr and f is a function integrable on each surface QQ;, 1 <1 < k, then

//Qfdp=2j:/@fdp-

NOTE : We know that neither the existence nor the value of the double integral |f 5 [ dudv depends

surfaces @1, ..

on the “behavior” of the function f on a set of measure 0. It follows that one may compute f f Q fdp
using a mapping P(u,v), which, strictly speaking, is not a parametrization of the surface (), but the
required conditions for a parametrization are violated only on a set of measure 0 in B.

e Decide whether the surface integral exists and if it does, compute it.

1
Example 600. // zylnje] dp, where Q = {[z;y;z] EE3: (x —2)* +¢y*+ 22 =1,z > 0}
Q Z

The integral does not exist, because the function
~ zyln|x|

fx,y,2) .
0 and is unbounded

Solution :
z

is not defined for z =
in every neighborhood of points with zero z-

coordinate.

X\

N
S
5

-

S

S
N7
<2

<z

%
l
M

=
S

N

N\

=
S

S
N

\

W
N
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0%
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=
7
7
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{l
\
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NN
<

//;////
[
(1]
111
il
\l

d
: Q= {liiz] € Baa® +y" + (=3 = o, 0 >0}

Example 601.%*
Solution : Continuity of the integrand on the surface () is sufficient for the existence of the integral.

This condition is satisfied whenever () is disjoint from the sphere z? + 3% + 22 = 1, which
(4;00). Conversely, for a € (2;4), the integral does not exist, because

holds for a € (0;2) U
the function f is not bounded on the surface () .

() is the sphere with center [0;0; 3] and ra-

dius a, and we may describe it using
spherical coordinates, where the radius

equals a.
T = @ COS U COSV u € (0; 2m)
@ :<{ y=asinucosv T T
(53
2°2

z=3+asinv
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Parametrization of the sphere ():

P(u,v) = [acosucosv; asinucosv; 3+ asinv]; B = {[u;v] €EEy: ue (0;2m), v e <— T E>}

272
P,(u,v) = (—asinucosv; acosucosv; 0); P, x P, = (a? cosucos? v; a? sinu cos? v; a®sinv cosv)
P,(u,v) = (—acosusinv; —asinusinv; acosv); [P, x P,| = a?cosv
1 1 1

224+ 1y2+22 -1  a?cos?ucos?v 4 a?sinucos?v + (34 asinv)2 —1  a?+ 8 + 6asinv

2 m a? cosv
d P, x P,||dudv = du | dv =
//f b= // ) [P ol duudo = / (/0 a?+ 8+ 6asinv u) !

jus
2

6 ™
=27 - o /2 4eo8y dv = 3 [ln|a + 8+ 6asinvl]® =Ty

a’ + 8 + 6a
6a = a? + 8 + 6asinv 3 3 ‘

a?+8 —6al
n

e Compute the integrals over the surface () C Ej :

Example 602. // xzdp, Qis AABC, where A = [1;0;0], B =[0;1;0] and C = [0;0; 1]
Q

Solution : () is a part of the plane = + y + z = 1. The projection of the triangle A ABC' onto the plane
(xy) is the triangle D bounded by the linesx +y =1, x =0, y = 0.

z
l0<y<l-ux
r=u
Q: < y=wv
B z=1—u—wv,
A y
x
P(u,v) = [u; v; 1 —u — v, B:{[U;U]EEQ:OSugl,Ogvgl—u}
P, = (1;0; —1), P, =(0;1;-1)
Py x Py = (1;151), 1P > Pl = V3

//mzdp // (1 —u—2)-V3dudv=3" / (/ 1—u—v)dv> du =
—f/( (1—u) é“—g[ﬂ ) f/ u(l — u) —g(l—u)2>du:

2 471
:ﬁ/ u(1—2u+uz)duzi§ {U——Qi u_] = \/_(1—2%—1):@
2 Jo 2 12 3 41, 22 3 4 24
NOTE : Since the given surface () is the graph of an explicitly given function z = g(x, y)
of two variables, we may directly regard the independent variables z, y as parameters
P(z,y) = [z; y; 1 —x — y|, where [z;y] € D. Then the tangent vectors are P, = (1;0; —1),
P, =(0;1;—1) and the normal vector is P, x P, = (1;1;1) and

//xzdp // (1—z—y) V3dedy = -- ‘2/45
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Example603.//\/x2+y2+1dp, Q= {[z;y;2] €Es: 22 + 2> + 9> =4, 2 > 0}
Q

Solution : ) ) o
(@ is a part of a paraboloid, which is the graph of the
z L : z? 4y
l 2 explicitly given function z = 2 — 5
T =u,
. =, 2 2
Q : Yy w2 u +v° <4
z2=2- ,
~ ~ 2
T Y
u? + v?
P(u,v):[u;v;Q— ], B = {[u;v] € Ep : u? + 0% < 4}
Py = (1;0; —u), Py = (0;1;—v)
P, x P, = (u;v;1), | Py % Pyl = Vu? +v2+1
// \/a:2+y2+1dp:// Vu2 + 02 +1-vVu2 + 02+ Ldudv =
Q B
U =TCOS
<r<
// (u? + v* + 1) dudv = (polar coordinates) = | v = rsin Osrs2 | _
u2+0v2<4 J=r 0< p < 2T

2 2 ) o 2 5 rd r2q2
:/0 (/0 (r +1)~7’dg0) dr = [gp}o ~/0 (r +T)dT:27T'|:Z+§]0:127T.

[
Example 604. // vydp, Q={[x;y;2] €Es:2?+1y*=4, 0<2<1}
Q
Solution : ) L .
(@ is a part of a cylindrical surface of radius r = 2.
< We start from cylindrical coordinates.
Z====N T =2cosu
_ o u € (0;27)
Q : Z:ismu ve (0:1)
§ — Y
§ The integral exists, since the function f(z,y, z) = xy
is continuous on ().
x
P(u,v) = [2cosu; 2sinu; v], B = (0;2m) x (0;1)
P, = (—2sinwu; 2 cos u;0), P, =(0;0;1)
P, x P, = (2coswu;2sinu;0), | Py x Pyl =2
1 2
// xydp = // 2cosu - 2sinu - 2dudv = / (/ 4 sinu cos u - 2du) dv =
Q B 0 0
s 1 .92 2
:8/ Sinucosudu-/ ldv =28 [sm u} vy =8-0-1=0.
0 0 2 ] .

Example605.*//a;yzdp, Q= {[r;y;2] €E3: 9y +92*=9, 1<x<3,y>0,2>0}
Q
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Solution :

This is a part of an elliptic cylindrical surface parallel
to the x-axis and of radius r = 3.
We start from generalized cylindrical coordinates:

rT=0 T
u € <O;—>
Q:<{ y=3cosu 2
z =sinu v € (1;3)
P(u,v) = [v; 3cosu; sinu] B = <0; g> x (1;3)
P, = (0; —3sinu; cos u) P, =(1;0;0)

P, x P, = (0; cosu; 3sinu) | Py % Py|| = V/8sin?u + 1

//xyzdp://v-3cosu-sinu-\/8sin2u+1 dudv =
Q B

3 /2 8sinu+ 1=t
:3/ vdv-/ cosusinu - V8sinu+1du=| 16sinucosudu =dt | =
1 0 te(1;9)

1 (26321 3 2
3 fdt = 9—1 —2 . fer-1) =13
{]116/\/_ )16l3]143( )

Example 606.* // (vy +yz +az)dp, Q:y=Va?+ 22 lying inside the surface 2* + 2* = 2.
Q

Solution :

The surface () is a part of the lateral surface of the
cone of revolution

y = va?+ 22
(the y-axis is the axis of rotation), lying inside the
cylindrical surface

x4 2% =2z,

The projection of the surface () onto the plane (x2)

Y
is the disc D
D={[z;y;2] €Bg: (z —1)>+ 22 < 1,y = 0}.
P(u,v) = [u;\/m;v], BZ{[u;v] eEQ:(u_].)2+'U2§]_}
u v
Po= (4 ) Po= (0 )
u v u2 'U2
“Po= (G i ym) IR Rl= a1 a = V2

//:Uy—i—yz—l—xz dp = // x—i—zva—l—zQ—l-xz)\/_dxdz_

(z—1)2422<1
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U =TCoS 0
// (u+v) u2+02+uv)\/_dudv— v =rsinp m
2

(u—1)2402<1 J=r

z 2cos p
:\/5/2 (/ (r(cos<p+singp)-r—i—rQSin(pcoscp)rdr) dp =
- 0

47 2cos ¢
r } dp—

(cos ¢ + sin ¢ + sin ¢ cos @) - [Z

0

—4\/5/ cos® ¢ + sin p cos? ¢ + sin pcos® ¢ | dy —4\/§<2/
_z ~ -_ v 0
2 odd functions

4.2 64v/2
Ex. 21) = = —
(see Ex. 21) = 8\/_ 3 B

Cos5<pdgo+0+0> =

e Compute the integrals over the surface () C E3 :

607. //(ft+y+Z)dp, Q=A{lr;y:z] €Bs: 2’ +y° +2°=d®, 2>0, a >0} [ra’]
Q

608. //(w2 ) dp, Q={lriyz] €By:z =27 112 0< 2 < 1} ]
Q

609.//xdp, Q:{[x;y;z]EEg:z: a2—x2—y2} [0]
Q

610. // zdp, Q= {[z;y;2] €E3:2z=2"+79* 0<2<1} [27r(1+6f)]
Q

V.3 Applications of the surface integral of a scalar function

e Using a surface integral, compute the area of the surface ) C Ej :

Example 611. () is the part of the plane 12z 4 3y + 4z = 12 lying in the first octant.

