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I1. Diferencidlni nocet funkceci vice nroménnve
. IJU\JUU A CALLALAZNLU L vV AU t.’l. UJ.I.J.UI.J.I.J.J AL
IL.1. Defini¢ni obor funkce z = f(z,y)
e Urcete defini¢ni obor funkei a zakreslete jej :
2
D211 1 A ln(x y)
I'TtRiaa 4. < —
y—x
Resent : Proménné x a y musi spinovat soucasné tyto podminky :
4 2y >0 0 0
: xoy > = y>0, x#
y—xz>0 =— y>z

Pro defini¢ni obor dané funkce dostaneme D = Dy U D,

ay

_ 1
Yy 1

Priklad 43. z = arcsin
Yy

Dy ={[z,y] € By : x <0,y > 0},
Dy ={[z,y] € By : 2z > 0,y > z}.

Proménné x a y musi spliovat
< soucasné tyto podminky
Resent
_1/y_]'/1 “ LN
1< <1 a xT#U
x
Takze plati : 2>0: —2rx<y—1<z — —a+1<y<zr+1
r < (- —r>y—1>r 3 —r L1 >u>r 1l
LU N U . w Ty i = L — D B S B T B
Di={lr,y) €E iz <0, z+1<y<1-a},
Dy ={[z,y] €Ey:2>0, 1—xz<y>x+1}
Pro defini¢ni obor dané funkce dostaneme D = D; U Ds. =
x — y?
44. 2 = D={lz,y) €E: 0# 2" +3° <1; 2 >y} ]
In(1 — 22 — y?)
16
45. z = 4 /In —— [D = {[z,y] € B> : 2” + y* < 16, [z,y] #[0,0]}]
V5
46. z = 3—7In(z+Iny) [D={[z,y] €Es :y >e "}
\

A7 2=\ 27 +y — 444/16 — 22 — 2 4 — 2z}
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3
48. 7 = —— [D = {[z,y] € Bz : |z] +|y| < 1}]
V1= lz| =yl

[D = {[z,y] € Bz : 2y > 4}]

a ITrdatn a nadrindta dofinicni ohor 7anidte oraf fiinkee a nadrtndte v W, nlachiy ktard 1o

¥ ULLCULUU a 11lauvl ullcuT uoliiiiivliil UUUL, balJlDlJC 51@1 LULINLT G 11lavl ulltue v 143 lJlULzlll.l, NnuLClLa JC
.

grafem dané funkce

:v2'+y220 = D(f)={lz,y] €Ep;2* +y* >0} = D(f) =5

Grafem funkce je mnozina
gr(f) ={lz,y,2] € Es;[z,y] € Dy, 2 =4 — /22 + y%}.

e TR I LI
Gralelll Tunkcee je III0Z1Ila

gr(f) =

coz je "horni” polovina rota¢niho paraboloidu
o rovnici x + 2 = y? + 2? s osou rotace v ose x
T - %% a vrcholem [—2,0, 0]
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DI;II ’I‘l[’ Kf) ‘P{m Ol\ o « / f‘f‘2 — 0012 - QR
AL T UIhvlWWw V. J \d/7 } v L J JuU
Resend :

2 —-92-36>0 =
D(f) = {[z,y] € Ep;2* — 9y* — 36 > 0} ,

2 .2
o . I |
hranici je hyperbola o rovnici 6 yz =1
P I Y <o Y P ey |
s vrcholy |—6, 0] a (6, 0]
Grafem funkce je mnozina
gr(f) =
N ‘ ={lz.y,7] € Bs; [w,y] € D(f) C By, 2= /a2 = 9y — 36}
DA . , . . . ’ s 2
gt _Mw a to je "horn{” polovina eliptického dvoudilného
A hyperboloidu s vrcholy [—6,0,0] a [6,0, 0]
lIIII|||||lll““‘\‘\‘\‘\l““\ﬁ}~};& o -
g

- d
x
11.2. Limita a spojitost funkce
e Vysetiete limity funkce v bodé :

sin(x?2 2
Pitklad 53. lim & YY)
[2,9]—[0,00 X% + y?

