Exercises - Differential Calculus

1. Determine the domains of definition and the ranges of the given functions.
1
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2. Compute the following limits, if they exist.
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3. On which sets M C E, are the following functions continuous?
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a) f(x,y)zxi—z b) f(%y):% c)f(:z:,y)sz_zy

d) f(z,y) =In % e) f(z,y) = cos(z® +zy)  f) f(z,y) = /)

4. On which sets M C E3 are the following functions continuous?

a) f(ZE,y,Z) - m b) f(x,y,z) - ln(xyz) C) f(l‘,y,Z) =e’ Sin(x—l—y)
Tty R B 1
d) f(x,y,2) = pr—y e) f(x,y,z) =In e f) f(z,y,2) = —|33y| .
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5. Compute the partial derivatives with respect to x and y.

a) flz,y) =2 —Tzy  b) flz,y) =(x+2)% ¢ flz,y) =2°By—5)
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6.

Compute the partial derivatives with respect to z, y, and z.

b) f(x,y,2) =2 — Vy? + 22

d) f(z,y,2) = 2y +yz+ 2z

$5y2
a) f(x,y,z)z ~3

¢) f(z,y,z) = arctan (x + y + 2)

1
e) flz,y,z) = a2+ y? + 22 f) flz,y,2) =
) fl@,y,2) = Va2 +y ) f(z,y,2) T
2
8) f(w,y,2) =% sin*y cos 22 D) fla,y,2) = ————
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Compute the second-order partial derivatives of the following functions.
a) f(z,y) = v’y +cos y +y sin z b) f(z,y) =z +y + 25y* — 13
¢) flw,y) ="+ ny+yInz+3 d) flo,y) =y + 2*y + 4y’ — In(y°+ 2)

e) f(z,y) = y* + y(sin x — z*) f) f(z,y) = 2>+ 5xy + sin(zy) + zev’/?

8. Compute the gradient of the function f at the point A and the directional deriva-
tive 0f /0s(A).
a) fla,y) =2+ 20y — 3y, A=[1,1], s=(3,4)
b) f(z,y,2) =2 +2y" —32° - 17, A=[1,1,1], s=(1,1,1)
c) f(x,y,z) =cos(xy) + e +1In(zz), A=11,0,0.5], s=(1,2,2)

10.

11.

Write the equation of the tangent plane and the normal line at the point [z, yo, f(Z0, %0)]
to the surface which is the graph of the function z = f(x,y).

b) f(x7y> :sin(x—y), ro=0, yo=m

d) f(z,y) =In(z+vy), 2o0=1, yo=0

a) f(z,y) =2v+y°, mo=1, yo =2
C) f(%y):\/__y; .730:4, 3/0:1

Write the equation of the tangent plane and the normal line at the point A to the

surface given by the equation f(z,y,z) = 0.
a) fw,y,2) =2 +9y*+22-3=0, A=][1,1,1]

b) f(z,y,2) = cos(nz) — 2y + e +yz—4=0, A=][0,1,2]

Investigate the local extrema of the given functions.

a) f(x,y) = 22y — ba? — 2y* + 4o + 4y

¢) f(z,y) = 5wy — T2 + 32 — 6y + 2
e) f(z,y) = 22* + 3wy + 4y* — 52 + 2y
g) flz,y) =2° +y° + 32" — 3y* - 8

i) fz,y) = 4oy —a' —y' =11

b) f(z,y) =2+ a2y +32+2y+5
d) f(z,y) = 2® — day + y* + 6y + 2
f) f(x,y) =2 —y* — 20+ 4y +6

h) f(z,y) = 2034 25>~ 9% +3y°— 12y

i) fzy) =2 +y' +day + 7



12.

13.

14.

Investigate the existence, location, and values of the absolute extrema of the given
functions on the specified sets.

a) f(r,y) =222 —dx+y* —4dy+2, M={[r,y]; x>0, y<2, y>2x}
b) f(z,y) =2 —ay+y*+7, M={[z,y; x>0, y<4, y>ua}

o) flm,y) =2 +ay+y*—6x+2, M={[r,y; 0<r<5 -3<y<3}
d) flz,y) =2 +ay+y* =6z, M={[z,y]; 0<z<5 -3<y<0}
e) f(z,y) =48ry — 322° — 24y*, M ={[z,y}; 0<2 <1, 0<y<1}

) flz,y) =2* —y*, M={z,y); v>-1, y>-1, 2 +2y <2}

Show that the equation F(z,y) = 0 implicitly defines a function y = f(z) in a
neighborhood of the point [xg, yo] € Ey. Compute the derivative of this function
at ro and write the equation of the tangent line to its graph at the point [z, yo|.

a) F(v,y) =2 +y° —6zy +4, [v0,90] = [1, 1]

b) F(x,y) = 2? — 3zy + bxy? — 6y*> — 32,  [z0, %] = [2, 3]
c) Fa,y) =aev" — e [wo,y0] = [1,5]

d) F(z,y) = arctan(2z +y),  [xo, yo] = [0, 0]

Show that the equation F(z,y,z) = 0 implicitly defines a function z = f(z,y)
in a neighborhood of the point [z, o, 20| € E3. Compute its partial derivatives at
the point [xg, 3] and write the equation of the tangent plane to its graph at the

point [xo, Yo, 20)-

a) F(z,y,2) =2 —ay+yz+v*—2=0, [z0,v0,20) =[1,1,1]

b) F(x,y,2) =2* —2y* + 22 — 4o+ 22— 5=0, [v0,%0,20] = [—1, \/g, 1]
c) F(z,y,2) =22 =2’y + 9’2+ 20 —y =0, [20,%,20] = [0,1,1]

d) F(z,y,2) =sin(z +y) +sin(y + z) +sin(x + z) =0,  [xo, Yo, 20] = [7, 7, 7]