12 —12x — 3
Solution : Q = {[x;y;z] €Es,z= #,xzo,yzo,zzo}
Y
z
3 The projection of the surface ()
onto the plane z = 0
is the set D D
D: 0<z<1
1 0<y<4-—4
4 =Y= ! 01 *
* Y
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12 —-12x -3
P(m,y)z[m‘;y;#} B={[z;y]€E: 0<2<1,0<y<4—4z}
3
P, = (1;0;3) Py = (01;-3)
3 13
&xﬂ;{—&—zq> 1Pe x Pyl = =

! d-dz 13 13 ! 13 13
A= 1dp = Zdy) de=— | (4—4x)dr = (4 —2) =",
//Qp/o(/o 4y>x40< Ddr =2 =5

n
Example 612. () is the part of the sphere 22 + 3% + 22 = 16 lying inside the cylindrical
surface 2% + y? = 9.
Solution : The surface () consists of two equal parts ) = ()1 U Qs.
We restrict ourselvesto 2 >0 — A=2 // 1dp
1
P(u,v) = [u;v; V16 — u? — v?], B = {[u;v] € Eg: u? + 0?2 <9}
—Uu —v
Pu:<1707\/16—u2—v2>7 PU:(071,\/16—U2—7}2>
U v 4
P, x P, = : 1), PyxP)l=———
(\/16—u2—v2 V16 —u2 — 02 ) H | 16 — u2 — v?
4 du dv U= reosy 0<r<3
A—// ldp =2 // =| v=rsing = = =
. P V16 — u? — v? J—p 0<p<2r
u24+0v2<9
2 3
rdrdp 3
_3 —=8-2n-[—m} = 167(4 — V7).
/0 /0 V16 — 12 0 ( ) .

Example 613. () is the part of the surface z = 2xy lying in the first octant inside the cylindrical

surface 22 + y? = a®.

z
Solution :
z
\\”" Yy
, o ] Q
SO
/ \
T
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P(u,v) = [u;v; 2uv], B = {[u;v] € By : u? +v% < a?}
P, = (1;0;2v), P, = (0;1;2u)

P, x P, = (—2v; —2u; 1), | Py X Pyl = V4v? 4+ 4u? + 1

u=rcosy

<r
= — 2 2 — — : -
//1dp //Bvl—i-ém + 4v? du dv v =rsiny 0<y

J=r

IA N

a
us =
2

2(1+ 47«2)3/2] t
0

/ /\/1+4T2 Tdrdgp—z 8/ VIt 4r?-8rdr = — T 3
=5 ((1+4a )\/1+4a2—1). ]

Example 614. () is the part of the conical surface z = /2% + y? lying inside the cylindrical
surface 2% + y? = 2.

Solution : 2> +y* <2z =— (z—1)24+y><1
z

z
N
: x
Y
Y
P(u,v) = [u;v; Vu? 4+ v?], B={wv] €Fy: (u—1)2+202<1}
u v
Py = (1,0 ———), Py = (01— 5—)
“ \/U2+U2 v ‘/’U,Q—FUQ
u v u? v2
PxP:(— - ;1), P, x P :\/ 1=2
e VuZ 402 Vu? +o? [Pux Fol u2+v2+u2+v2+ V2

A= // ldp =2 // 1 dz dy =(the integral equals the area of a disc of radius 1) = v/2 - 7 - 12

(u—1)2+402<1
]

Example 615. Determine the mass of the surface Q = {[z;y; 2] € E3: 2 +y*+22 =9, x <0},

1

if the density i 1 2) = :

if the density is o(x, y, 2) 2249

Solution : >

B <7r 37T>
T = 3CcoSuUCcosSv ue ==
i Q: Yy = 3sinu cosv 2 2
z = 3sinv GRS <_E.E>
272
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3
P(u,v) = [3cosucosv;3sinucos v; 3sinv] B = <%, 77T> X < - g, g>
P, = (—3sinwucosv; 3 cosucosv; 0) P, = (—3cosusinv; —3sinusinv; 3 cosv)
P, x P, = (9cosucos? v; 9sinucos® v; 9sinvcosv) [Py, x Pyl = 9cosv

1 w/2 3m/2 9
R e A e R
0 022 +9 —n2 \Jrj2 9sin“v+9
™2 cosw Lat . T 2
=m: ———dv = =7- 5 =7 |arctant]_ =7 = = —.
_rj28in"v + 1 g t* 41 2 2

Example 616. Determine the moment of inertia with respect to the z-axis of the surface

Q={lw;y;z] €B3: 2= /22 +1%0< 2 <2},

if the density is constant (o(z,y, z) = k).

sinv =1t
cosvdv = dt

Solution :

r=veosu u € (0;2m)
Q: < y=wsinu

Z =70

P(u,v) = [vcosu;vsinu; v] B = (0;2m) x (0;2)
P, = (—vsinu; vcosu; 0) P, = (cosu; sinu; 1)
P, x P, = (vcosu; vsinu; —v)  ||Py x Py|| = vv/2

2 27
JZ://(x2+y2)g(x,y,z)dp://UQ-k-U\/idudv:\/ﬁk/ / v® dudv =
Q B 0 Jo
2

L:é;\/ilm.

4

I
o)
N
[\}

3

| — |
S
.

Example 617. Find the center of mass of the part of the paraboloid 22 + y? = 2z bounded by the
plane z = 1, with density o(x,y,z) = 1.

Solution : ) ) . )
The center of mass lies on the axis of rotation z, i.e.

T - [0707ZT]’ ZT = ma:y’

T =1VCoSUu
oF y:vsinu u € (0;2m)
P v e (0;V2)
2
P(u,v) = [vcosu;vsinu;v?/2] B = (0;27) x (0;/2)
P, = (—vsinu; vcosu; 0) P, = (cosu; sinu; v)

P, x P, = (v?cosu; v?sinu; —v)  ||Py X Py|| = vv/1 + 02

Ve 1 [v2 1/2
m://QdPZ/ (/ 1'U\/1—|-U2du>d21=2ﬂ'-§/ (1+0*)7" 2vdv =
Q 0 0 0
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S Y )

//zgdp / (/0%%2.1-1)\/@@)@:

1 V2 1402 =2
:—/ ( Vi1 402 vdu> dv— <27 - / VV1+02 - vdv=| 20dv=2tdt | =
2 Jo 0 t € (1;V/3)
V3 V3
—7r-/ (2 - 1)t2dt—wl§—§} - <9f VB- g+ §> = (14 6v3),
|, _2m(1+6v3)-3  1+6v3 7 o0 LH6V3 .
T15-27(3v3—1)  5(3v3—1) (V3 - 1)

e A surface () C Ej is given.
a) Sketch the given surface () and its projection onto the plane (zy).
b) Propose a suitable parametrization of the surface () and compute the length of the vector
perpendicular to the surface () for the proposed parametrization.
c¢) Determine the area of the given surface.