Resent : Vyuzijeme skutecnost, ze r 111rr} 1(1‘2 +9%) =0 a provedeme substituci
1®,4]+10,0]
. 2 2 .
. sin(z” + . sint
t =22 +y? Potom lim lelmle ™
i [z,y]—[0,0] x*+ y* t—0 ¢

Priklad 54.* : mli_r)n[1 ; ;%54, [z,y] € M, kde M = {[z,y] €Ey; z —y #0}
Lw7ua [ | =
[z,y] € M

S5 . - T3 , 55 0 5 1 1. 1 ’ ;. 1 1
Reseni : Jde o neucity vyraz ” 5 7, ale nabizi se elementarni uprava, kterou provedeme

0
oy PV 9@ ey iy’
oyl =11 2=yt o1 (@ y) (@t y)(e® +y?)
z,y) € M z, 5] €M
. ?+ay+y* 3 _
11111 — —. ||
eyl = 1,1 (@ +y)(@2+y?) 4
[z,y] €M
2(:c2+y2) -1 t x? + 4
55. lim - - 2 56, lim gl +y) B
[z,y]—[0,0] x% 4 y? [z,y]—=[0,0] S(T° + y*) L3J
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7z .’772712 - - - -

— |z, 0,0

Piiklad 57. Vysetiete spojitost funkce f(z,y) = { Vatyr+1-1 @9 7 10.0)

L2 [z,y] =0, 0]

v bodé [0, 0].
Reseni : Funkce f(x,%) je spojitd v bodé [z, yo], prave kdyz - 4,11_15& - flz,y) = f(xo, o).
2 2 7] M Sad AL ASH)
x ituc t '
V naSem pfipadé lim —— Y = ”%” = | SEEEE‘t_“ie | = lim —— A
wyl=00] /22y +1 -1 | B e e
e 13 1 — 9 — £I0 N — dand funlea £l 2) a0 anniitd v hada [0 N1 -
22)11 1 P J \U, U/ b ualia Ltuiinuvyo J \JJ, y} J\J DHUJLU(M vV Uuuuv LU, UJ- -
211
e UrcCete mnoziny, na nichz jsou dané funkce definované :
Y \ .Z'Q +x—12 R
98. J(T,Y) = m (K2 |
59. f(z,y,2) = e T sin(z + y) [Es]
1 22
60. f(z,y) = 22— 2y [D(f) =B\ {y = 5 1]
z' -y .. . z?y?

61. f(J?, y) = ’l”QTyQ [D(f) =E2 \ [0, 0], 1ze spojité dodefinovat f(0,0) = [I’yl]l_I}l[O’O] o = 0]

1

62. f(z,vy,2)

[D(f) = {l2,y,2] € Ba : 2 +y° + 2° # 1)\ {0,0,00}]

N In /(22 + y? + 2?)

s/ 9 . 9 . 9N\2
_ Sin (T° + Yy~ + 27)

63. f(1,y,2) =
1
64 f(377y7z):|,M,| L 1o
(LY T <]
65. f(z,y,2) = 5
2?2y — vy + 4a? — 4o

I1.3. Parcialni derivace funkce

Znaceni pro funkci z = f(x,y):

[D(f) =Es \[0,0,0], 1ze spojité dodefinovat f(0,0,0) =0 ]

[D(f) ={[z,y,2] € Bs : xy # 0 A z # 0]

0
1. parcidlni derivace : q—f(x, Y) = fo(z,y) = 2, = q_z
ox ox
0 0
O )= fw) =2y = 2
dy 7 T 0y
1. parcidlni derivace v bodé [a, b]:
%| - fi“(a'ﬁ b), %| = f“‘(gﬁ b)
0 [a,b) Oy a,b] 7
2. parciadini derivace : 2 (91 = 0°f = fre; 2/8]"\ = 0°f =f
P Coar\ar) T a2 T gy\ay) T o Tw

5o (5) = 5 = b
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]
]