618. Q = {[x;y;2]| € B3 : v+ 2y +2 =06, 1 <22+ y? < 4}

b) P(u,v) = [u;v;6 —u — 2],
B = {[u;v] € By : 1 <u?+0® <4}, [|iil| = V6
¢) 3mV6

619. Q = {[z;y;2| € B3 : 2 =9> — 2% 1 <22 +9y*> <4}

b) P(u,v) = [u5 0307 — ),
B ={[u;v] €Eg: 1 <u?+0? <4}, ||| = VAu2 + 402 + 1
c)%(n\/ﬁ—sn/g)

620. Q = {[z;y;2] € E3: z2=4— /a2 +y?, 0<z2<2}
[ by) P(u,v) = [u;v;4 — Vu? +0?], i
B = {[u;v] € By : 4 <u? +0? <16}, ||ii] = V2
bs) P(u,v) = [vcosu;vsinu; 4 — v],
B={u;v] €Ee:0<u<2m 2<0v <4}, ||l =vv2
¢) 1272
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621. () is the part of the sphere 2% + y? + 2% = 12 lying inside the paraboloid 2% + 3% = 4z.

b) P(u,v) = [v/12 cosu cos v; v/ 12 sin u cos v; /12 sin v,
B ={[u;v] € E2: 0 <wu <27, arctan(v/2/2) < v < w/2},

7] = V12 cosw
¢)8m(3 —V/3)
e Determine the area of the surface () C Es :
622. Q = {[r;y;2] €E3: 2z =22 +¢% 2?2 +¢y* <1} [%(5\/5— 1)}
623. Q ={[z;y;2] €E3: v +4y+2=1, >0,y>0, z>0} [\2?6]
624. () is the part of the conical surface z = 41/z? + y? cut out by the planes z = 0, y = 0,
21 + 3y = 6. [3v/17]
22 2
625. () is the part of the plane 22+ y — z = 0 lying inside the elliptic cylindrical surface 9 + 6= 1.
[12V/67]
626. Q = {[z;y;2] €Es: v =u+v, y=u—v, z=4v, [u;v] € (0;1) x (0;1)}. [6]

e A surface () and a surface density o(z,y, z) are given.
a) Sketch the surface () and its projection onto the plane z = 0.
b) Propose a suitable parametrization of the surface (), write a vector perpendicular to the given
surface and determine its length for this parametrization.
c¢) Determine the mass of the surface ().

627.Q = {[z;y;2] €E3: 2 =4 —2%— 42 2> 0}, o(z,y,2) = /1 +4(22 + y2).
[ b1) P(u,v) = [u;v;4 — u? —v?],
B = {[u;v] € By : u? +v% < 4},
il = (2u; 205 1), ||7i]| = VAu2 + 402 + 1
bo) P(u,v) = [vcosu;vsinu; 4 — v,
B =A{u;v] €Ez:0<u<2m 0<wv<2},
i = (202 cosv; 2v%sinw; v), ||7I|| = vv/402 + 1
| ¢) 367

628. Q = {[z;y;2] €Eg: 2®+y?> =4, 2>0,y>0, z€(0;3)}, f(z,y,2) = zyz

b) P(u,v) = [2cosu;2sinu;v], B = (0;7/2) x (0;3)

Y
i = (2cosu;2sinu;0), ||7|| = 2
c)18

x

629. Q = {[r;y;2] €Eg: 2> =2+ 9%, >0, 2€ (0;1), o(z,y,2) =22+
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[ b)) P(z,y) = [u;v; Vu? + v2], i
B

= {[w;v] € Eg: u? +0? <1, u > 0},

—u —v
n= ; 1), |17 = V2
(\/u2+v2 Vu? 402 ) Il
by) P(u,v) = [vcosu;vsinu;vl,
. B={lu;v] €By: —m/2 <u<m/2,0<v<1}, ||| = vv2

| ¢)V27/3 |

o A surface () and a scalar function f are given.
a) Sketch the surface () and its projection onto the plane z = 0.

b) Compute // f dp.
Q

c) State what the integral from part b) could represent.

630. Q = {[r;y;2] €Eg: 2® + 9y =4, 2>0, 2€(0;3)}, o(z,y,2) = zy°.

c) m for density o = x>
my, for density o = 1>

1
631. Q = {[xvyu Z] €E3: 2= 5(‘%’2 +y2)7 z € <0?1>’ f(xvya Z) = ku, k>0

2 b) 27 (1 + 6v/6)k/15
c¢) m for density o = kz
My, for density o = k

x Yy
632. Q = {[r;y;2] €Es: 2= /9 —122 =2,  f(z,y,2) =2° + ¢
. b) 1087
c) m for density o = 22 + y?
J, for density p = 1
z Yy

633. A surface Q = {[z;y; 2] € E3: z = zy,2* + y* < 3} is given.
a) In three separate drawings, sketch the curves obtained by intersecting the graph of the function
z = xy with the plane z = 1, with the plane x — y = 0, and with the plane x + y = 0.
b) Propose a suitable parametrization of the surface (). Write a vector perpendicular to the
surface () and compute its length (for this parametrization).

c) Determine the area of the surface ().
zy =1 2 = g2 5= 2 }
a) hyperbola { PR parabola { Ty =0 parabola { vty =0
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z

== v ‘\ f\\\ \y
7 V.

b) P(u,v) = [u;v;uv], B = {[u;v] € By : u? +v? < 3},
n=(—v;—u; 1), |7 = Vu +02+1
c)147/3

634. Compute the mass of the surface Q = {[z;y;2] € E3: 22 +y* + 22 =d? 2> 0a > 0}
with surface density o(x,y, z) = 2. [ra?]

635. Compute the mass of the surface Q = {[z;y;2] € Es: z+y+2=1, >0, y >0, z > 0}

1 1
ith surface densit = ——. In2 — =
with surface density o(x,y, 2) (e [\/g(n 2)]

636. Compute the center of mass of the part of the conical surface z = /x2 + y? cut out by the
cylinder 22 + y? = ax, (a > 0), if the density is constant o(z,y, z) = k.

637. Compute the center of mass of the surface

Q={lz;y;z) €By: z=/y>+22, y>0,0< 2 <2}

with surface density o(z, vy, z) = . {T = B, §; 0”
s
638. Compute the coordinate y,. of the center of mass 1" of the surface
Q= {[r;y;2] € Bz : 2?4+ 2% =4,
x>0, z>0, y € (0;3)} with surface density o(z,y, z) = zyz. [2]

639. Compute the static moment with respect to the axis of rotation of the surface of a homogeneous

hemisphere of radius R, o(z, vy, 2) = k. [%(BW +4)kR3
640. Compute the moment of inertia with respect to the z-axis of a homogeneous triangle
with vertices [a; 0; 0], [0;a;0], [0;0;a] (a >0, o(x,y,2) = k). [\f atk

641. Compute the moment of inertia with respect to the z-axis of a homogeneous surface
Q=Q1UQz where Q1 = {[z;y;2] €E3: 2® +9* <16, 2 =0}, Qo= {[a;y;2] € Ey:
z=4—\/x2+y? z2>0}, o(z,y,z)=k.

[128 k(1 + v/2)]

642. Compute the moment of inertia with respect to the z-axis of a homogeneous surface
2

h
Q= {[ac;y; 2] €Eg: 2% = —2(952 +9%), 0< 2 < h}, o(z,y,z) =k. [ga?’k\/aQ —i—hQ}
a
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V.4 Surface integral of a vector function

-

Let Q be a simple smooth surface oriented at points X € Q) by the unit normal vector n(X).
Let f be a vector function bounded on () and let the scalar function ( f ) be integrable
over the surface (). Then we say that f is integrable over () and

J[ 760y -am= | (£x)-70x)) dp

If X = P(u,v) is a parametrization of the surface ) defined on the set B C E,, then the
surface integral of the vector function f can be computed directly by the formula:

//Qf( - dp = i// (P, x P,) dudv,

where the sign is chosen according to whether the surface () is oriented consistently or incon-
sistently, respectively, with the parametrization P(u,v), i.e. whether (Pu X PU) . ﬁ(X ) = 0.

NOTE : Another notation is sometimes used: If f = (U;V; W), then the surface integral of the
vector function f can be written in the form

//f-dﬁ://Udydz+dedz+dedy
Q Q

e Compute the given surface integrals / f - dp over the surface ) C Ej, which is oriented by the
Q

given normal vector.

Example 643. [ = (z;y;2), Q= {[z;y;2] € E3; z € (0;a), y € (0;a), 2z =a, a > 0}
is oriented by the vector k£ = (0;0;1).

Solution : >

k

0 x_Z’ u € (0;a)
Y79 e (0;a)
z = a,
a
x Yy

P, x P, =(1;0;0) x (0;1;0) = (0;0;1) = (@ is oriented consistently with the parametrization

//Qf-dﬁz//Q(x;y;z).dﬁ://B(u;U;a).(puxpv) dud —
://BW?“?“)'(0¥051)dudvza//31dudv:a-a2:a3,
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Example 644. = (z;y;22), Q={[z;y;2] €B3; x4+2y+2=6,x>0,y>0, z>0},
the normal vector of the surface () forms an acute angle with the vector £ = (0;0; 1).

Solution :
z
y=v x = u, u € (0; 6)
3 Qy v=uv, u
Q i, 2=6—u—2v U€<O’3_§>
&8, B
)
T
P(u,v) = [u;v;6 —u — 2], B:{[u;v]€E2:0§u§6,0§v§3—%}

Py x Py = (1;0;—1) x (0;1; -2) = (1;2;1)
the vector (1;2; 1) forms an acute angle with the vector k i.e.(1;2;1) -k > 0 =
= (Q is oriented consistently with the parametrization

//f dp' = // zyy;23) - dp = // —u— 2v; v; 2u) - (1;2;1) dudv =
// (6 +u) dudv—/0(6+u)[]3 u/Qdu—/O (18—%)@:[1814—%3}2:72

Example 645. f: (y; 2;22), Q = {[x;y;2) € Es; 22+ 9> =16, 0< 2 <3, 2 <0, y > 0}, the
surface is oriented at the point [—4; 0; 0] by the normal vector 7 = (1;0;0).

Solution :
: @ is part of a cylindrical surface =

we use cylindrical coordinates, where r = 4
x = 4cosu, u€<l 7r>

Q] y=4sinu, 2’
z =, v € (0;3)

x Y
P(u,v) = [4cosu;4sinu;v] B= <g > x (0; 3)

(4 cos u; 4sinu; 0)

P, x P, = (—4sinu,4cosu,0) x (0;0;1)
(—1;0;0) = =2 = ( is oriented inconsistently with the parametrization

i([—4;0;0]) = (4 cosm;0;0) =

//f-dﬁ:—//(4sinu;v;16¢oszu)-(PUXPU) du dv =
Q B

= —// (4sinu;v; 16 cos? u) - (4cosu;4sinu; 0) dudv =
B

L 3 ™ 2 3
:/ (/ (—881n2u—4vsinu)dv> du:/ [(—808in2u—4%sinu>] du =
5 Jo 5 0
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™

—24sin 2u — 18sinu du = [120052u+ 18cosu| =12—-184+12=6

,

[VE]

[
Example 646. f = (y;2:2), Q= {|z;y;2] €Es; a2+ 12 — (2 —1)2=0, y <0,
1 < z < 3}, 71, forms an obtuse angle with the vector k = (0;0; 1), i.e.
Mg - k<0
Solution : ~
ey’ = (- 1) =
z=1=22+y* = z=1+ /22 +¢?
T =vcost, u € (m; 2m)
Q< y=wvsinu, '
z=1+4+wv, € {0;3)
P(u,v) = [vcosu;vsinu; 1 + v] B = (m;2m) x (0;3)
P x P, =(— vsinu veosu; 0) X (cosu;sinu; 1) = (veoswu;vsinu; —v)
(vcosu,vsinu,—v) - (0;0;1) = —v <0 = is oriented consistently with the parametrization
//f dp = // vsinwu;vcosu;2) - (P, X P,) dudv =
= // (vsinwu; v cosu;2) - (vcosu;vsinu; —v) dudv = // (2v%sinu cosu — 2v) du dv =
B B
2m 3 2m U3 3
:/ (/ (v2sin2u—2v) dv> du:/ [(ESiHZU—UQH du =
s 0 s 0
2m 3 2 2
:/ 9sin2u — 9] du=9 - == —u] " = —on "
- 0 s

Example 647. f = (y;2;2), Q={[v;y;2] €B3; 2=6—2>—2y* 0<x <2
0 <y <1, 2> 0}, i, forms an acute angle with the vector k = (0;0; 1).

Solution :

( is part of a paraboloid
y=v T = U, :2)
1 Q y:Ua ’
B p=6-—ut—2?, V€ 1)
0 2 T=U

2;1;0]

P(u,v) = [u;v;6 — u? — 207 B =(0;2) x (0;1)
P, x P, = (1;0; —2u) x (0;1; —4v) = (2u;4v; 1)
(2u;4v;1) - (0;0;1) >0 = @ is oriented consistently with the parametrization
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//f'dﬁ://(U;U;G—UQ—QUQ)-(PUXPU) du dv =
Q B
2 1
://(v;u;6—u2—202)-(2u;4v;1)dudv:/ (/ (6uv+6—u2—202)dv> du =
B 0 0
2 U2 ) 9 5 1 2 ) 9
—/0 [<3u2 + 6v —vu 31} )}OdU—/O <3u—|—6 u 3>du—

_[32 w16 ]2

V. Surface integral

+ —u

U =14 ]
2 3 3

0

Example 648. f: (x2%92% (2 +9%)z), Q:x=wcosu, y=vsinu, z = bu
(helicoidal surface), [u; v] € (0;a) x (0;27) (a > 0,b > 0), oriented by the
normal vector 7, = (ny;n2;n3), where nz > 0.

Solution :

P(u,v) = [vcosu; vsinu; bu] B = (0;a) x (0;27)

P, = (cosu;sinu;0), P, = (—vsinu;vcosu;b)

P, x P, = (bsinu; —bcosu;v)

v >0 = the orientation of the surface is consistent with the parametrization

//Qf-dﬁZ//Q (:L'Zz;yzz;(x2+y2)z> df =

= // (b*uv cos u; b*u?v sin u; buv?) - (bsin u; —b cos u; v) du dv =
B

= // (b3vu2 sin u cos u — bvu? sinu cos u + bv3u) dudv = // bodu du dv =
B B

2m a 470 9727
1
= / (/ buvdu dv) du=2> {u—] . {u_] = —712a*b. [
0 0 41, L2], 2

Example 649.* Compute // Adrdy, Q={[r;y;z] €Es: 22+ 9>+ 22 =4,
Q

r <0,y >0,z >0}, 7, forms an acute angle with the vector k = (0;0;1).

Solution :
o ( is part of a spherical surface =
we use spherical coordinates, where r = 2 :
T
T = 208U Cosv —<u<nm
Q< y=2sinucosv .
z = 2sinv 0<v< 5
/
x
. . T T
P(u,v) = [2cosucosv; 2sinucosv; 2sin v B = <§;27r> X <0; §>
P, = (—2sinucosv; 2 cosucosv; 0) P, = (—2cosusinv; —2sinusinv; 2 cosv)

P, x P, = (4cosu cos? v; 4sinu cos? v; 4sin v cos v) @ is oriented consistently with the parametrization
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//QZdedyz//Qf.dﬁ://Q(o;o;g).dﬁ:

= // (0;0; 4sin? v) - (4 cosu cos® v; 4sinu cos® v; 4sinv cosv) =
B

™ 3 -4 /2
= / / 16 sin® v cos v du dv = 16 - T = 2.
= Jo 2 4 |,

e Determine the flux of the vector field f through the surface () C Ej oriented by the given normal
vector 7i.

Example 650. f = (z;y — 2;2z), (@ is the triangle with vertices A, B, C, where
A=13;0;0], B=10;2;0], C =[0;0;6], 7n-2<0.

Solution : This time we compute the flux according to the definition, i.e. by converting it to an integral
of a scalar function.

@ is part of a plane, whose equation we write in inter-

St

z

C cept form;c -
—+Z4+=-=1=2xr+3y+2=6
326 Y

@ is a plane with normal vector 7 = +(2; 3;1)
from the condition 77 - 7 < 0 it follows that 7 = —(2;3;1)
~ i —(2;3;1) —(2;3;1)
y n = - = =
B Il VvA+9+1 V14
x
A

//fdp/fndp //a:y z2z<2\/%1)dp:

_ﬁ//Q(—Qx—?)y—i-?)z—Qz)dp—\/%//Q(Z—ZI—Sy)dp—

P(u,v) = [u;v;6 — 2u — 3v] OSUSS,OSUSG_QU B
- P, x P, =(1;0;-2) x (0;1; —3) = (2;3;1) [Py x Pyl =v14+44+9=

1 (s
:ﬁ//B(6—2u—3v—2u—3fv)\/ﬁdudv:/o (/0 (6—4u—6v)dv) du =

3 6—2u 3 4 4 373
= / [61} — 4uv — 302} P du= / —4u+ —u? ) du= |—2u* + 2~ e n
0 0 0 3 9 Jo

Example 651. f (22 —y?%y? — 2% 22 —2?), Q=0Q,UQ,, where Q= {[x;y;0] € Es3:
x+y2<1x>0y>0}Q2—{[x02]EE3x+z2<1x>02>0}
the unit normal vector of the surface (5 is 1y = —7.
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Solution :
z
In accordance with the normal vector 7, = — the unit
normal vector of the surface ; will be 7, = —k.
|| Feao= [ P | Fas
000, Q1 Q2