1

e Najdéte parcidlni derivace prvniho fadu danych funkei podle jejich proménnych
Piklad 66. f(z,y) = (2z — 3y)"
tesent fo=42x—-3y)*-2 , f, =42z —3y)"-(-3) [
Priklad 67 f(’T‘j y) = 57“470/2 + z 4+ 902 — 3y
Y
9 s 5 1 ’ T
Reseni :  f, =202y "+ - +4z , f,=102"y— — —3 [ ]
Y Yy
Priklad 68. f(z,y) = y* ™, y>0
Reseni :  f, = y”2+3 ‘lny-22 , f, = (2% +3) - y”2+2 ]
o y
Priklad 69. f(x,y) = ——=, DIO |z > |y
v 9
5oy, , —2z —xYy
Reseni fe=vy =
222 —y?)*? (@ =) a? =
/72 — 2 — y —2y
f 2 /x2 —y fr2—y2—§—y2 2
y = 22 — 2 _(xg_yz) xz_yQ_(xZ_yZ) xg_yi.
||
Priklad 70. f(x,y,z) = (z¥)°
Reseni :  f(v,y,2) =2, fo=yza?', f,=a2" -lnz-z, f,=2% -lnx-y.
[]
e Vypocitejte parcidlni derivace dané funkce podle vSech proménnych:
_ B B 3 -1
7L f(z,y) =In(3r —y +2) o= oo =y
3r — 2y 3 3
72. f(x,y): T [fngv fy:_y_a;]
73. f(.??, y) =In (ny) [f:v = ia fy=-
1 1
74 f(’l‘7y):COST—|-§Sllly—3 [f = —sinz, f3—§cos7
75 f(z,y) = =~z § J Ty S
By =g vV Ty Ve YT E T e
76. f(z,y) = (2" +y) e * [fo =20 —2(a” +y)e >, f, =e ]
77 a1y’ . £ 42 .
f(xy) = 5 +arcg(5) [fo=%5~ $2+y27fy_ t o
78. =1 22 + 32 — 20 N S S T S
3
yr 1 1
79.f(x,y):x3+§—éx2y4—15x [fz=3:c2—§xy — 15, fy—y——xy]
2 .
80 ‘F{ZE a1 — yi re — _2$y2  p— 2$2y
ARV x2+y2 Ve @2+ y2)2 VT (22 4 2)2!

10
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1. flo h) = Sin(f) cOSs 1 [f. = cosop cosh, f, = —sin ¢ sin ]
RN A T b L$ ¥ Y gy ¥ Y1

2,3 2u vt 32 v®
82 g(u, v)=v-tg (U v ) 9o = —75—=, g = tg(u2 ’03) + ———!
N ’ =0 ’ cos“(u“v?) cos®(u“v?)
83. f(t. u. v) = In(tu) — "’ + cos(tv) =L v sin(tv), f, = 1_ ve", f, = —ue™ — ¢t sin(tv)]
J AV ¥y Yy \ J \v Yy L/t t PV Ju " y JU ¥V

Priklad 84. Urcete obor diferencovatelnosti funkce f(z,y) = zy/2? — y%.

>3 v / :U _xy
Reseni:  fo =V —y'+ -, fy= 55— -
vt =y vt -y

7 teorie vime, ze spojitost parcidlnich derivaci je postacujici pro diferencovatelnost

funkci. V tomto ptikladé je to podminka:

2 n

=y >0 = | <l
Y
D Dy ={[z,y] €y : 2 <0,y € (x,—2)},
' Dy=A{lz,yl € : x>0,y € (—z,2)}.
[ ]
1
P7iklad 85. Je déna funkce f(z,y) = In(|z| + y) + —— — Urcete
a) podminky pro defini¢ni obor a defiéni obor graficky zndzornéte,
0
b) hodnotu f(A4) , kde A = [-1, 2], c) a—f
Resgent : 4

a) podminky pro defini¢ni obor:

lz| +y > 0=y > —|z|
9—a? -y >0=2+9y> <9

D) f(=12)=In(|—1|+2) 4 —— —In3 4+
VI—-1-14 2

of 4 ((—2) 1 —2x N 11

) B )_(|m|+y_§ )= o

86. Dokazte, 7e funkce z = f(z,y) = y?sin(z? — y*) vyhovuje diferencidln{ rovnici
y*z, + xyz, = 2xz  pro vsechna [z,y] € E,.

[Ndvod : Sta¢i spocitat zz, zy a do rovnice dosadit]
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=12 —y? A=[2,0] [22(A) = 1, 2,(A) = 0]
=2, A=[32] [22(4) = ~2/9, 2,(4) = 1/3]
=2’eYsinz, A =1[1,0,7/6] [fo(A) =1, f,(A) = 1/2, f.(A) = V3/2]
=In(z® —y+32), A=[211] [fa(A) =2/3, fy(4) = —1/6, [.(4) =1/2]

12