P(u,v) = [vcosu;vsinu; 0] B; = (0;7/2) x (0;1)
Q1:| P, x P, = (—vsinu;vcosu; 0) x (cosu;sinu;0) = (0;0; —v)
(0;0; —v) - (0;0; —1) =v >0 = (@ is oriented consistently with the parametrization

. w/2 1
// f~dﬁ:// vgcoszududv:/ </ USCOSQ’udU> du =
1 By 0

0
1 /2 471 7r/21 ) 1 in2 /2
:/ v3dv-/ cos udu = v / Mdu:— u+sm u :1_
0 0 41, Jo 2 8 2 ], 16

P(u,v) = [vcosu;0;vsin ul By = (0;7/2) x (0;1)
Q2 :| P, x P, = (—vsinu;0;vcosu) x (cosu;0;sinu) = (0; —v;0)
(0; =v;0) - (0;—1;0) =v >0 = (@2 is oriented consistently with the parametrization

Tk /“/21—cos2ud 1 sin2ul™?  n
fr— _ . _— u = — u — = —.
1), ), 2 8 > |, 16

//f-dﬁz//@f-dm//%f-dﬁ:g. .

Q1UQ2

Example 652. f = (y;—x:2), Q={[r;y;2] €E3:2=4—2%—42, 2 >0}, whose
normal vector satisfies the condition 77 - k£ > 0.
Solution :

( is a paraboloid of revolution

T = vCosu, .
0! y=usinu u € (0;2m)
224_1}27 U€<O;2>

P(u,v) = [vcosu;vsinu; 4 — v?] B = (0;2m) x (0;2)
P, x P, = (—vsinu;vcosu;0) x (cosu;sinu; —2v) = (=202 cos u; —2v? sinu; —v)
(202 cos u; 2v% sinu; —v) - (0;0;1) = —v <0 = (@ is oriented inconsistently with the parametrization
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Contents
[[Frap== [ §-(Pux P dudo=
Q B

=— // (v sinu; —v cosu; 4 — v2) - (—20? cos u; —2v* sin u; —v) du dv =
B

2 2T
://(4v—v3)dudv:/ (4v—v3)dv-/ 1du:27r[21)2—
B 0 0

v472
— 1 =8
4 }0 m
n
Example 653. [ = (—y;z;2), Q ={[z;y;2] €E3; 2 =4— /2?2 + ¢y, 1 < 2 <3},
the normal vector 77 = (n; na;ng) has ng > 0.
Solution :
z

2
SO
3

>N
%
SO
SN
55
A2
f
7

SN
25\
75
I:,'
iy,

1117}

N
SN
N

Q
N
%
2
%

1
/7

N\

T
1
e
S

I

N

W
R
57
=

N
=\
=S\
=

S\

( is part of a conical surface

—
=

>
%
7
11

1<2z2<3 =
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NSS======27\
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=

1<2?+y*<9

x Yy

P(u,v) = [u;v;4 — Vu? + v?] B={[u;v] €Ey: 1 <u?+0* <9}
U v U v

P, xP,=(10— | X | 0]} —— | = ; , 1],

o ( \/u2+v2> ( \/u2+v2> (\/u2+v2 Vu? +v? )

the third coordinate is positive = () is oriented consistently with the parametrization

//Qf'dﬁ:+//3f<P<u,v>>-<Pu X By) dudv =
://B (~viwa- V) (

v
; 1) dudv =
Vu2 + 02 Vu? + 02 )
—// <4—\/u2+v2) dudv =
B

U =TCOS

1<r<3
v=rsing 0<p<2r | =
J=r
3 2 3.3 44
:/ (/ (4—r) -TdT) d(pz?ﬂ[ZrQ—r—] = .
1 0 311 3
n
Example 654. f = (z;y;2), Q={[r;y;2z] €E3:22+9y?> =9,0 < 2z <4}, the surface is
oriented at the point [3; 0; 4] by the normal vector 77 = —2 = (—1;0;0).
Solution : P

@ is an elliptic cylindrical surface =

we use generalized cylindrical coordinates
T = 3cosu

<u<
Q y =sinu Sus 2w
o 0<v<H4
153




Contents V. Surface integral

P(u,v) = [3cosu;sinu; v] B
P, x P, = (=3sinwu;cosu;0) x (0;0;1)
7i([3; 0;4]) = 7i(u = 0,0 = 4) = (1;0;0)

= (0;2m) x (0;4)
= (cosu; 3sinu;0)
= orientation of the surface is inconsistent with the parametrization

//cgf'dﬁ:i/[Bf(P(uav))-(Puva) du dv =

2m
= —/ (/ (3cosu;sinu;v) - (cosu; 3sinu;0) du) dv =
o \Jo

4 2w
:—/ (/ (30052u+381n2u)du) dv=—-3-2m-4 = —24n. [
0o \Jo

Example 655. f = (—y;x:2%%2), Q= {[z;y] €E3: 22+ 12+ 22 =a? 2<0, a> 0}, the
normal vector 77 forms an obtuse angle with the vector k£ = (0;0; 1).
Solution :

(@ is part of a spherical surface
2?2+ +2=a 2<0=

g = — /az—:l:2—y2

B = {[u;v] € Ep : u? +v? < a?}

P, = <1;0; — ) P, = <o;1;_“ )
a2—u2—02 CL2—U2—’U2

u v
P, x P, = < ; ;1)
Va2 —u2 — 02 Va2 —uZ — o2
from the condition 7, - (0;0;1) < 0 = orientation of the surface is inconsistent with the parametrization

//(—y;w;xzyQZ)-dﬁz

Q

_ ey 2,2 2 _ .2 _ 2)_ u . v 1) dudv =

= v u; —uvVa? —u? —v : : wdv =
//B( (\/aQ—u2—v2 Vaz —u?2 —?

U =T COoS 0<r<a
:/ w2 Va?2 —u2 —v?dudv=| v=rsing 0<p<2r |=
B J=r

2m a
—/ / rtsin? pcos? pvVa? —r? - rdrdp =
0 0

a2 — 2 =2
—rdr =tdt

27 a
= / sin® (1 — sin? ) dcp/ r*Va2 —r2 rdr =
0 0

/2 0
= / (sin® ¢ — sin* ) dp - / (a® — t*)*t - (—t) dt =( see Ex. 21)=
0 a

1 = 31« ‘o, P 1 AR
4= === — 2% + tH2 dt = — —2d—+=| =
(2 5173 2) /O(a a’t” +1t%) '3 —2a° ¢ +

5 71,
154
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7w [(a’ 2a7+a7 2 . .
= —-———4+ =) =—a'.
4\ 3 5 7 105

e A vector function f and a surface () are given.
a) Sketch the given surface. Propose its parametrization and write down, for it, a vector
perpendicular to the surface Q.
b) Compute the flux of the given vector field f through the surface () with the orientation given
by the normal vector 7.

656. f = (31;2y;2), Q={[r;y;2] €Es; 20 +2y+2=4,0<2<1,0<y<1},
7 forms an acute angle with the vector k£ = (0; 0; 1).

a) P(u,v) = [u;v;4 — 2u — 2v),
B={[u;v] €Ey:0<2<1,0<y <1},
P, x P, =1(2;2;1)

b)7

SL'/\y

. 1
657. f = (ziz;y), Q={lm;y;2] €Bssa+2=2 22 +y* <4}, n=—=(1;0;1)

V2

; a) P(u,v) = [vcosu;vsinu; 2 — v cos ul,
| B=A{lu;v] €Ey:},0<u<2r, 0<v<2
i P, x P, = (v; 0; v)
o \ b) 8w

658. f = (2:0:22), Q= {[z;y;2] €EBy; z=a2+442, 2 <9}, the normal vector forms
an obtuse angle with the vector k= (0;0;1).

i al) P(’LL, U) = [u;v;u2 +U2]7
B = {[u;v] € Eg : u? +v% <9},
. P, x P, = (—2u; —2v;1)
: as) P(u,v) = [vcosu;vsinu;v?],
B={[u;v] €Ey:0<u<2m 0<v<3},
P, x P, = (2v% cosu; 2v? sinu; —v)
N
x Yy 817w
b) — —
L 2 i

659. f: (—y;x;2), Q=A{[r;y;2] € E3; z = \/m, z <3, z > 0}, the normal
vector forms an acute angle with the vector k= (0;0;1).

[ ay) P(u,v) = [u;v;\/m],

B = {[u;v] € Eg : u? +0v2 <9},

—u —v
: Puxpv:(\/zﬂ—kvz;\/u?—kv?;l)

az) P(u,v) = [vcosw;vsinu; v,

B=Alu;v] €Er: 0<u<2m, 0< v <3},

4 (fni0] € By 20 < < 29 )
Yy P, x P, = (vcosu; vsinu; —v)

| b)9r _
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660. JF: (ZU?y,—QZ), Q: {[.T,y,Z] €E3;y:_9_ v$2+22, y23}7 ﬁj/\<0
ay) P(u,v) = [u;9 —Vu? +v2;v],
B = {[u;v] € Eg : u* + v <9},

u v
P, x P, :( 1 )
: e Vu2 +v2 Vu2 + o2
az) P(u,v) = [vcosu; 9 — v;vsinu,
. \y B ={u;v] €E2: 0 <u<2m 0<wv<2},

P, x P, = (vcosu; —v; vsinu)
b) — 1087

661. f = (v;y;—2), Q={[r;y;2] €Bg;a?+y?+22 =4, x>0}, 7([2;0;0]) = —7
[ a1) P(u,v) = [V4 —u? — 02 u;0], i
B = {[u;v] € Eg : u? +0v? < 4},

Puva—<

)
"Vu2 02 Vu 4 o2
az) P(u,v) = [2 cosucos v; 2 sinu cos v; 2 sin v,

m T ™ T
P
X ~ 22/ \ 7323

x Y P, x P, = (4cosucos? v; 4sinu cos? v; 4 cos
167
p) — 1

[ D) - ]

z

2y sinwv)

e Determine the flux of a vector field f through the surface () C E; oriented by the normal vector 7i:
662. f = (0;0; 2), @ is the triangle with vertices A = [0;0;0], B = [5;0;0], C = [0;4;1],
the normal vector forms an acute angle with the vector £ = (0;0; 1). [20]

663. f: 21— 1]+ y/k\:, @ is the parallelogram with vertices A = [0;0;0], B = [0; 3; 3],
C =[-1;4;5], D = [—1;1; 2] oriented by the normal vector 77 = (1; —1;1). [12]

664. [ = (2;1:0), Q= {[z;y;2] € E3;2=9— 22— 42, 2> 0}, the normal vector
n

= (n1; ng; n3) has positive third component. [817]
2 A~
665. f = (y;—7;2), Q= {[z;y;2] €E3;2=x2+%—4, y>0,2<0},7-k<0
[127]
666. f = (z;y;2), Q= {[r;y;2] €Es;a®+¢> =09, 0 <z <4}, 7([3;0;0]) = —7.
[(—727]
667. f = (z;2° +y%1), Q={[r;y2] €By522=a?+y% 0<z<h}, i-k<0
[—h27]
668. f = (x;y;22 +4%), Q={[r;y:2] €E3;2> + 4> =1% 0< 2 <h, y >0}
A ([; 0;0)) =7 [(b2hr]
2
669. /= (yi—w:2), Q={lwiysz] €Bysz=d—a>= 2 y>0, 220} k>0
[127]
670. f = (2% y%2%), Q={lmiy;2] €Ey;22 =2’ +4% 0<2<2}, -k <0
[87]
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671. f = (2;4;32), Q={[r;y;2] €Es: 2z =2 +y>+1,1<2<2 2>0,y>0}

k<0 [;ﬂ]
. Y2 22

672. f = (¢%y%2%), Q={lmyz eByifp+ =1 220 0<w<3},
A([1;0;2]) = —F. [—64]

673. Compute the surface integral // rdydz + 22 dedy, Q= {|r;y;z] € Es:
Q

2+ y* = 2%, 0 < z < 1}, 71 forms an obtuse angle with the vector k. [—g}

V.5 Gauss—Ostrogradsky (divergence) theorem

If the vector function f = (U; V; W) has all first partial derivatives continuous in an open set
G C Egs, then the scalar function
ou A% ow

div f(X) = oo (X)+ 8—y(X) +5-(X), XeG

is called the divergence of the vector field f
The field f is called solenoidal in G if the flux of the vector field f through every closed, simple,

piecewise smooth surface Q) C G is zero.

Let
a) the function f = (U;V; W) have first partial derivatives continuous in the region G C Eg;

b) Q) C G be a closed, simple, piecewise smooth surface oriented by the unit
outward normal vector;
c)int @ C G.
Then
# f dp = —I—///dlvfdxdydz
Int Q

J

|

NOTE: If the surface () is oriented negatively, i.e. by the inward normal vector, then the right-hand
side has a minus sign.

Example 674. Given the scalar function (v, 2) = zy* — y*2? and the vector function
f(z,y, 2) = (zy? 2? + 22; 3yz) in E3. Compute div(grady) and div(curlf).

Solution: grad ¢ =V = (gi g;j gf) = (y?; 2wy — 3y?2% —2y°2),
div(grady) = V- (V) = Ap = 0 + 2z — 6yz* — 2¢°,
T 7k 7 7 k
curlf =V x f = E% (% % = ag % % = (32 — 2;0; 2z — 2zy),
u v W ry? 2?42z 3yz
diV(curlf):V-(fo)zo. ]
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Example 675.% Determine where the vector field

—

1 2
x y

2
% —j) is solenoidal.
Y
Solution: For the domain of definition we must have = # 0 and y # 0.
This gives the regions G;, 1 = 1,2,3,4 :
Gi=Alr;y;2] €Es3 12 <0,y <0}, Gy={[z;y;2] € E3:2 <0,y >0},
Gs=A{lr;y;2] € E3 12 >0,y <0}, Gy={[z;y;2] €E3:2 >0,y > 0}.

> 1 2 1 2
In each of these regions we have  divf =—-—+ -+ — — — =0.
ey Y
To compute the flux of the given field f through any closed surface () lying in any one
of these regions, we may use the G.-O. theorem, whose assumptions are satisfied. Thus

/K)f.dﬁzll/édivfdxdydz:///dedydz:()_

Int Q

The given vector field is solenoidal in each of the regions G;.

u

Example 676. Given the vector field | (x,y,2) = G —yim—z)
» 22 + y2 + 22

nition G C Ej of the function f and verify that div f = 0 in G. For which of the

. Determine the domain of defi-

following positively oriented surfaces does f - dp exist and when may the G.-O.

Q
theorem be used?

a) Q1 = {[r;y; 2] € B30 4+ ¢ + 2% — 4o = 0}
b) ()5 is the surface of the rectangular box: x = -1,z =3,y = -2,y =1,z = -1,z = 1;
0) Qs = {[r;y;2] € E3;22 + 9> + 22 — 6y +5=0}.

Solution: The domain of definition is E3\[0; 0; 0]. It is easy to verify that div f =0:

i (z—y) 2z x -2y T2z
divf(X) = — - =0
lVf( ) ($2+y2+22)2 ($2+y2+22)2 + (w2+y2+z2)2

a) (12 —dz+4)+ P+ 22 =4 = (2 — 2)2 4 y® + 22 = 22,
O0=1[0;0,0 € @y =

The integral does not exist and the G.-O. theorem cannot be used.

b)

O = [0;0;0] € Q2 = the integral exists,
but O = [0;0;0] € IntQy =

the integral exists, but the G.-O. theorem cannot be used.
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c)
2?2+ (y — 3)* + 22 =4,
O = [0;0;0] & Qs,

O =1[0;0;0] € Int Qs.

The given integral exists and the G.-O theorem may be use

/ng dp = ///lededde— ///dedydzzo' .

Int Q3 Int Qs

e Using the G.-O. theorem, compute the flux of the vector field f through the outer side of the closed
surface () :

Example 677. f (Bx+y;2y—2z+5;x+2y+2), @ is the surface of the solid bounded by the
planes x =0, y=0, 2 =0, x+2=1, y = 2.

Solution: .
1 //f dp = ///dwfdmdydz-
Int Q
:///(3+2+1)dxdydz:
Int Q
s 1

2y

/// 1 dx dy dz equals the volume of the interior of the surface(,
—6///1da:dyd2— e =
in

int Q which is the volume of a triangular prism

Example 678. f = (xy*y2% 22%), Q=Q1UQyUQs, where Q) = {[z;y;2] € Ey:
P4y +22=1,2>0} Qe={[r;y;z] €Es: 22 +y*+22=9, 2 > 0};
Qs ={[lz;y;2] €Ey: 1 <a? +¢y* <9, 2 =0}

z //Qf'dﬁzlﬁdivfda:dydz:
///y + 22 —|—£E>dajdyd2_

Solution:

\Ol 3 Ty Int Q
IntQ: 1<a?+y>+22<9 T =T COoS  cos ¥ 1<r<3
. z>0 y = rsinpcosd 0<p<2m -
o z =rsind 0<9 <3 -
J =12 cosv 2?2+t 22 =12
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w/2 27 3 w/2 2T 3
:/ (/ (/ r2-r200819d7“) d(p) dﬁ:/ cosﬁdﬁ-/ ldgo-/ rtdr =
0 0 1 0 0 1

573
— [sin9]7/? - 2 - [%] oL 484
1

Example 679. Determine the flux of the Vector ﬁeld f = (z;y; —z) through the surface
Q =A{lxr;y; 2] € Eg 22 +y* + 22 = 4,2 > 0}, oriented by the normal vector
n([2;0;0]) = -

Solution: ) o )
The surface () is half of the sphere consisting of points

with nonnegative x-coordinates. This surface is not
closed. The flux through this surface can be computed

using the surface integral // f - dp. If we want to use

the G.-O. theorem, we must add another surface () so
that () U (); becomes a closed surface with consistent
orientation. Thus

(%) f dp = / f dp+/Qlf dy =9 4 /// divf dz dy dz

QUQ1 Int (QUQy)

Qir:x=0,y2+22<4
Pz N - n = (1;0;0) _
/Qlf'dp— //I(J;’,y, 2)dp = the normals of the surfaces Q, Q1 o

point into the interior of the surface QQ U Q1

Z//(x;y;— ndp = // (0;y;—2) - (1;0;0) dy dz = 0

y2+22<4
Returning to (%), when using the G.-O. theorem we note that the normals point inward
to the surface () U (91, so on the right-hand side of the triple integral we put a minus sign.

/ fodp+0=— /// (1+1—1)dvdydz = — (3 of the ball volume) =
Q

int (QUQy1)
4 16
S X Ry -
9 3" 3"

e A vector field f and a surface () are given.
a) State the Gauss—Ostrogradsky theorem. Verify that the assumptions are satisfied
for computing the flux of the vector field f through the surface ).
b) Sketch the given surface.

c) Compute div f
d) Compute / f - dp, i.e. the flux of the vector field from part a).
Q

680. f = (x4 cosz;y +e*; 2+ zsinz), @ is the inward oriented surface of the solid that is
bounded by the surfaces z = 4 — 2% — 2, z = 0.
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681. f = (23 2292), D = {[z:y;2) € By : 22 + 3% < 4,0 < 2 < 3}, the surface Q is the
boundary of the solid D oriented outward.

682. f = (y;2:22), D = {[z; ;2] € By : 22 + 32 + 22 < 4, z > 0}. The surface Q is the boundary
of the solid D and is oriented by the outward normal.

683. [ = (y% & + 2 z22), Q is the boundary of the solid D, oriented inward,
D={[z;y;2] €Bg: 220,y >0, 2+y<1,0<2<4—2—2y}.

684. f: (r;9;2), D={[m;y;2] €E3: 2 <2, y <2, y>1/2,0 <2 <a?+y}, Qisthe
boundary of the solid D oriented outward.

685. f = (22 +1%0;20 —y?), D={[wiy;2] € By : /a2 +y? <2 <62 — ¢},
(@ is the boundary of the solid D oriented outward.

z —
| [@dwfzzl

, _ d) 647m/3
>~

x Yy

686. [ = (zy?; ze % 2a2), D = {[x;y: 2] € By : /322 + 3y® < 2 < 3}, the surface Q is an
inward oriented boundary of the solid D.
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L ¢)divf = 22 4 42
d) —27m/10

687. f = (z;y%x), Q isthe boundary of the solid D = {[z;y; 2] € By : 22 4 y? < z < 4},
which is oriented outward.

688. f = (z2% 2%y;yz), Q is the outward oriented boundary of the solid bounded by the surfaces
24+ 22=4y=1 y=3.

P9 2
- [C)dlvf—l‘ +y“ +z

//////////I//// |
- FP
rlllllllllllllllllllllll i

i
\\\\\\\\\\l\l\l\l\l\l\l\l\m\

e Using the G.-O. theorem, compute the flux of the vector field f through a piecewise smooth closed
oriented surface () :

689. f = (z;y;2), (@ isthe surface of a cone with base radius a and height b, oriented
by the outward normal vector. [7a?b]

690. f = (2y? yz; 222), Q is the surface of a hollow cylinder bounded by the surfaces
Q13$2‘|‘y2:1=@23$2+92:47 Q3:Z:17 Q4:Z:37

oriented by the outward normal. [277]
691-JF:($3§93§Z3)7 Q=QUQy Qr:2*4+y*+2°=1,2<0, Qy:2=0,
2% + y? < 1 orientation is inward. [—gw]

692. f: (2%;9% 2%), @ is the surface of the cube 0 < x < a, 0 <y <a, 0 < z < q, oriented

by the outward normal. [3a*]

693. f = (z:y:2), Q= {[z;y:2] € E3: 22+ y2+y2 = a2}, oriented by the inward normal.
[—47a’]

694. f = (2% 4% 22), (@ is the sphere centered at the point [1; —2; 0] with radius

r = 3, oriented by the outward normal. [—727]
695. f = (y;2x;—2), Q@ is the surface of the solid bounded by the surfaces Q; : 22 + y? = a?,

Qs : 2= —a, Q3 : z=a (a > 0), orientation is inward. [27a3]
696. f = (z% 4% 22), Q is the surface of the solid bounded by —2 < z < 4— a2 —12 2242 < 4,

orientation is inward. [— ?w]
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697. f = (x;y;2), Q is the surface of the solid bounded by the surfaces 22 = 42 + 22, x = 3,

oriented by the outward normal. [277]

698. [ = (23 z;y), Q is the surface of the solid bounded by the surfaces z = 22 + ¢2, z = 4,
. 16

oriented by the outward normal. [3%]

. 2y 22
699. f = (2xy; —y*;22), Q= {[r;y;2] € Es: ) + T + 9= 1}, oriented by the outward

normal. [327]
700. f = (z;y; 22 +y?%), Q is the surface of the solid bounded by the surfaces 22432 = b2, z = 0,

z=ua, y=0(y>0,a>0),oriented by the outward normal. [b2ar]
701. f = (2;y;2), Qs a part of the cylindrical surface z2 +y2 =9, 0 < z < 4

(the surface is open), 72([3;0; 0]) = —72. Compute a) directly using the surface integral,

b) using the G.-O. theorem (The surface must be closedby Q1 : z =0, Q2 : z = 4). [—727]
702. f = :1: ; Y ;2% 4 2z | . For which of the following descriptions of the surface () may

1’2 + y2 1.2 + y2

the G.-O. theorem be used? In the affirmative case, compute // fedp.a)Q:a2+y?+22 =4,
Q

oriented by the outward normal; b) () is the surface of the rectangular box bounded by the
planes t =0, z =1, y =1, y =3, 2 = 2, 2 = 5, oriented by the inward normal.
[a) cannot be used; b) can be used; —6]

V.6 * Stokes’ theorem

Let:

a) the vector function f have continuous first-order partial derivatives throughout a region
G C E3,‘

b) C' C G be a closed, simple, piecewise smooth oriented curve;
¢) QQ C G be a simple, piecewise smooth surface with boundary C, oriented consistently

with the curve C.
yﬁf.d;:// curl f - dp
c Q

Then
NOTE: The statement of Stokes’ theorem holds for any simple piecewise smooth surface (), and the
choice of this surface does not affect the result.

Let us illustrate this property with the following series of examples.

Example 703. Let the positively oriented curve be C' = {[x;y;2] € E3: 2 + y?> = 1,2 = 0} and

the vector field be f = (—y; z; ). Compute the circulation 55 f-ds.
c

Solution: The curve C' is a circle of radius » = 1 centered at O = [0; 0; 0], lying in the plane z = 0.
We first compute the circulation using the line integral of a vector-valued function.

x = cost P(t) = [cost;sint; 0]
C { y=sint te(0;2m) P(t) = (—sint;cost; 0)
z2=0 f(P(t)) = (—sint;0; cost)
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. 2 . 2w
515 f-ds= / F(P(t) - P(t)dt = / (—sint;0;cost) - (—sint;cost; 0) dt =
c 0 0

27 2T :
1 1 sin 2t 2w
.9
- tdt == [ (1—cos2t dt:—[t } _
/0 sin 2/0 (1 — cos2t) 5P , =7

To compute the circulation by Stokes’ theorem, we need to determine curl f :

~

T 7k

7 o o0 0
lf=| — — — |=(—1-11).
cur f O ay Oz ( ) ) )

-y zZ

The surface integral // curl f - dp’ on the right-hand side of Stokes’ theorem will be computed

using a suitably chosen surface () whose boundary is the consistently oriented curve C.

a) Disc .
ﬁ Q={lr;y;2] €E3: 2=0,2% +y* < 1}
P(z,y) = [z;y; 0]
&Igf ds—//curlf dp = // -dp = | Py x P, =(0;0;1), =
B ={[z;y] €Ep:2?+y? <1}

// 001)d$dy—//1dxdy:7r-12:7r
B

b) Conical surface: Q = {[z;y;2] €EE3: 2= -1+ /a2 + 3%, 22 +y* < 1}

T = VCoSU we
Q : y =wvsinu ve
z=—-1+v

7= o= fl e

P(u,v) = [vcosu;vsinu; —1 + v]
=| P, x P, = (—vsinu;vcosu;0) X (cosu;sinu; 1) = (veosu;vsinu; —v) | =
= (0;2m) x (0;1)

= —// (—1;—-1;1) - (vcosu;vsinu; —v) dudv =
B

1 2
:—/ (/ (—vcosu—vsinu—v)du) dv =
o \Jo
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1 27 1 U2 1
:/ (v[sinu—cosu—l—u} ) dv:27r/ vdv:zﬁ[_] —
0 0 0 2 1o

¢) Paraboloid of revolution Q = {[z;y;2] EEz: 2= —1+ 22 +¢y* 2% +y* < 1}

Contents

T =vCcosu u € (0;27)
Q : y =wvsinu vG(j ng >0
z=—=1+12

ygcf'dgz//chﬂf-dﬁszcz(—l;—m)-dﬁ:

(u,v) = [vcosu; vsinu; —1 + v?]
= | P, x P, = (—vsinu;vcosu;0) x (cosu;sinu; 2v) = (2v? cos u; 202 sinu; —v) | =
B = (0;27m) x (0;1)

i)

= — /(—1;—1;1)-(2v2008u;2v281nu; —v)dudv =
B
1 21
:_/ (/ (—2U2cosu—2v281nu—v)du) dv =
0 0
1 27 27 1 U2 1
:/ (2@2[sinu—cosu} —H;[u] )dv:27r/ UdUZQW[_] =
0 0 0 0 2 1o
d) Hemisphere: Q = {[z;y;2] €EE3:2=—y/1—a? —y? 2* +y* <1}
T = COSUCOSV

Q : Yy = sinwu cosv
z =sinv

u € (0; 2m)

ve (—x/2,0) >0

éf'dgz//chrlf~dﬁ=//Q(—1,—1,1).d*:

P(u,v) = [cosucos v, sinu cos v, sin v]
P, x P, = (—sinucosv,cosucosv,0) x (—cosusinv, —sinusin v, cosv) =
= (cosucosQv,sinucosQU,sinvcosv) =

B = (0;2m) x <—%;0>

= —// (—1;—1;1) - (cosucos2 v, sin u cos? v,sinvcosv) du dv =
B
0 2

:—/ </ (—cosucos2v—sinucoszv+sinvcosv)du> dv =
us

—z \Jo

2
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0 ) o o
= Ccos“ v [Sln U — COS u} — sIn v cosv [u] dv =
0 0

) 0
sin? v]

INEY

=TT |
2

0
= —27T/ sinvcosvdv = =27 [

il 2
CoNcLUSION: For all tested surfaces, the surface integral always equaled the circulation previously
computed by the line integral, thus confirming Stokes’ theorem in these specific cases.

e Using Stokes’ theorem, compute the circulation of the vector field f along the curve C' oriented
by the normal vector 7 of the plane in which the curve C' lies:

Example 704. f: (y+z;x+ 2z;2+y), C istheclosed curve 22 + y? = a®, x + 2 =0
oriented consistently with the normal vector 77 = (1;0; 1), and the curve C' is the
boundary of the planar surface Q = {z = u,y = v,z = —u, u® + v? < a?}.

Solution:
The curve C' is the intersection of the cylin-

drical surface z? + y*> = a® with the plane
x + z = 0, and is therefore an ellipse.

7 7 k
&Igf-d§—//curlf~dﬁ— curl f = 9 9 9 = (0;0;0) —//6-dﬁ_0.
C Q ox oy 0z 0

y+z x+z vty

NOTE: The field f is potential in [E3, because curl f = 0 = for every closed curve C' C [E; we have
55 f -ds = 0. [

Example 705. f = (—y;z;2), C: 2%+ y®+ 22 = a2, 2z — y + 2z = 0, the orientation of the
curve is consistent with the normal vector 77 = (2; —1; 2).

Solution: The curve C is the intersection of the sphere with a plane passing through its center, and
is therefore the boundary of the planar surface
Q={r=uy=2u+2v,2=nuv5u+ 5%+ 8uv < 1}.

166



V. Surface integral Contents

= (-1 -1;1)

)
8

“glew

8 Qo =

2;—1;2 1
ﬁzi(’ 2) = -(2;-1;2)

1
= 5//(—1;—1;1) (2;-1;2)dp =
Q
Viri+4 3

1
= _ // ldp= =-S5 (Sis the area of the cross-section) = 3 ma®. [
Q

Example 706. f = (y2; 22;22), C is the boundary of the triangle with vertices R = [2; 0; 0],
S =10;2;0], T = [0; 0; 2], and the orientation of the curve C'is consistent with the
normal vector 7 = (—1 —1;-1).

Solution: &lg f ds = // curl f dp = // curlf ndp =
A RST ARST

z

o 9 0

lf=| == = = |=(-22-21;-2

'i,_._:.\ - B cur f (91’ ay 32 ( 2 Z; y) B

"‘-.; » S — y2 22 1:2 e
f!é , /f? S~ (=L-L-1)

o n =
R
X

=//ARST(—2x;—2y;—2z)-(_1;_—\/g_1)dp=%//ARST(x+y+Z)dp:

A RST lies in the plane with equationx + y + 2z = 2

P(x,y) = [z;4;2 —x — y] //

= 2. V3drdy = 4P — 8.

P, x P, =(1;1;1), ||PocXPyH:\/§ \/— NoRy Y = =LA ORS
[z;y] € AORS

707. f = (2,9,2), C:y*+2*=1, x4 2 = 1, the orientation of the curve is consistent with the
normal vector (1;0; 1). [0]

708. f: (x 4+ 1;x+y;1 —2z2), C isthe boundary of the triangle A RST, R = [3;0; 0],
S =[0;2;0], T = [0; 0; 6], the orientation of the curve is consistent with the normal

vector 77 = (2;3;1). [3]
709. f = (yz;2z;2y), C is the boundary of A RST, R = [1:0;0], S = [0;2;0], T = [0;0; 2],
the orientation of the curve is consistent with the normal vector 77 = (2; 1;1). [0]

710. f = (y;—z2), C:a®+1y?+2>=d? x—y =0, the orientation of the curve is consistent
with the normal vector (1; —1;0). [v2ma?]

T11. f = (—y:2;2), C:a®+1y?=da?, z=>5, the orientation of the curve is consistent with the
unit vector 7. = (0;0;1). [27a?]
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712. f = (2:2:5+2), C:2*+ 2% =a? y =3, the orientation of the curve is consistent

with n = (0;1;0). [7a?]

713. f = (y;z;2), C:a®+y> =4, z+ 2z =0, the orientation of the curve is consistent with

= (1;0;1). [—87]

m
714. f: (zy;yz;w2), C:y*+ 2% =1, v+ 2z = 1, the orientation of the curve is consistent

715.

716.

717.

with 7 = (1;0; 1). [—27]

f=(z+1;2—y;y), Cisthe intersection curve of the sphere : 2% + 3% + 22 = a?
with the plane = + y + z = 0, and the orientation of the curve is consistent with the normal 7,

making an acute angle with the vector £. [v/37a?]

o — T . . .

f=(= +y 553 n 522 +1), C: 22+ y? = a?, z = b, the orientation of the curve C is
z y=x Yy

counterclockwise when viewed from the point [0; 0; 2b]. (Stokes’ theorem cannot be used.)  [27]

f= (2* + 2y, 9% — 33 22 + 20+ 3y), C:2?+y*+ 2> =6,z = 2% + 9, the orientation
of the curve is consistent with 77 = (0;0; —1). [107]
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